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1

Introduction

1.1 In the beginning

The subject of this book dates back to the beginning of the twentieth century. In
1900, at the International Congress of mathematicians, David Hilbert presented
a list of problems, which exerted great influence on the development of math-
ematics in the twentieth century. The tenth problem on the list had to do with
solving Diophantine equations. Hilbert was interested in the construction of an
algorithm which could determine whether an arbitrary polynomial equation in
several variables had solutions in the integers. If we translate Hilbert’s question
into modern terms, we can say that he wanted a program taking coefficients of a
polynomial equation as input and producing a “yes” or “no” answer to the ques-
tion “Are there integer solutions?” This problem became known as Hilbert’s
Tenth Problem (HTP).

It took some time to prove that the algorithm requested by Hilbert did not
exist. At the end of the sixties, building on the work of Martin Davis, Hilary
Putnam, and Julia Robinson, Yuri Matiyasevich proved that Diophantine sets
over Z were the same as recursively enumerable sets and, thus, that Hilbert’s
Tenth Problem was unsolvable. The original proof and its immediate implica-
tions have been described in detail. The reader is referred to, for example, a book
by Matiyasevich (see [52] — the original Russian edition — or [53], an English
translation), an article by Davis (see [12]) or an article by Davis, Matiyasevich,
and Robinson (see [14]). The solution of the original Hilbert’s Tenth Problem
gave rise to a whole new class of problems, some of which are the subject of
this book.

The question posed by Hilbert can of course be asked of any recursive ring.
In other words, given a recursive ring R, we can ask whether there exists an
algorithm capable of determining when an arbitrary polynomial equation over R
has solutions in R. Since the time when the solution of Hilbert’s Tenth Problem
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was obtained, this question has been answered for many rings. In this book we
will describe the developments in the subject pertaining to subrings of global
fields: number fields and algebraic function fields over finite fields of constants.
While there has been significant progress in the subject, many interesting ques-
tions are still unanswered. Chief among them are the questions of solvability of
the analog of Hilbert’s Tenth Problem over Q and the ring of algebraic integers
of an arbitrary number field. Recent results of Poonen brought us “arbitrarily
close” to solving the problem for Q but formidable obstacles still remain.

A question which is closely related to the analogs of Hilbert’s Tenth Problem
over number fields is the question of the Diophantine definability of Z. As we
will see in this book, the Diophantine definability of Z over a ring of charac-
teristic zero contained in a field which is not algebraically closed implies the
unsolvability of Hilbert’s Tenth Problem for this ring. In general, questions of
Diophantine definability are of independent number-theoretic and model the-
oretic interest. In particular, the question of the Diophantine definability of Z
over Q has generated a lot of interest. Barry Mazur has made several conjec-
tures which imply that such a definition does not exist. In this book we will
discuss some of these conjectures and their consequences for generalizations
of Hilbert’s Tenth Problem to other domains.

For various technical reasons, which we will endeavor to make clear in
this book, greater progress has been made for the function fields over finite
fields of constants. In particular, we do know that the analog of Hilbert’s Tenth
Problem is unsolvable over all global function fields of positive characteristic
over finite fields of constants. The main unanswered questions here have to
do with Diophantine definability. In particular, we still do not know whether
S-integers have a Diophantine definition over a function field though in some
senses we have come “arbitrarily close” to such a definition.

I would also like to address the main motivation in writing this book. What
was wanted was a single coherent account of various methods employed so far in
generalizing Hilbert’s Tenth Problem to domains other than Z that are contained
in global fields. In particular, I wanted to highlight the expected similarities and
differences in the way various problems were solved over number fields and
function fields of positive characteristic. In my opinion the relative comparison
of these two cases brings to light the nature of the difficulty encountered over
the number fields: the existence of archimedean valuations.

The material contained in the book will require some familiarity on the part
of the reader with number theory and recursion (computability) theory. The
required background information is collected with references in Appendix A
(recursion theory) and Appendix B (number theory). As a general reference
for recursion theory we suggest Theory of Recursive Functions and Effective
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Computability by H. Rogers, McGraw-Hill, 1967. Unfortunately, there is no
single reference for the number-theoretic material used in the book. How-
ever, the reader can find most of the necessary material in Field Arithmetic
by M. Jarden and M. Fried, second edition, Springer Verlag, 2005 (this book
also contains material pertaining to recursion theory), Algebraic Number Fields
by J. Janusz, Academic Press, 1973, Introduction to Theory of Algebraic
Functions of One Variable by C. Chevalley, Mathematical Surveys, volume
6, AMS, Providence, 1951, and An Invitation to Arithmetic Geometry, by
D. Lorenzini, Graduate Studies in Mathematics, volume 9, AMS, 1997. Under-
standing Poonen’s results in Chapter 12 will require some familiarity with ellip-
tic curves. For this material the reader can consult The Arithmetic of Elliptic
Curves by Joseph Silverman, Springer Verlag, 1986.

Before proceeding further we should also settle on the future use of some
terms. Given aring R, we will call the analog of Hilbert’s Tenth Problem over R
the “Diophantine problem of R”. The expression ‘“Diophantine (un)solvability
of a ring R” will refer to the (un)solvability of the Diophantine problem of
R. All the rings in the book will be assumed to be integral domains with the
identity. We will also settle on a fixed algebraic closure of @Q contained in the
field of complex numbers and assume that all the number fields occurring in
the book are subfields of this algebraic closure. Similarly, for each prime p,
we will fix an algebraic closure of a rational function field over a p-element
field of constants and assume that any global function field of characteristic
p occurring in this book is a subfield of this algebraic closure. On occasion
we will talk about the compositum of abstract fields. For these cases we will
also maintain an implicit assumption throughout the book that all the fields in
question are subfields of the same algebraically closed field.

Finally, a few words about the structure of this book and its possible uses
as a text for a class. Chapters 1-3 contain the introductory material necessary
to familiarize the reader with the terminology and to establish a connection
between the algebraic and logical concepts presented in this book. Chapters 4—
12 are the technical core of the book: Chapter 4 discusses the definability of
order at a prime over global fields; Chapters 5-7 cover Diophantine classes
of number fields; Chapters 8—10 go over the analogous material for function
fields; Chapter 11 addresses Mazur’s conjectures and their relation to the issues
of Diophantine definability; Chapter 12 describes Poonen’s results on undecid-
ability and Mazur’s conjectures for “large” subrings of Q. The ideas described
in Chapters 4-10 are essentially number-theoretic in nature, while Chapters 11
and 12 add geometric flavor to the mix. Finally, Chapter 13 briefly surveys
some issues related to the problems discussed in the book but not covered by
the book.
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An experienced reader can probably skip most of Chapters 1-3 except for the
definition of Diophantine generation (Definition 2.1.5) and the relation between
Diophantine generation and HTP (Section 3.4). The chapters on the defini-
tion of order at a prime in number fields and function fields and on Mazur’s
conjectures are fairly self-contained and can be read independently. Under-
standing Poonen’s results does require knowing the statement of the modified
Mazur’s conjectures (Section 11.2) and the material on Diophantine models in
Section 3.4.

Parts of the book could be used as a text for an undergraduate course.
For an algebra course, one could cover the following chapters and sections:
Chapters 1-3 and Sections 6.3 and 7.1-7.3. Such a course would thus include
some general ideas on Diophantine definability and would discuss in detail HTP
over the rings of integers of number fields.

There are several options for a semester-long graduate course which would
assume some background in algebraic number theory. One option would be
to cover the Diophantine classes of number fields; using Chapters 1-3, Sec-
tions 4.1 and 4.2, and Chapters 5-7. Another option would be to cover the
analogous material for function fields, using Chapters 1-3, Sections 4.1 and
4.3, and Chapters 8—10. A third possibility would be to cover Mazur’s conjec-
tures and Poonen’s results, using Chapters 1-3, Sections 11.2 and 11.4, and
Chapter 12. Such a course would also require a background in elliptic curves.
The appendices should be used as needed for all the course versions.

The key to the whole subject lies in the notions of Diophantine definition
and Diophantine sets, which we describe and discuss in the next section.

1.2 Diophantine definitions and Diophantine sets

Definition 1.2.1. Let R be an integral domain. Let m, n be positive integers
and let A C R". Then we will say that .A has a Diophantine definition over R
if there exists a polynomial

SO e Y Xty o Xm) € RIY1, ooy Yua X1, 05 X
such that for all (¢, ..., t,) € R",
(tl,...,tn)eA@)Elxl,...,xm,f(tl,...,tn,xl,...,xm)zo.

The set A is called Diophantine over R.
We can now state the precise result obtained by Matiyasevich.

Theorem 1.2.2. The Diophantine sets over Z coincide with the recursively
(computably) enumerable sets.
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The negative answer to Hilbert’s problem is an immediate corollary of
this theorem since not all the recursively enumerable (r.e.) sets are recursive.
(For the definitions of recursive (computable) and recursively enumerable sets
and their relationship to each other, see Definitions A.1.2, A.1.3, and A.2.1,
Lemma A.2.2, and Proposition A.2.3 in Appendix A.)

Indeed, suppose that we had an algorithm taking the coefficients of a polyno-
mial equation as inputs and determining whether the polynomial equation has
a solution. Let A C N be a recursively enumerable but not recursive set. By the
theorem above, there would exist a polynomial f(y, xi, ..., x,) with integer
coefficients such that f (¢, xy, ..., x,) = 0 has integer solutions if and only if
t € A. Given a specific t € N, we could use ¢ and other coefficients of f as the
required input for our algorithm and determine whether f (¢, xy,...,x,;,) =0
has solutions (x, ..., x,;) in Z. But this would also determine whether ¢ € A.
Since, by assumption, there is no algorithm to determine membership in A, we
must conclude that Hilbert’s Tenth Problem is unsolvable.

Having seen how Matiyasevich’s theorem implies the unsolvability of
Hilbert’s Tenth Problem via its characterization of the Diophantine sets, we
would like to consider some alternative descriptions of Diophantine sets which
will shed some light on the nature of our subject. The definition of Diophan-
tine sets used above naturally identifies these sets as number-theoretic objects.
Matiyasevich’s theorem tells us that these sets also belong in recursion the-
ory. However, as we will see from the lemma below, one could also consider
Diophantine sets as sets definable in the language of rings by positive existen-
tial formulas and thus a subject of model theory. Finally, Diophantine sets are
also projections of algebraic sets and consequently belong in algebraic geom-
etry. Thus, the reader can imagine that the flavor of the discussion can vary
widely depending on how one views Diophantine sets. In this book we display
a pronounced bias towards the number-theoretic view of the matter at hand,
though we will make some forays into geometry in our discussion of Mazur’s
conjectures and Poonen’s results.

As we have mentioned in the previous section, Diophantine definitions can
be used to establish the unsolvability of the Diophantine problem for other
rings. Before we can explain in more detail how this is done, we have to make
the following observation.

Lemma 1.2.3. Let R be a ring whose quotient field K is not algebraically
closed. (Here we remind the reader that by assumption all the rings in this book
are integral domains.) Let

{filx1,...,x),i=1,...,m}
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be a finite collection of polynomials over R. Then there exists a polynomial
H(xy,...,x;) € R[x1, ..., x,] such that the system

filxi, ..o x) =0;

fm(.X'], ...,_Xr) :0

has solutions in R if and only if H(x1, ..., x,) = 0 has solutions in R.

Proof. 1t is enough to prove the lemma for the case m = 2. Let h(x) be a
polynomial with no roots in K. Assume that h(x) = ap + a;x + - - - + a,x",
where ag, ..., a, € R and a, # 0. Further, note that

1
g(X)=x"h (—) =a0x"+alxn—]+.”+an
X

is also a polynomial without roots in K. Indeed, if for some b # 0, we have
that g(b) = 0, then b"h(1/b) = 0 and consequently /#(1/b) = 0. Finally, since
a, # 0, we know that g(0) # 0. Next consider

n
H(xy, ..., %) = Zaifl””(xl,..-,xr)fz’(xl,..-,xr).

i=0
It is clear that if for some r-tuple (by, ..., b,) € R”
fl(blv "'7br) - f2(b17 "'1bn) :07
then H(by, ..., b,) = 0. Conversely, suppose for some r-tuple (by, ..., b,) €
R" we have that H(b;, ..., b,) =0and fi(by,...,b,)# 0. Then
by, ..., b,
L <f2( 1 )) _o.
fiby, ..., b))

However, if f2(by, ..., b,) # 0 then
<f1(b1,---,br)>
gl=————)=0.
falbr, ..., by)

We can derive two consequences from this lemma. First, we note that, over
fields which are not algebraically closed, having an algorithm for solving an
arbitrary single polynomial equation is equivalent to having an algorithm for
solving a finite system of polynomial equations. Second, we note that we can
allow a Diophantine definition to consist of several polynomial equations with-
out changing the nature of the relation.

We should also note here that for some algebraic geometers the restriction of
Diophantine definitions to exactly one polynomial, as opposed to finitely many,

O
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might seem unnatural. In our defense we offer two arguments. As demonstrated
by the lemma above, this distinction makes no difference for the global fields
which are the main subjects of this book, and historically questions related
to Hilbert’s Tenth Problem have been phrased as questions about a single
polynomial.

Equipped with the preceding lemma, we can now establish the following.

Proposition 1.2.4. Let R| C R, be two recursive (i.e. computable) rings. Sup-
pose that the fraction field of R, is not algebraically closed. Assume that the
Diophantine problem of R, is undecidable and that R, has a Diophantine
definition over R,. Then the Diophantine problem of R, is also undecidable.

Proof. Let f(¢, x1,...,x,) be a Diophantine definition of R; over R,. Let
g(ty, ..., i) be a polynomial over R;, and consider the following system:

glti, ..., ) =0

ft,x,...,x)=0;
. (1.2.1)

f(tk7-xl7--~9-xr):0.

Clearly the equation g(f1,...,#) =0 will have solutions in R; if and
only if the system in (1.2.1) above has solutions in R,. Further, by the
preceding lemma, since both rings are recursive, given coefficients of g

there is an algorithm to construct a polynomial 7(g)(t1, ..., tx, X1, ..., X;) €
Ry[ti, ..., t, X1, ..., x,] such that the corresponding polynomial equation
T(g)(t1, ..., 4, X1, ...,x) =0 has solutions over R, if and only if (1.2.1)

has solutions in R,.

Suppose now that the Diophantine problem of R, is decidable. Then for each
polynomial g over R; we can effectively decide whether g(zy, ..., t,) = 0 has
solutions in R by first algorithmically constructing 7'(g) and then algorithmi-
cally determining whether 7'(g) = 0 has solutions in R,. Thus the Diophantine
problem of R; is decidable in contradiction of our assumption, and we must
conclude that the Diophantine problem of R; is not decidable. O

Remark 1.2.5. In this proof we used the notions of “algorithm” and “recursive
ring” rather informally. We will formalize this discussion in the chapter on weak
presentations.

Almost all the known results (except for Poonen’s theorem) concerning the
unsolvability of the Diophantine problem of rings of algebraic numbers have
been obtained by constructing a Diophantine definition of Z over these rings.
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Before we present details of these and other constructions we would like to
enlarge somewhat the context of our discussion by introducing the notions
of Diophantine generation, Diophantine equivalence, and Diophantine classes.
These concepts will serve several purposes. They will provide a uniform lan-
guage for the discussion of “Diophantine relations” between rings with the same
and different quotient fields. They will allow us to view the existing results
within a unified framework. Finally these concepts will point to some natural
directions for possible investigation of more general questions of Diophantine
definability.



2

Diophantine classes: definitions and basic facts

In this chapter we will introduce the notion of Diophantine generation, which
will eventually lead us to the notion of Diophantine classes. We will also obtain
the first relatively easy results on Diophantine generation and develop some
methods applicable to all global fields: number fields and function fields. Most
of the material for this chapter has been derived from [94].

2.1 Diophantine generation
We will start with a first modification of the notion of Diophantine definition.
Definition 2.1.1. Let R be an integral domain with a quotient field F. Let

k, m be positive integers and let A C F*. Assume further that there exists a
polynomial

f(al,...,ak,b,XI,...,xm)

with coefficients in R such that

Yai,...,ax,b,x1,...,x, € R,
flai,...,ax,b,x1,...,x,) =0 = b #0 (2.1.1)
and
A={(t;,....t) € F*3a1,...,ax, b, x1, ..., X € R,
bty =ay,...,bty = a, f(ai,...,ak, b, x1,...,%x,) =0}.

2.1.2)

Then we will say that A is field-Diophantine over R and will call f a field-
Diophantine definition of A over R.
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Next we will see that the notion of field-Diophantine definition is a proper
extension of the notion of Diophantine definition that we discussed in the
introduction.

Lemma 2.1.2. Suppose that R, A, F, k, m are as in Definition 2.1.1. Assume
further that A C R* and that F is not algebraically closed. Then A has a
Diophantine definition over R if and only if it has a field-Diophantine definition
over R.

Proof.  First we assume that A has a field-Diophantine definition over R and
show that A also has a Diophantine definition over R. Let

8 =(a1’~--7akvb’x1"'°7xm)
be a field-Diophantine definition of A over R. Then

f(tlv-"7tk7ba-x1a"'7-xm)=g(t1b7"'»tkbabsxls"'a-xm)

is a Diophantine definition of A over R in the sense that, for all ¢1, ..., # € R,
Elb,xl,...,xmeR,f(tl,...,tk,b,xl,...,xm):O = (t,..., 1) € A.
Indeed, suppose that, for some #y, ..., %, b, X, ..., X, € R,

f, .. e, b xi, oo, x,) =0,
Then
g(tlba ""tkbs b»xly---axm) =0

and consequently

b #0,
while
(t1b/b, ..., txb/b) = (t1,..., ) € A.
Conversely, suppose that (¢, ..., #x) € A. Then by our assumption on g,
Axy,...,xn,bER, gbty,...,btx,b,x1,...,%x,)=0.
Thus, there exist xy, ..., x,,, b € R such that
ft,....tx, b, x1, ..., x) =0.
Suppose now that f(¢, ..., %, X1, ..., X,) is a Diophantine definition of A

over R. Then consider the following system of equations:

f(a]’"‘7ak7'xl7""'xm)=0;
{ L (2.1.3)
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Let g(ay,...,ar, b, x1, ..., x,)be apolynomial over R such that, for all
(ai,...,ax,b,x1,...,x,)€F,
glay,...,ax, b, x1,...,x,) =0 2.1.4)
isequivalentto (ay, ..., ax, b, xi, . .., x,,) being a solution to the system (2.1.3).

Then g is a field-Diophantine definition of A. Indeed, suppose that equation
(2.1.4) holds with all the variables taking values in R. Then b = 1 # 0 and
flai, ...,ak, x1, ..., %) = 0.
This means, of course, that
(ar,...,ar) =(a1/b,...,a;/b) € A.

Now suppose that (ay, ..., a;r) € A. Then there exists (xy, ..., xx) € R such
that g(ay, ..., ar, 1, x1, ..., x,) = 0. Thus the lemma is true. |

We will next establish a couple of easy but useful properties of field-
Diophantine definitions and sets.

Lemma2.1.3. Let R be a ring whose fraction field is not algebraically closed.
Then the intersections, unions, and cartesian products of (field)-Diophantine
sets of R are (field)-Diophantine over R.

Proof. First we observe that we can obtain a (field-)Diophantine definition of
the union by multiplying the (field)-Diophantine definitions of the constituent
sets. Second, we can consider a cartesian product as an intersection. Indeed, let
A C R™, B C R" be two (field-)Diophantine sets. Then

AxB={&7y eR"™" :xc A)N{(x,y) e R"" :y € B},

where both sets in the intersection are clearly (field)-Diophantine, assuming
that A and B are. Finally to deal with the intersection we can use the same
method as in Lemma 1.2.3. O

Lemma2.1.4. Let R be anintegral domainwith a quotient field F. Let A C F*
for some positive integer k. Let m be a positive integer less than or equal to k.
Assume that A has a field-Diophantine definition over R. Let

B = {(xl,...,x,)eFrlxi=Pi(y1,---7)’m),
()’1,--.,ym, Hm+1()’1,.--,ym),~~-,Hk(Y1,--.,ym)) EA}a

where Py, ..., P, Hyi1,..., H € F[y1,..., Ym]. Then B also has a field-
Diophantine definition over R.
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Proof. Let f(uy,...,u,u,21,...,Z2s) be afield-Diophantine definition of A
over R. Then

B={(x1,....x,) € F' | quy, ..., ug,u,21,...,2 €R,
Xi :P,-(ul/u,...,um/u),i: 1,...,?‘,
uHj/u,...,un/u) =u;, j=m+1,...k,

f(ul,...,uk,u,z],...,zs)=0}.

Let dy be the maximum of the degrees of H,,+1,..., H; and let Dy be a
common denominator with respect to R of all the coefficients of H,,,41, ..., Hg.
Let

H iUy, ... tp,u) = Dyu™ Hi(ui/u, ... uy,/u), j=m+1,... k.

Let d be the maximum of the degrees of Pi,..., P,, let D be a common
denominator of the coefficients of Py, ..., P, with respect to R, and let
Py, ...y, )= udDPi(ul/u, ey Uy /1)
€ Rluy, ..., uy,ul, i=1,...,r.
Then
B = {(xl,...,x,)e F'|3Juy,...,ux,u,z1,...,2s € R,

uH (i, .. ) = Dyu®u;, j=m+1,...k,

udei = p,‘(lx[],...,um,u),i = 1,...,7‘,

f(uls"'suksuazlv"'yzs)zo}

= {(xl,...,x,)e F\AU,Uy, ..., U, uy, ..., ug,u,21,...,2s € R,

U-xi:UivU:DudvUi:Pi(uly‘~'aumvu)’i=1"-~7r1

Hj(ul,...,um,u):DHud”’luj,j:m+l,...,k,
f(ul,...,uk,u,z],...,zx)=0}. (2.1.5)
Note that (2.1.5) implies that u # 0 and U # 0. U

Given a ring R, we can now consider constructing polynomial definitions
over R for any subset of the quotient field of R. It will turn out that it is also
useful to be able to do this not just for the subsets of the quotient field but
also for the subsets of finite extensions of the quotient field. To accomplish this
goal we extend the notion of Diophantine definition further. The new extended
notion is called Diophantine generation and it will allow us to form Diophantine
classes.
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Definition 2.1.5. Let R;, R, be two rings with quotient fields F; and F;
respectively. Assume that neither F; nor F, is algebraically closed. Let F
be a finite extension of F; such that F> C F. Further, assume that for some

basis {wi,...,w} of F over F) there exists a polynomial f(ay,...,ax, b,
X1, ..., X,) with coefficients in Ry such that

flay,...,a,b,x1,...,x0,)=0 = b #0 (2.1.6)
and

k
R, = {Ztiwi |E|a1,...,ak,b,x1,...,xm € Ry,
1

bt1=a1,...,btk=ak,f(al,...,ak,b,xl,...,xm)=O

(2.1.7)
Then we will say that R, is Dioph-generated over R, and denote this fact by
Ry <pioph Ry.

We will also call f(ay, ..., ax, b, x1, ..., xy) adefining polynomial of R, over
Ry, we will call Q = {w, ..., wy} a Diophantine basis of R, over Ry and we
will call F the defining field for the basis €.

Our next project is to answer some natural questions about Diophantine
generation.

1. Is the notion of Diophantine generation a proper extension of the notion
of Diophantine and field-Diophantine definitions? In other words we want
to answer the following question. Suppose that R, C Fj. Then, is saying
that Ry <pj,pn Ri equivalent to saying that R; is field-Diophantine over R;?
(Answer: Yes.)

2. Is Diophantine generation dependent on a particular Diophantine basis? In
other words, what happens if we change the basis of the field F over F;?
Will the relationship be preserved? (Answer: Diophantine generation is not
dependent on any specific basis of F over Fj. If one basis of F over F) is a
Diophantine basis of R, over R; then any basis of F over Fj is a Diophantine
basis of R, over R;.)

3. Is the defining field unique? Can we use a bigger field? Can we use a smaller
field? (Answer: Defining fields are not unique. Any field containing F; F;
can be a defining field.)

4. Is this relationship transitive? In other words, is the use of the symbol
“<piopn” justified? (Answer: Yes, the relationship is transitive.)
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In the following sequence of lemmas we will tackle the questions of the basis
and the field first. We start with an easy lemma which follows directly from the
definition of Dioph-generation.

Lemma 2.1.6. Let R;, R, be integral domains with quotient fields F, and
F, respectively. Let F be a finite extension of F| such that F, C F. Then, if
there exists a basis Q = {w1, ..., w} of F over Fy and a set Aq C Flk with a
field-Diophantine definition over R, such that

k
Ry = {Zziwil(m, .)€ Aqy, (2.1.8)
i=l

we can conclude that Ry <piopn Ri. Conversely, if F and Q are respectively a
defining field and a corresponding Diophantine basis of R, over R then R,
has a representation of the form (2.1.8), where Aq C F ]k is field-Diophantine
over R;.

Notation 2.1.7. Ag will be called a defining set for the basis €2.

The next lemma will tell us that if Ry <p,,;, R then we can always use
F\ F, as a defining field and any basis of F; F, over F) as a Diophantine basis.

Lemma 2.1.8. Let Ry, R, be integral domains with quotient fields F, and
F, respectively. Assume that Ry <pj.pn R;. (Here we should remind the reader
that Ry <pjopn Ry implies that F; F is of finite degree over Fj and that F F,
is not algebraically closed.) Let Q2 = {wy, ..., wi} be a Diophantine basis of
R, over Ry, Fq being the corresponding defining field. Let A = {Ay, ..., Ay}
with m < k be a basis of a field Fp over Fy, with Fy C Fq. Then the ring
Rp = Ry N Fp Zpigpn R1, and A is a Diophantine basis of Ry over Ry.

Proof. Since Fp C Fg, we have thatfori =1,...,m

k
M=) e o,
j=1

where, for all i, j, we have that ¢; ; € F;. Further, if necessary we can reorder
2 in such a way that the matrix (¢; ;), i, j =1, ..., m, is non-singular. Next
note the following:

m m k
Ry = {Zzi)\.i |Z,- e Frand3(zy, ..., 1) € Aq, ZZ,’)&,‘ = thwj} s
‘ i=1 =1

i=l
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where Ag, the defining set for the basis €2, is field-Diophantine over R;. Given
our ordering of 2, by Lemma B.10.5 the equality > /-, z;A; = ZIJ‘.ZI tiw; is
equivalent to the system
zi = Pi(t, ..., ty), i=1,...,m,
tmpj =T, oo ty), j=1...k—m,

where for each i and each j we have that P; and 7 are fixed polynomials over
F) depending on the choice and ordering of 2 and A only. Thus

m
Ry = {ZZM:‘ | zi = Pi(t1, ..., tw),
iz
(t17""tm’ Tl(tl7"'7tm)’"'7Tk_m(t1""7tm)) e AQ} .

Therefore, by Lemma 2.1.4,

RA = {ZZ[)\J | (Zlv--"z’”) € AA} ’
i=1

where A, is field-Diophantine over R;. Hence Ry <piopn R by Lemma 2.1.6.
O

We are now able to prove that the defining fields have the desired property.

Corollary 2.1.9. Let Ry, R, be integral domains with fraction fields F, and
F, respectively. Assume that Ry <pjspn Ri. Then we can choose F\F, as a
defining field and any basis of F\F, over F| as a Diophantine basis of R,
over R;.

Proof. Let F be a defining field from the Definition 2.1.5 of Diophantine
generation. Then, since F;F, C F, from Lemma 2.1.8 it follows that R, N
F1F, = Ry <piopn R1, F1F, being a defining field and any basis of FiF> a
defining basis of R; over R;. O

Lemma 2.1.8 has another consequence, answering one of the questions posed
above.

Corollary 2.1.10. Let Ry, R, be integral domains with the quotient fields F
and F, respectively. Assume that F> C Fy and Ry <pjopn R1. Then Ry has a
field-Diophantine definition over Ry.
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Proof. By Corollary 2.1.9 we can select F| F, = F) as our defining field and
let the basis of F; over F; consist of {1}. By Lemma 2.1.6 we have that R,
satisfies the equation in (2.1.8) with k = 1 and w; = 1. Thus we have

Ry ={z1-1]z1 € Ag},

where Ag has a field-Diophantine definition over R;. Therefore R, = Ag and
R; has a field-Diophantine definition over R;. O

The next lemma will demonstrate that we can always make a defining
field larger. This fact will be important for proving the transitivity of Dioph
generation.

Lemma 2.1.11. Let Ry, R, be integral domains with quotient fields Fy, F;
respectively. Assume that Ry <popn Ri. Let F be any finite extension of Fy
containing F1F,, and letT" = {yy, ..., yu} be any basis of F over F\. Then F
is a defining field and T is a Diophantine basis of R, over R;.

Proof. By Lemma 2.1.8, we know that F} F; is a defining field and that any

basis Q = {wq, ..., o}, k < m, of F| F, over Fj is a Diophantine basis of R;
over R;. Thus, for some polynomial f(uy, ..., ux, u, x1, ..., x,) over Ry, we
have that
k
Ry = Zt,-w,- | Jue, vy, ooy Upy X1y v v vy Xy,
i=1
Uty = Uy, ..., uty = ug, fy, ..., up, U, x1,...,%x)=0

and f(uy,...,up, u,x1,...,%)=0=>u=#0. Since FiF, CF, for i =
1,...,k

where for all i, j we have that y; ;, w € Ry, and w # 0. Thus

k m
Zyt,J
R2= yjti|3u7ula"-7uka-xla"-v-xra
- - w
i=1 j=1

uty = uq, ..., uty =ug, fuy, ..., ug, u,x1,...,%)=0¢,
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so that

iJ
w

&
|
rm— e,
[
Y
]
<

fi))/j|5|M,M1,~--,Mk,x1,---,xr,
Uty = uq, ..., uty = ug, fg, ..., up, U, x1,...,%x)=0¢.

Let

k
Yij
J 1
i1 W

then

k
qu,‘ = Zy,',jui (S R].
i=1

Let U; = Y*_, yi ju; and let U = wu. Then
m
R2= Zijj |3U1,...,Um,U,ul,...,uk,u,xl,...,x, ER],
i=1
ur,=U,...,.UT, =U,,U = wu,
k
Uj =Zy,-,ju,~,j = 1,...,m,
i=1

f(ul,...,uk,u,xl,...,x,.)=0}.

Note that f(uy, ..., u, u, x1, ..., x,) = 0 guarantees that U # 0. O

The next lemma considers a property of field-Diophantine definitions.

Lemma 2.1.12. Let R be an integral domain with a fraction field F that is not
algebraically closed. Letm,n € Z~q. Let A, B C F",C C F™, where B, C are
field-Diophantine over R. Suppose that for some f(X,V) € R[X, V], where
X=X,....X)and V = (Vy, ..., V,), we have that A = {(ai, ..., a,) €
B|3cy,...,cm € C: f(a,c) = 0}. Then A is field-Diophantine over R.

Proof. Let fp(X,Y,Z)e R[X,Y,Z], where X =(X1,...,X)andZ =
(Zy, ..., Z,),beafield-Diophantine definition of B over R.Let fc(U, W, V) €
R[U,W,V], where U=U,,...,U,) and V=(V,,..., V), be a
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field-Diophantine definition of C over R. Next let
gX, Y, U, W)=UW)*EDf(X1/Y, ..., X, /Y, U /W, ..., Uy/W).
Let D C F" be such that
D={aeF':3xeR" . veR wyeRZeR aeR":
ya=XxAgEx, y, i, w)=0A fp(x,y,2) =0A fei, w, v) =0}.
Then D = A. Indeed, suppose that a € D. Then fp(x,y,Z2)=0A

fe(i, w, v) = 0implies that y # 0 and w # 0. Thus g(x, y, i, w) = 0 implies
that

JGi/y, oo xa/y un/w, . u/w) = 0.

Since fp(x,y,z) =0A fc(i, w, v) =0, we also have thata = x/y € B,¢ =
i/we C,and f(a,c)=0.Thusa € A.

Suppose now that @ € A. Then for some ¢ € C we have that f(a, ¢) = 0.
Since A C B, forsome ¥ € R",y € R\ {0}, andz € R” we have that ya =
and fp(X,y,z) = 0. Similarly, since ¢ € C, for some & € R", w € R\ {0},
and v € R' we have that wé = i and f¢(ii, w, v) = 0. Finally, since f(a, ¢) =
0,w¢ =iu,andya = x,y # 0, w # 0, we have that g(x, y, it, w) = 0. Thus
aeD.

Since D is clearly field-Diophantine over F, the lemma holds. O

Our next step is to introduce a new notation designed to simplify discussion
of the transitivity of Dioph-generation.

Notation 2.1.13. Let G/F be a finite field extension. Let Q = {w, ..., w;}
be a basis of G over F. Let B C G", for some positive integer n. Then define
B® C F*" to be the set such that

k k
Q
(ay,...,axn) €B & (E ai 1 Wiy . E a,;,,w,,) eB
i=1 i=1

Using this notational scheme for rings R;, R, such that Ry <pjon R; with a
Diophantine basis 2 as above, we can now conclude by Lemma 2.1.6 that
Réz C FY is field Diophantine over Ry, where Fj is the fraction field of R;.

The following proposition is a generalization of Lemma 2.1.6.
Proposition 2.1.14. Let R, R, be integral domains with quotient fields F

and F, respectively, such that Ry <piopn R1. Let F be a defining field and let
Q = {wi, ..., wr} be a Diophantine basis of R, over Ry. Let B C F; have a
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field-Diophantine definition over R,. Then B has a field-Diophantine defini-
tion over R;.

Proof. Let f(ay,...,a,,a,xq,..
over R,. Then

k

BQ: {(Cl,lv Ckn)e R2 ‘(thlwtv""zci’nwi> GB}
i=1

= i(cl’h ey Ck,n) € (Rgz)n

., X,) be a field-Diophantine definition of B

Y, Zy,....Z,, Xy,.... X, € Ry,

k k
Y E Ci 1W; =Zl, ey Y E c,-,,,a)i IZ,,,
i=1 i=1

f(Zl,...,Z”,Y,Xl,...,X,)zo}. (2.1.9)

(Here we remind the reader that the last equation in (2.1.9) implies Y # 0).

Using our new notational scheme and remembering that RS! C F¥, we now
have

- - Q
ayizlv"'vzna-xla"'v-xr€R21

k k k
Z)’iwi (Zci,jélh‘) = ZZ[JC()[,]' =1,...,n,
i=1 i=1 i=1
k
f (Zzi,lwi’ ceey ZZi,nwis Zy;w;,
i=l1

i=l1 i=1

k k
Zx,,]w,-,..., x,,,w,») =o}. (2.1.10)
i=1 1

BQ = {(6‘171, ey qu,,) € (R;Z)n

Let (U, V, W) = UV — W. Then using coordinate polynomials with respect
to the basis €2 (see appendix section B.7), we have that
B ={(ciy....cn) € (RY)" |35, 21, .. 2, F1v .. K, € RS
h3,¢;,2)=0,i=1,....k, j=1,...,n
FEGE T P B, B =00 =1, ).

Now the lemma follows by Lemmas 2.1.3 and 2.1.12. O

We are now ready to prove the main theorem of this section: the transitivity
of Dioph-generation.
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Theorem 2.1.15. Let Ry, Ry, R3 be integral domains with quotient fields
F1, F», F5 respectively. Assume that Fi, F,, F5 are all subfields of a field F
which is not algebraically closed. Assume also that all the extensions F |/ F;,i =
1,2, 3, are finite. Finally, assume that Ry <pjon R1 and R3 <pj,pn Ry. Then
R3 <piopn R1.

Proof. From the previous discussion we know that we can select F as a defin-

ing field for both the pairs (R, R;) and (R, R3). Let 2 = {wy, ..., w;} be a
Diophantine basis for R, over R; such that F is the corresponding defining
field, and likewise let A = {Aq, ..., A,} be a Diophantine basis of R; over R,

with corresponding defining field F. Further, by Lemma 2.1.6 we can write

n
R3; = {ZZMH(ZIw--’Zﬂ) €An S an}’
i=1

where A, has a field-Diophantine definition over R,. By Proposition 2.1.14,
A¥ has a field-Diophantine definition over R;. Thus

nk
Ry = {ZZ%,MWH(MJ,-~-,yn,k) €Af C F{'k}

i=1 j=1
k

_ {2 (z yi,in,j,sws) Ot € Afg} ,

s=1 i,j

where
k

k
7= E Vi, j@j, E A jswg =Aw;, A€ Fl.
= =1

Let
Bg = {(ﬁ, ) e Ff |t = Zyi,in,j,m 1,1, -+ Ynk) € A%} .
iJj
Then by Lemma 2.1.4 Bg, has a field-Diophantine definition over R;. Next we
note that

k
R3; = :Ztsws [ (..., 1) € BQ}-
s=1

Finally we conclude that R3 <p;,,» Ri by Lemma 2.1.6. O

We will now exploit the transitivity of Dioph-generation to obtain more
general properties of this relation. We will start with a very common application
of the transitivity of Diophantine generation.
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Lemma 2.1.16. Going all the way down Suppose that R3 C R, C Ry are
integral domains whose fraction fields are not algebraically closed. Assume
further that R, =Dioph R, and R; =Dioph R,. Then R3 =Dioph R;. (See the fol-
lowing figure.)

Ry

R3

Lemma 2.1.17. Going up and then down Let Ry C R be integral domains
having quotient fields Fy, F, respectively. Assume that F\/F, is a finite exten-
sion and that F is not algebraically closed. Assume further that Ry <pjopn R>.
Then, for any A C R\ that is Diophantine over R\, A N R, is Diophantine over
R;. (See the following figure.)

A - Ry

AﬁRz - Ry

Proof. Let f(t,y) = f(¢, y1, ..., y;) be a Diophantine definition of A over R;
and let Q = {wy, ..., w,} be a Diophantine basis of R over R, with

P(Zy,...,Zy, B, X1,..., Xn) = P(Z, B, X)
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being the corresponding defining polynomial. Then r € A N R, if and only if
t € R, and

Ayi, ...,y € Ry, f&,y,...,y)=0. (2.1.11)

However, (2.1.11) is true if and only if

56_11,...,6_116Rg, bl,...,b[ERz, El)_Cl,...,)_CmERg,
P(aiy, by, x1) =0,
: _ - (2.1.12)
P(a;, by, x;) =0,
n
ai,j ap,
fle, —w;j, , —w;| =0,
,X—I: by j=1 " !
where a; = (a1, ..., Gin), Xi = (Xi1, ..y Xim)-
Now let fl.Q(u, U1, ...,0),i=1,...,n,where v; = (vj 1, ..., Vj,), bethe
coordinate polynomials of f(z, ¥) with respect to the basis 2 and the vari-
ables yy, ..., y;. (We remind the reader again to see appendix section B.7 for a

discussion of coordinate polynomials.) Then we can rewrite the above system
as

36_11,...,6_116R”, bl,...,bzeRg, 3)_61,...,)_6,”€Rg,
P(ay, by, x1) =0,

P(ay, by, 1) = 0, (2.1.13)
fl@ a /by, ...,a/b) =0,

an(I,C_l]/b],...,C_ll/bl) =0,

where a;/b; = (a;1/bj, ..., aj,/br). The final step is to note that since “P”-
equations guarantee that by, . . ., b; are not zero, we can multiply * f”’-equations
by ]_[lj=1 b%e(") without changing the solution set of the system. The last step
will produce a system of polynomial equations over R, which will constitute
the Diophantine definition of A N R,. O

Using transitivity again can also produce a “going down and then up” method.

Lemma 2.1.18. Going down and then up Let R; C R, C R; be integral
domains with quotient fields Fi, F», F3 respectively. Assume that F3 is not
algebraically closed and that F3/F) is a finite extension. Suppose also that



2.2 Integral closure and Dioph-regularity 23

R <piopn R3 and Ry <pjopn Ri. Then Ry <pjspn R3.

R3 Ry

Ry
The next property is a restatement of Lemma 2.1.3 using new terminology.
2.1.19. The finite intersection property LetR; C R,i =1, ..., m, berings
such that the quotient field of R is not algebraically closed and for all i =

1,...,m we have that R; <pigpn R. Then (\/—; Ri <pioph R.

Proof. Since R; C R and R; <p;,,» R, we can conclude that R; has a Dio-

phantine definition f;(¢, x1, ..., x,,) over R. Then for all x € R we have that
there exist xy 1, ..., Xm.pn, € R With fi(x,x;1,...,%i,)=0,i =1,...,m,if
and only if x € (I, R;. O

2.2 Diophantine generation of integral closure
and Dioph-regularity

In this section we will discuss two important properties of Diophantine gen-
eration over integrally closed subrings of global fields: the Dioph-generation
of integral closure and the fraction field of a ring. We will start with integral
closure for rings of W-integers. The description of these rings can be found in
appendix section B.1.

Proposition 2.2.1. Let K be a global field, let R be an integrally closed ring
with a quotient field K, let G be a finite extension of K, and let Rg be the
integral closure of R in G. Then Rg <pioph R.

Proof. Let n =[G : K], and let Q = {wy, ..., w,} C Ok be a basis of G
over K. Then by Lemma B.1.27 and Lemma B.4.12, every element of R can
be written as Zle(a,- /D)w;, where a; € R and D is the discriminant of the
basis — a fixed (non-zero) constant of R. Further, every element of Rs has
to satisfy a monic irreducible polynomial of degree at most n over R. Hence
RG =<piopn R. |
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We will now discuss the following question. When can the quotient field of
an integral domain be Dioph-generated over an integral domain? The answer
to this question is contained in the following lemma.

Lemma2.2.2. Let R be anintegral domain and let F be its quotient field. Then
F <piopn R if and only if the set of non-zero elements of R has a Diophantine
definition over R.

Proof.  First assume that the set of non-zero elements of R has a Diophantine
definition over R. Let f(y, x1, ..., x,) be a Diophantine definition of the set of
non-zero elements of R. Then clearly

F={t13b,a,x;,...,x, € R,bt =a, f(b,x;,...,x,) =0}.

Conversely, suppose that F' <p;,,, R and let g(z, y, xi, ..., x,) be a defining
polynomial, i.e.

F=A{w|3y,z,x1,...,x, - yw=2Ag(,y,x1,...,x,) =0}.

Then g(1, y, x1, ..., x,) will be a Diophantine definition of the set of the non-
zero elements of R. O

We now give the property discussed above a name.

Definition 2.2.3. Let R be an integral domain such that the set of its non-zero
elements has a Diophantine definition over the ring. Then R will be called
Dioph-regular.

Our next task is to show that all the rings that we shall consider in this book
are Dioph-regular. The proof below is a generalization of the proof by Denef
[18] for rings of algebraic integers.

Proposition 2.2.4. Let K be a global field, and let VW be any collection of
non-archimedean primes of K. Then the ring Ok y is Dioph-regular.

Proof. First, assume that the complement of ¥V contains at least two primes,
p; and p,. Let ; = 0mod p;,a; € Ok, for i = 1,2 and (a;,a;) = 1. Such
ai, ay € Ok exist by the Strong Approximation Theorem (Theorem B.2.1). Let
x € Ok.w,. Then x # 0 if and only if the following equation has solutions in
OK_WZ

xw = (u1a; — D)(upa; — 1).



2.3 Big picture: Diophantine family of a ring 25

Indeed, suppose that x = 0; then either a; or a;, is invertible in Ok yy. This is
not true by the choice of p, or p,. Suppose now that x # 0. Then let 2,2(, /B
be the divisor of x, where 2, 2,, B are integral divisors and 2(; and the divisor
of a; is relatively prime. (See Definition B.1.23 for the definition of the divisor
of an element.) By the Strong Approximation Theorem, there exists u; € Og
such that u; = ai_' mod ;. Thus, the divisor of (u;a; — 1)(ura, — 1) is of the
form 2,2, &, where € is an integral divisor. Hence, the divisor of w is of the
form ‘B¢ and consequently w € Og C Ok .

We now remove the assumption that the complement of WV has at least
two primes. First of all, if WV contains all the primes then Og )y = K and the
proposition is trivially true. Second, if the complement of W contains only one
prime p then let M be a finite extension of K in which p splits into distinct factors.
(Such an extension exists by Lemma B.4.14.) Let Oy, )y,, be the integral closure
of Ok )y in M. By Proposition B.1.22, we have that Oy )y,, is a ring of Wy,-
integers and W), contains at least two primes of M. By the argument above, the
set of non-zero elements of Oy )y, has a Diophantine definition over Oy yy,, -
At the same time by Lemma 2.2.2, it is the case that Oy, w,, <piopn Ok, w- Thus
we can use the “going up and then down” method (see Subsection 2.1.17) to
complete the proof. O

Note 2.2.5. The importance of Dioph-regularity is obvious. If a ring R is
Dioph-regular then any set which can be Dioph-generated over its quotient field
can be Dioph-generated over the ring, by the transitivity of Dioph-generation.

2.3 Big picture: Diophantine family of a ring

The properties of Diophantine generation discussed in the preceding sections
allow us to define an equivalence relationship based on Diophantine generation.

Definition 2.3.1. Let R, R, be rings with quotient fields | and F; respec-
tively. Assume that F; and F, are contained in some field F', not algebraically
closed, and that F| F,/F) and F, F,/F, are finite extensions. Then call R; and
Ry Dioph-equivalent if Ry <pjon R» and Ry <pjop; R1. We will denote this
relation by Ry =pjopn R1.

Clearly, =p;opn is an equivalence relation. We will call the resulting equiv-
alence classes the Diophantine classes. It is also clear that <pj,, is a relation
on Diophantine classes. Given an integrally closed ring R, we will consider all
the integrally closed rings whose quotient fields are either finite extensions or
finite subextensions of the quotient field of R. Call the set of all these rings a
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K Ok vy Ok W, Ok.sy Ok
some rings o
A A A A A
some some some
fields fields fields
Y Y Y
some W
Q Oqy Oqw Oq.s Z

Figure 2.1 Horizontal and vertical problems for the Diophantine family of Z. For
any set of rational primes U, Oq y is a ring of rational {/-integers.

Diophantine family of R. We can now rephrase some of the the main problems
discussed in this book.

1. What is the structure of the Diophantine family of Z? In other words, given
an integrally closed ring R contained in a number field we want to know
whether R <pj,p;, Z and whether Z <pj,,n R.

2. LetIF, be a finite field and let ¢ be transcendental over IF,. Then what is the
structure of the Diophantine family of IF,[¢]? As above we can rephrase the
questions as follows. Let K be a finite extension of IF,(f) and let R be an
integrally closed ring whose quotient field is K. Then whenis R <p;spn Fp[t]
and when is IF,[1] <pjopn R?

These questions clearly comprise many problems of varying difficulty. Our next
task is to classify them and determine which problems can be dealt with quickly.
We also remind the reader that any integrally closed subring of a global field
is a ring of WW-integers by Proposition B.1.27. So our intention is to study the
Diophantine classes of VW-integers.

2.3.2. Horizontal and vertical problems for Diophantine family of Z We
will start with Figure 2.1,fig 1 where S is a finite set of rational primes, V is
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a set of rational primes whose complement is finite, and }V is an infinite set
of primes whose complement is also infinite. Further, K is a number field and
Sk, Vk, Wk are the sets of K-primes lying above S, V, and W respectively.
The arrows represent the direction of Dioph-generation, for pairs of rings where
we know the answer, at least in some cases. More precisely, if we have Ry — R;
in Figure 2.1 then Ry <pj,p, Ri. We divide the problems into two main groups:
horizontal and vertical. Horizontal problems concern two rings with the same
quotient field. Vertical problems concern pairs of rings whose quotient fields are
different: one is a proper subfield of the other. Using results from Section 2.2 we
can solve one horizontal problem and a family of vertical problems. The Dioph-
regularity of Z tells us that Q <pj,p; Z. Further, since we know that integral
closures of the rings of WW-integers in the extensions are Dioph-generated, we
can solve all the upward-going vertical problems.

We can also determine when Oq s <piopr Z for any set of rational primes
U. The answer is a direct consequence of Matiyasevich’s result and will be
discussed in detail in the following chapter.

We know how to solve the downward vertical problem for some subrings
of totally real fields, for their extensions of degree 2, for fields with exactly
one pair of non-real embeddings, and for some other number fields. These
problems will be discussed in Chapter 7. In all the number fields we can solve
the “short” horizontal problem in any subring (i.e. define integrality at finitely
many primes). We will discuss this problem in Chapter 4. In some subrings of
totally real fields and their totally complex extensions of degree 2 we aim to
solve “longer” horizontal problems, i.e. to define integrality at infinitely many
primes. The partial solution of this problem will be discussed in Chapter 7.

2.3.3. Horizontal and vertical problems for Diophantine family of F,[¢]
We will now consider the problems associated with the Diophantine family of a
polynomial ring over a finite field of constants. Consider Figure 2.2.fig 2 Here we
use notation analogous to that used in Figure 2.1. We also assume that S, W, V
contain the valuation which is the pole of ¢. Further, K as before is a finite exten-
sion of the ground field F ,(¢), and Ok, Ok s, , Ok vy, Ok, v, are again integral
closures of subrings of the ground field, in this case IF,[t], O]Fp(t),g, OFI,(,).W,
and O,y respectively in K. For the same reason as in the case of number
fields, the upward vertical problem follows from the fact that integral closure
is Dioph-generated for the rings under consideration. The “short” horizontal
problem for function fields (i.e. the definability of integrality at finitely many
primes) will be discussed in Chapter 4. The downward vertical problem for
function fields, which has been solved to some extent for all global function
fields, will be discussed in Chapter 10. Finally, the “long” horizontal problem
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Figure 2.2 Horizontal and vertical problems for the Diophantine family of F ,[#].

(i.e. the definability of integrality at infinitely many primes) for function fields
has also been partially solved for all function fields and is also described in

Chapter 10.



3

Diophantine equivalence and
Diophantine decidability

In this chapter we will take a closer look at what Diophantine generation and
Diophantine equivalence tell us about Diophantine decidability and definabil-
ity over countable rings. We have already touched on these questions in our
introduction. There we talked about the relationship between Diophantine def-
initions and Diophantine undecidability. To make this discussion more precise
over rings other than the ring of rational integers, we will need to determine
what the analog of a recursive function (or, more informally, an algorithm) is
over these rings. To formalize the notion of an algorithm over countable struc-
tures, one uses presentations. If it exists, a recursive presentation of a given field
F is a homomorphism from F into a field whose elements are natural num-
bers. Under this homomorphism all the field operations of F are interpreted
by restrictions of recursive functions and the image of F is a recursive set.
(Here we remind the reader that Appendix A contains definitions of recursive
functions and recursive sets, as well as a list of references.) Not all fields and
rings have such presentations. A field or ring which has such a presentation is
called recursive. However, as we will see below, this notion of a presentation is
too “strong” for our purposes. Presentations which are more suitable for a dis-
cussion of Diophantine questions are called “weak presentations.” We describe
these presentations in the following section. Finally, we note that most of this
chapter is based on [95].

3.1 Weak presentations

We start with a couple of definitions.

Definition 3.1.1. Let R be a countable ring such that there exists an injec-
tive map j: R — N with the following properties. There exist recursive

29
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(computable) functions P, P_, Py : N? — N such that for all x, y € F we
have that

Pr(jx), j(y) = jx +y),
P_(j(x), j(y)) = j(x —y),
P (j(x), j(y)) = j(xy).

Then j is called a weak presentation of R as a ring.

Next let F be a countable field. Let j : F — N be a weak presentation
of F as a ring and assume additionally that there exists a recursive function
P N? — N such that for all non-zero y € F we have that

Py(j(x), j(y) = j(x/y).

Then j is called a weak presentation of F as a field.

Definition 3.1.2. Let R C R'becountableringsandletj: R — N, : R’ —
N be weak presentations of R and R’ as rings respectively. Then we say that j’
is an extension of j if j/z = ¥ o j, where ¥ is a recursive injective function
with a recursive range or in other words the inverse of v is also recursive.

Note that not every weak presentation of a ring R is extendable to a weak
presentation of its quotient field F as a field. (For example one can construct
weak presentations of QQ as a ring which are not weak presentations of Q as a
field. In other words, division is not translated by a restriction of a computable
function. For more details about such constructions see [97].)

While not all countable fields or integral domains are recursive, they all have
weak presentations.

Proposition 3.1.3. Let R be a countable integral domain. Then R has a weak
presentation as a ring and its quotient field has a weak presentation as a field.

Proof. By Proposition A.7.13 we have that R € F C K, where K is a com-
putable field. Let j : K — N be a computable presentation of K. Then j
restricted to R and F is a weak presentation of R and F respectively. (]

3.2 Some properties of weak presentations

To connect the weak presentations to the subject of Diophantine definability and
decidability we need to discuss some of the properties of weak presentations.
First we need to introduce additional notation.
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Notation 3.2.1. Let K be a countable field and let j : K — N be a weak
presentation of K. Let f : K" — K be a function defined on D C K”". Then
Jj(f) will denote a function from j(D) to j(K) defined by the following. For
all (ay, ..., a,) € D we have that j(f)(j(ar), ..., jla,)) = j(f(ai,...,ay)).

Next we note an obvious but important corollary of the definition of a weak
presentation.

Lemma 3.2.2. Let R be a countable ring andlet j : R — N be aweak presen-
tation of R. Let P(X1, ..., X,) be a polynomial over R. Then j(P) : j(R) —
J(R) is a restriction of a recursive function.

Proof. A polynomial function is a composition of finitely many binary addi-
tions, subtractions, and multiplications. Therefore one can proceed by induction
on the number n of times that addition, subtraction, or multiplication is used
in the construction of P. The argument will require the use of Definition A.1.2
concerning recursive (computable) functions and Lemma A.1.12. The details
are left to the reader. 0

If we are considering a weak presentation of a field, then it is just as easy
to see that rational functions are also translated by restrictions of recursive
functions.

Corollary 3.2.3. Let K be a countable field. Let j : K — N be a weak pre-
sentation of K as a field. Let W € K(X1, ..., Xn) be a rational function over
K. Then j(W) is a restriction of a recursive function.

Proof. Let W(Xy,...,Xm)=01(X1,..., Xm)/02(Xy,..., Xn) where
Qi, O, are polynomial functions over K without common factors in
K[Xy,..., Xu]. Clearly for all Xy, ..., X,, € K with Q(Xy, ..., X)) #0,

JW)G(X1), ..oy J (X))
= P/(JODGXD), s (X)), J(QDG (X1, o, j(Xin)).-

Since j(Q1), j(Q»), P, are all restrictions of recursive functions, by the
definition of a recursive function so is j(W). O

Our next task is to show that weak presentations are extendable under finite
algebraic extensions.
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Proposition 3.2.4. Let F be a countable field and let j : F — N be a weak
presentation of F. Let K be a finite extension of F of degree n. Let Q = {w| =
1,...,w,} be a basis of K over F. Then there exists a weak presentation
J : K — Nsuch that J restricted to K is equal to o j, where  : N — Nis
recursive with recursive inverse, and there exist recursive coordinate functions

Ci,...,C, : N — Nsuch that for any element x € K we have that
x=Y (J'oCioJw)w (3.2.1)
i=1
and
CiolJ(x)e J(F) (3.2.2)

foralli =1,...,n.

Proof. Let G, : N" — N be the recursive (computable) function defined in
Lemma A.1.14. We will construct J : K — N by setting J(}_,_, ajw;) =
Ga(j(ar), ..., jla)) =1/, pij(‘”). First we should observe that for x € F we
have that J(x) = 2/®), and therefore by Proposition A.1.11 the first require-
ment of the lemma is satisfied. Second, form € Z.yand fori =1, ..., n, let
Ci(m) = ord,,m, where p; is the i th prime in the ascending listing of all rational
primes. Itis clear that C; satisfies (3.2.1) and (3.2.2) and, by Proposition A.1.11,
foralli =1, ..., n we know C; to be recursive. Finally, to make J into a weak
presentation we need to show that the images of field operations are extend-
able to total recursive functions. Let J(op) denote the translations of the field
operations under J and let P, denote, as before, the translation of the field
operations under j. Then define
J(E)my, ma) = li[ p'Pi(Ci(ml)sCi(mZ)).

i
i=l1

For multiplication and division the definition is a bit more complicated. For all
i,j=1,...,k,let

B,"qu,...,B,',j’k e F

be such that

k
wiw; = E Bijra)r-
r=1

Then foray,...,a,,by,...,b, € F,

n n n

Zaia)i ija)j =Z aibjwiwj =Z a,-b_,-Bi,j,ka)k =Z Z B,;j,kaibj [O)
i=l j=1 i,j 1 \i,j

i,j.k k=
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Let Hy(ay, ..., b,) = Zi.j Bi jxa;b;, and note that Hi(T, ..., T»,) depends
on the basis €2 only. Then

n n n
E a; w; E bjwj = E H(ay,...,a,,by,...,b)w.
i=1 i=1 k=1

By Lemma 3.2.2, for all k = 1, ..., n we know that j(H;) is extendable to a
recursive function. Thus we can define

i=1
Next we move to the translation of division. Since we have shown that the
J -translation of multiplication in K is a restriction of a recursive function, it is
enough to show that the J-translation of finding the multiplicative inverse is a
restriction of a recursive function. By Lemma B.10.6, there exist

Tls”‘vT;vaeF[-xlv"'v-xn]v

depending on F, G, and 2 only, such that Z;’zl a;w; # 0 if and only if
Q(ala "‘7al’l) 5&0

and
k -1 n T( )
Zaiwi _ Z AR
l':l l:l Q(al7 .. 7a71)

Thus, we can define

n

-1 P/(j(Ti)(Ci(m),...,Cu(m)), j(@)Ci(m),...,Cy(m)))
JCHem =[] ‘ :
i=1

O

We are now ready to start establishing connections between Diophantine
definability and decidability. Our first goal is to show that Diophantine defin-
ability assures relative enumerability under any weak presentation.

Proposition 3.2.5. Let R be a countable integral domain. Let j : R — N be
a weak presentation of R as ring. Let A be a Diophantine subset of R'. Then

J(A) < j(R).

Proof. First note that if A is finite (and this includes the case A = () then A is
recursive (computable) by Lemma A.1.10 and recursively enumerable (r.e.) by
Lemma A.2.2. So without loss of generality we can assume that A is infinite.
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Let
¥V :N— j(R)
be any function enumerating j(R). Let P(¢|, ..., #, x1, ..., x,) be a Diophan-
tine definition of A over R. Let
Fk,n+1)=(ar,...,anu),

where a; = ord, k, be afunction defined by Lemma A.1.14. Then by this lemma
F(k,n +1) is recursive. Let 7r; : N**! — N be the projection on the ith coor-
dinate for 1 <i < n + 1. Our next function definition will use a minimization
operator i from Definition A.1.1. Define

¢ :N— j(A) Cj(R)
in the following fashion. First define a function v : N — N by

v(0) = (W)[J(P) (Y (i (F(t,n + D)), ..., Y (@upa(F(t, n + 1)) = j(O0)],
v(m) = (W)t > vim — 1) A j(P)(Y (w1 (F(1,n + 1)),
s Y (F (i, n 4+ 1)) = j(0)].

Now define
d(m) = (Y (@ (F(n +1,v(m)))), ..., ¥ (@ (F(n +1,v(m))))).

Note that the relation inside the p-operator is recursive by Lemmas 3.2.2 and
A.1.4 and Corollary A.1.7. Thus ¢ is constructed from basic functions (as
in Definition A.1.2) and v using finitely many applications of composition,
minimization, and recursion. Therefore, j(A) <, j(R) by Definition A.3.2.
Informally, the relative enumerability of A follows from the following argu-
ment. To compute ¢(m) perform the following steps. Consider the list of (n + [)-
tuples of elements of j(R) generated by ¥. Plug each (n 4+ I)-tuple into j(P) to
see whether the result is j(0), starting with the first (n + /)-tuple not processed
in the calculation of ¢(0), ..., ¢(m — 1). Record the first / elements of the first
(n + I)-tuple satisfying the condition above as the value of ¢(m). O

We now prove a more general version of Proposition 3.2.5.

Proposition3.2.6. Let Ry, R, be two integral domains suchthat Ry <pispn R1.
Let Fy, F, be the fraction fields of Ry and R, respectively, andlet j : F; — Nbe
a weak presentation of F\. Then there exists a weak presentation J : F| F, — N
such that J is an extension of j in the sense of Definition 3.1.2, and for any
such extension J we have that J(R,) <, J(Ry).
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Proof. By the definition of Diophantine generation 2.1.5, there exists
f(ai,...,a, b, x1, ..., x,) with coefficients in R; such that

flay,...,ak, b, x1,...,x,) =0 = b#0, (3.2.3)

and
k
R, = Zt,-a),-|Ela1,...,ak,b,x1,...,xmeRl,
i=1
bt :al,...,btk:ak,f(al,...,ak,b,xl,...,xm):O}.

In other words,

k
@
Ry, = {;let [(ai,...,ax,b) e A C R1},
where A is a Diophantine subset of R]2‘+l. By Proposition 3.2.4 there exists a
weak presentation

J: Fl F2 —- N
such that J is an extension of j. By Proposition 3.2.5, J(A) <., J(R)). Let

k.
UXi,....Xe, )= —o
(Xy K Y) ; 7
be a rational function over F;F,. Then J(U) is a restriction of a recursive
function by Corollary 3.2.3. Now we can proceed in a manner analogous to that
used in the proof of Proposition 3.2.5. Let ¢ : N — J(A) be any enumeration
of J(A). Then define

E(m) = J(U)(mi(@(m)), ..., w41 (P(m))).

Since £(m) is a recursive function enumerating R, we conclude that J(R,) <,
J(A) and therefore, by the transitivity of relative enumerability (see the remarks
following Definition A.3.2), J(Ry) <. J(R)). O

Remark 3.2.7. Proposition A.6.5 shows that any two recursive presentations
of a finitely generated ring or field are related by a recursive function, i.e. one
presentation is a composition of the other and a recursive function. It also shows
that Turing degree and enumeration degree structures of the finitely generated
rings and fields are invariant with respect to recursive presentations. Actually,
the proof of the proposition shows a bit more. It shows that weak presentations
preserve the enumeration degree structure for a finitely generated ring or field.
(Weak presentations do not necessarily preserve the Turing degree structure
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of finitely generated objects. See for example [40].) Thus, under any weak
presentation the class of r.e. sets is the same class of subsets for a finitely
generated ring or field. Therefore Matiyasevich’s theorem (Theorem 1.2.2),
holds independently of the weak presentation chosen for Z.

Before we leave this section, we note that Proposition 3.2.6 tells us that
the notion of weak presentation is the right notion to use in the study of Dio-
phantine and existential definability. First, both weak presentations and exis-
tentially definable sets exist over any ring. Second, Diophantine classes fit
completely inside relative enumerability classes invariant under weak presen-
tations of finitely generated objects. We explore the last fact further by using it
to show that there are infinitely many Diophantine classes.

3.3 How many Diophantine classes are there?
As a consequence of the fact that, over Z, recursive enumerability and Dio-

phantine definability are the same we have the following result.

Lemma 3.3.1. Let A = {p,} be a set of rational primes. Then Og, 4 <piopn Z
if and only if A is recursively enumerable.

Proof.  Suppose that A is an r.e. (c.e.) set of primes. Then U, the set of all
natural numbers that can be written as products of primes from .4, is also r.e.
by Proposition A.4.2. By Matiyasevich’s theorem, 1.2.2, U is Diophantine over
Z.Let fy(t, x1, ..., x,) be the Diophantine definition of U over Z. Hence we
can set

O@.Az{i|er,y€Z,E|x1,...,xmeZ,fU(y,xl,...,xm}=0}
y

and thus Oq, 4 <pioph Z.
Suppose now that Og 4 <piepn Z. Then

x
Og.A = {— |x €Z,y € Z,3x1,...,x, eZ,g(x,y,xl,...,xm)=O}
y
for some polynomial g(x, y, xy, ..., xy) € Z[x, y, X1, ..., xn]. Let

Uzz{yeZHxl,...,x,,eZ,g(l,y,xl,...,xm)=O}.

Then Uz is a set that is Diophantine over Z and, by Proposition 3.2.5 and
Remark 3.2.7, for any weak presentation j we have that j(Uz) <. j(Z), where
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Jj(Z) is r.e. Consequently, j(Uz) is also an r.e. set. Let
U=Uz;NN={|m||m € Uz}.

By Proposition A.6.1 and, again, Remark 3.2.7, for any weak presentation j of
Z we now have that U =, j(U) =, j(Uz) and therefore that U is r.e. Finally,
by Proposition A.4.2 we have that U =, A. Hence A is r.e. O

Unfortunately, all aspects of the relationship between Diophantine definabil-
ity and enumerability for rings other than Z are far from clear. However from
Proposition 3.2.5 we do get the following fact.

Proposition 3.3.2. There are infinitely many Diophantine classes.

Proof. We will show that the subrings of QQ are partitioned into infinitely
many Diophantine classes. On the one hand, from Proposition A.6.4 and
Remark 3.2.7, given a set of rational primes

AZ{PisiGI},

where p; < p,--- is a listing of all primes in ascending order and [ is any
subset of the natural numbers, we have J(Oq, 4) =, J(I) =, I under any weak
presentation J of @ as a field. On the other hand, given two sets of rational
primes A,, A, then by Proposition 3.2.5

0q, A, =pioph 00,4, = J(Oq,4,) =. J(Oq,4,)

under any weak presentation of @ (as a field or ring). Since there are infinitely
many enumeration classes (see Proposition A.3.3), we must conclude that there
are infinitely many Diophantine classes. g

3.4 Diophantine generation and Hilbert’s Tenth Problem

In this section we want to investigate the very close connection between Dio-
phantine generation and Diophantine undecidability. First we need to formalize
exactly what we mean by the unsolvability (or solvability) of HTP for an arbi-
trary countable ring.

Definition 3.4.1. Let R be a countable ring. We will say that HTP is decidable
(undecidable) over R if there exists (does not exist) a presentation J : R — N
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and arecursive function f from the space of finite sequences of natural numbers
into the set {0, 1} such that

f(dvmskvAi] Tys J1seees jkvoiikvjlSd)(nlv"'9nm)=1

.....

if and only if (ny,...,n,) = (J(x1),..., J(x,)), where x1, ..., x, are ele-
ments of the Diophantine set whose definition over R is the polynomial

— i i 1, J1 i
Hxy, ooy X, Y1s oo Y1) = E Qiy,oi o fioen ik ®1 " X Y1 7 Vi
0<ik,ji=d

and

T (@irifie) = Abyi ot

Note that an immediate corollary of this definition is the fact that the solvability
of HTP under J requires that every Diophantine set is recursive under J.

Remark 3.4.2. Looking at the formalization above one can conclude imme-
diately that, despite the fact that we have not put any assumptions on J, without
loss of generality we can assume that J is a strongly recursive presentation of
R.Indeed, first suppose that J is not recursive. Then either J(R) is not recursive
or one or more of the graphs of addition, subtraction, and multiplication is or
are not recursive. Since R is Diophantine over R and the graphs of the ring
operations are also Diophantine over R, we conclude that under J there are
non-recursive Diophantine sets and that in this case HTP is not solvable under
J. Finally, assume that J is a recursive but not strongly recursive presentation
of R. (See Definition A.7.3 for the definition of a strongly recursive presenta-
tion.) Then under J the image of the set D = {(x, y) : 3z € R, x = yz} is not
recursive. So in this case R again has a Diophantine set which is undecidable
under J.

We also should note that by Matiyasevich’s theorem and Corollary A.6.6,
Z has undecidable Diophantine subsets under any presentation, and so we can
continue to say that HTP is unsolvable over Z.

Next we introduce a new notion which will play an important role in this
and later sections in this book — the notion of a Diophantine model.

Definition 3.4.3. Let R, R, be two rings such that the following statements
are true.

1. There exists a map

¢=(1.....¢%): Ri > R}
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such that for any Diophantine set D; C R! there exists a Diophantine set
D, C RIF with the following properties:

D ={(@(ar), ..., @) : (a1, ...,a) € D1} C D,
and for
D ={@@),...,pla)): (a,...,a) & D1}
we have that
DN D, =4.

2. Under some recursive presentations J; and J, of R} and R, respectively, the
map J, o ¢; o Jl_] is a restriction of a recursive function foralli =1, ..., k.

Then we will say that R, has a Diophantine model of R;.

The raison d’étre of the Diophantine models is made clear by the following
proposition whose proof we leave to the reader.

Proposition 3.4.4. Let R, R, be two rings such that R, has a Diophantine
model of Ry under some presentations J, and J, of R and R, respectively.
Assume that one of the following statements is true.

* HTP is undecidable over R under J\, and there exists an effective procedure
such that, given the Ji-codes of the coefficients of a Diophantine definition
over Ry of any Diophantine subset D\ of R; as its input, this procedure will
produce the Jy-codes of the coefficients for a Diophantine definition over
Ry of Dy, the Diophantine subset of R, containing the image of D) in the
Diophantine model.

e There exists an undecidable (under J, ) Diophantine set over R (and therefore
HTP is undecidable over Ry under J).

Then HTP is undecidable over R, under J;.

The proposition below provides the connection between Diophantine models
and Diophantine generation.

Proposition 3.4.5. Let R\ <piopn Ry be two rings with residue fields F\ and
F; respectively. Let F be a field such that F\ F, C F, F/F, is a finite extension
of degree n, and F is not algebraically closed. Assume that R, is strongly
recursive. Then the following statements are true.
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1. There exists a recursive presentation J of F such that the following condi-
tions are satisfied:
* R, is recursive under J;
* the coordinate functions from F to F, (as defined in Proposition 3.2.3) are
recursive under J with respect to some basis of F over F»;
o there exists a recursive mapping A = (Ay, Ay) : J(F>) — J(Ry)? defined
by AJ(x)) = (J(x1), J(x2)), where x1, xa € R, x2 # 0 and x = x1/x,.
2. If J(Ry) is recursive then
* R has a Diophantine model of R;,
¢ foranyset D1 C Ry, Diophantine over R\, a Diophantine definition of D, —
the set containing the image of D\ but no element of its complement — can
be effectively (under J) and uniformly in D\ constructed over R, from a
Diophantine definition of D,.

Proof. The first assertion of the proposition is satisfied by Propositions A.7.4
and A.7.7. Next assume that J(R;) is recursive and let Q = {w1, ..., w,} be
a basis of F over F5 such that under J the coordinate functions (Cy, ..., C,)
with respect to 2 are recursive. Let

(c1y...,cp): F = F

besuchthatc; = J ' oCjoJ. AlsoletA; = J ' o A;o J.
Since Ry <pigpn R>, for some

f(Al7"'5AI’LaB9Z]7"'5Zm)eRz[Ala"‘7An5B7Z]7"'aZm]9

we have

n a
R1=iZElwi1321,---,Zm€R2,f(dl,-~-,an,b,Zl,---,Zm)=0},

i=1

(3.4.1)

where f(ai,...,a,,b,21,...,2m) =0 = b # 0. So given x € R, define for
i=1,....n

hri—1(x) = Ai(ci(x)), ¢2i(x) = Aa(ci(x)),

and for X € N let

JogijoJN(X) = A(Ci(X)) if X € J(R1)

Dy (X)) = {O it X & J(Ry).

Here either j =1 and k=1 or j =0 and k = 2. Observe that, given our
assumptions, ® = (Py,...,d,) is recursive. Next let D; be a Diophantine
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subset of R’] with Diophantine definition g(X, ..., X;, 71, ..., T,). Let D,
consist of all (yy, ..., y2,) € R3" such that
36_11,...,&1,L_t1,...,1/_tr (S Rg,
bi,....,b,v1,...,0,X1,...,X,t,...,t, € Ry,
Zl""vzhﬂ)l""vwr € R?v
satisfying the following system of equations:
Y2i—1,;bj = Y2 jaij, j=1...,1, i=1,...,n,
bjx; =D il aij;,
aj,bj,z;) =0, =1,...,1,
f@j.bj.2;) / (3.4.2)
g('xla"'7-xlvt15"'7tr)=()a
vjt =Y uijon  j=1.r
f(l/_tj,l)j,'lj)j)zo, j=1,...,r.

In other words (yy, ..., y2,)isin Dy ifand only if forall j = 1, ..., [ either for
somei =1,...,nwehavethat y,; ; =0orx; = Z;’Zl(ym,l’j/yz,-,j)wi e D,.
Since

e Mty o
H ; DN

andforall j =1,...,/andi = 1,..., n we have that A>(c;(x;)) # 0, we con-
clude that (¢(x1), ..., ¢(x;)) € Ds if and only if (xq, ..., x;) € D;. Thus the
proposition holds. 0

It is clear from Proposition 3.4.5 that in the case of Diophantine generation
the first clause of Proposition 3.4.4 applies, and we have the following corollary.

Corollary 3.4.6. Let R| and R, be any two rings with Ry <piopn R> and HTP
unsolvable over R|. Then HTP is unsolvable over R,.

Proof. By Remark 3.4.2 we can assume that R; is strongly recursive. Let
F be a defining field and let 2 be a Diophantine basis for R; over R;.
Then by Proposition 3.4.5 there exists a recursive presentation J of F such
that

* J(R,) is strongly recursive,
¢ the coordinate functions with respect to basis 2 are recursive,
e the function A, as defined in Proposition 3.4.5, is recursive.
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Suppose now that J(R;) is not recursive. As before, Ry <pj,,n R> implies that
(3.4.1) holds for some

fr, e s Xy Yy 20y oo o0 Zm) € RolX1, oo s X0 ¥y 205 ooy 2]
Let D, consistof all the 2n-tuples (y1, . . ., y2,) such thatthereexistay, . .., a,,
b € R, satisfying the following system of equations:
i_1b = y;a;, i=1,...,n,
Y2i—1 Y2idi (343)
f(als--~’an’bvzl9'°"zm)=0'
Then (y1, ..., yau) € Dg, if and only if for some i =1, ..., n we have that

y2i =0o0r Y, (y2i—1/y2)w; € R;. Thus for any positive integer [ € J(F) we
have that/ € J(R;) if and only if

(MG, A(CLD)), -y AUCD), A(Co (1)) € (D).

Therefore, if J (Drg,) is recursive then so is J(R;). Consequently, if J(R)) is
not recursive then R, has an undecidable Diophantine set under J and HTP is
undecidable under this presentation.

Finally, suppose that J(R;) is recursive. Then the conditions of Proposi-
tion 3.4.5 are satisfied and, by the first clause of Proposition 3.4.4, HTP is
undecidable over R, under J in this case also. Hence HTP is undecidable under
any presentation of R;. (]

We should also like to note here that in practice one can almost always make
use of the second clause of Proposition 3.4.4, because there are undecidable
Diophantine sets over Z. In particular the following proposition is true.

Proposition 3.4.7. Let R be a ring with a recursive presentation such that for
some positive integer k there exists a map

f:(rl,...,rk):Z—>Rk

for which the images of the graphs of addition and multiplication are Diophan-
tine over R. Then R has a Diophantine model of 7, and HTP is undecidable
over R.

Proof. First of all, using an inductive argument on the number of operations,
similar to the argument used to prove Lemma 3.2.2, one can show that 7’ :
7! — R¥ will map any Diophantine subset of Z into a Diophantine subset
of R¥. So it remains to be shown that under any recursive presentation of R
the map T will be recursive. Let J : R — N be a recursive presentation of R.
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By assumption, the set (T(m), T(n), T(m + n)) is a Diophantine subset of R3*.
Therefore, by Proposition 3.2.5, given that J(R) is recursive, the set

S = {(J*@m)), J*En)), J*(Z(m +n))), m €N}

is recursively enumerable. Let f be a recursive function enumerating S. Define
g : N — R* in the following manner. Let g(0) = J*(t(0)), g(3) = J*(z(1)),
g(6) = J¥(t(—1)). Let m be a positive integer and assume that g(3"~!) has
been computed. Then define

83" = (w1 (FD), .., W (F D)),

where [ is the smallest positive integer such that for some i € J*(R) we have
that

f) = (g(3), 83" N, ).

Similarly, for any positive m, assuming that g(2-3"~') has been defined
already, define

8(2-3") = (s (FD), - .., Tk (F 1)),

where [ is the smallest positive integer such that for some it € J*(R) we have

) =(g06),82-3"""), ).

If t+ € Nis not of the form 2 - 3" or 3" for some positive integer m then define
g(t) = (0, ...,0) and observe that by the definition of recursive (computable)
functions (using the encoding of k-tuples described in Lemma A.1.14), given
our adopted presentation Jz of Z (see Proposition A.6.1), g(m) is a recursive
function with g(Jz(z)) = t(z) for all z € Z. O

Remark 3.4.8. We finish this chapter with a historical note. The term
“Diophantine model” belongs to Gunther Cornelissen who introduced the ter-
minology and the notion, in a slightly different form, in [5].
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Integrality at finitely many primes and
divisibility of order at infinitely many primes

In this chapter we will continue with the task of describing the known Dio-
phantine classes of the rings of W-integers of global fields. We will start with
horizontal problems. The question which we will partially answer here is the
following. Does the Diophantine class of a ring of WW-integers change if we add
to or remove from W finitely many primes? As we will see below, we are able
to show in many cases that the class does not change. We conjecture that this is
true for all rings of W-integers but are unable to prove this at the present time.

The main tool used so far to prove results of the type described in this section
is the strong Hasse norm principle (see Theorem 32.9 of [79]). The ideas behind
the construction of a Diophantine definition of integrality at finitely many primes
presented below go back to the work of Ershov and of Penzin (see [65], [26]) and
to the work of Julia Robinson on the arithmetic definability of rational integers
in algebraic number fields (see [81] and [82]). Robinson used quadratic forms
to carry out her construction. Later, Rumely generalized Robinson’s methods
in his paper on arithmetic definability over global fields (see [85]). In his paper
Rumely used norm equations and the strong Hasse norm principle. Kim and
Roush were the first to use this methodology for the purposes of showing the
undecidability of some Diophantine problems over function fields (see [42]).
They also were the first to use quadratic forms to show the existential definability
of order at a prime over Q, in [43]. The present author has also used various
versions of the norm method to resolve some issues of existential definability,
in [98], [93], and [102]. Finally, we note that somewhat different ideas were
used by Eisentrdger in [24] to address integrality at a prime over some global
fields.

Before proceeding with the technical material, we note that in this chapter we
will use Definition B.1.23 and Notation B.8.1 from the number theory appendix.
We start with an exposition of the main technical methods to be used in this
chapter.

44
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4.1 The main ideas

In this section we survey the main ideas which are used in the following sections,
omitting some technical details and the proofs of some facts in order to simplify
the presentation. The omitted details and proofs will, however, appear in the
later sections.

4.1.1. Norm equations are polynomial equations Let M /L be afinite exten-
sion of global fields. Then the equation Nz = h can be rewritten as a poly-
nomial equation with variables and coefficients in L. It suffices to select a basis
Q ={wi,...,w,}of Mover L and write z = Z;’:] a;w;. Then Ny, z becomes
a polynomial in a4, ..., a, with coefficients invariant under the action of any
element of Gal(M¢ /L), where M is the Galois closure of M over L.

4.1.2. The connection between a norm and divisibility of order Assume
that the extension M /L is cyclic and that p is a prime of L not splitting in the
extension. Thenif & € L is the norm of an element of M, we have that ordpyh =
O mod [M : L]. Thus if ordyh # 0 mod [M : L], the equation Ny ,;z = h does
not have solutions in M.

4.1.3. How having a pole can produce a wrong order at a prime Letu € L
be such that ord,u = —1. Let y € L. Let n be any natural number. Then y is
integral at p if and only if n | ord,(uy" + u"). From this it is easy to see that
we have the following implication. Let n = [M : L], where M /L is a cyclic
extension. Let p be a prime not splitting in this extension. Then if y has a pole
at p, the equation Nyz/r(2) = uy”™ + u" has no solution in M. Unfortunately,
this will go only halfway in producing the existential definability of order at a
prime. We need to make sure that we have solutions to the norm equation when
y has no pole at p. This is where the strong Hasse norm principle comes in.

4.1.4. The role of the strong Hasse norm principle The strong Hasse norm
principle asserts that if an equation is cyclic then an element of the field below
is a norm if and only if the element is a norm locally at every prime. In other
words, if M/L is a cyclic extension as above and & € L then Ny z = h has
solutions in M if and only if for any g, a prime of L, and for any £, a prime
of M above it, Ny /v = h has a solution v = v(Q) € Mq. Thus to ensure
that our norm equation has a solution when % does not have a pole at p, we can
work locally.

4.1.5. The making of alocal norm To begin with, the problem will be imme-
diately solved for all but finitely many primes. Indeed, if ¢ is a prime of L and &
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is a unit at q, while q is unramified in the local (and therefore global) extension,
h is automatically a local norm at q. Thus, we just have to worry about the
primes which are ramified and those which occur in the divisor of .

Next we observe how to take care of the unramified primes occurring
in the divisor of h. If for some unramified prime q of L we have that
ordgh =0modn =[M : L], then h = né’sq, where 7, € L is of order 1 at
q and &4 € L is a unit at q. Since M/L is Galois, the relative degree of any
prime will be a divisor of n. (The relative degree of a prime and the divisibil-
ity requirement are explained in Proposition B.1.11 and Lemma B.4.1.) Thus
we can write n = f(Q/q)n = [Mgq : Lqln;, where £ lies above q in M, and
observe that Ny, 7q" = 7. Therefore h is a norm at q if and only if g4
is a norm. But the last assertion is true if ¢ is not ramified by the argument
above.

So how can we arrange for the order of /4 at all the “non-involved” primes
occurring in its divisor to be divisible by n? We do this by introducing another
extension G of L which will depend on % and be such that in the extension
GL/L all the primes occurring in the divisor of # with orders not divisible by
n ramify with ramification degree n. (Roughly speaking, we will be taking the
nth root of 1. However, we will have to be careful not to change the divisibility
of order at p, and so some details will have to be adjusted.) Thus in the end we
will be aiming to solve the norm equation Ny, 6z = h.

Finally we will have to deal with ramified primes, but only in the number field
case. In the function field case, we can always use a constant field extension to
avoid this issue. In the number field case we arrange for / to be an nth power in
L, for every ramified prime q. To ensure this, it is enough, by Hensel’s lemma,
to show that hrr ordah
high power of q.

, where ordqmq = 1, is an nth power modulo a sufficiently

4.2 Integrality at finitely many primes in number fields

In this section we will show that integrality at finitely many primes is existen-
tially definable over a number field. We will start by describing the notation to
be used in this section.

Notation 4.2.1.

* Let K denote a number field.
* Let g > 2 be a rational prime such that K contains a primitive gth root of

unity &,.
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e Let’P, ..., P, be primes of K not lying above q.

* Leta € Ok be such that a is not a gth power modulo B; foranyi =1, ..., 1.
(In particular, ordgg.a = O foralli =1, ...,[.) Let ]_[ﬁ=1 af’ be the divisor of
a. (Note that such an a always exists by the Strong Approximation Theorem;
see Theorem B.2.1.)

e Foreachi =1, ...,1, let A; be the rational prime below a;.

* Let € be a prime of K distinct from the 3; and relatively prime to agq.

e Let® =1]] j D‘;/ an integral and possibly trivial divisor of K, be a product of
K-primes 0; that is distinct from all /3;, €, and prime factors of g and a.

* Let g € K satisfy the following conditions:

(@) g =1 mod aq?;

(b) the divisor of g is of the form [[; /€D, where 5; € N\ {0}, s; #
0O mod g. (Such a g € K exists for some ® as above, by Proposition
B.2.2)

o Let r = qOaIKQD(g@lKQD! _ 1) (H(Al(q[K:Ql)! _ 1)> .

* Lets = max(s;, d;, 3qr;[K : Q)).

* Let v € Ok be such that v = 1 mod (¢%a)", ordy,v = d;, and ordev = 1.
(The existence of v follows from the Strong Approximation Theorem when
it is applied in the same way as in the proof of Proposition B.2.2)

We start with a proposition containing the technical core of the section.

Proposition 4.2.2. Let x € K and let
h = (q3a)r (gflxr(3+1) + g*q) + UZ.

Let be Okg,b#0mod’P; for any i=1,...,1. Let ceK,c=
gb?mod [[*B;, ordec = —g — 1, ordy,c = —qd; — 1 and let c be integral
at all the other primes. (Such a c exists, again by the Strong Approximation
Theorem.) Let B, be a root of

T —(h~ ' + o).

Let a € Q (the algebraic closure of Q) be a root of the polynomial X — a.
Then

L [K(Bx): K] =q;
2. the equation

g—1
1_[(004_61]5;'0[4_ ..._|_aq_]$‘{(‘1—')aq_l) =h 4.2.1)
=0
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has solutions ay, . ..,a,—1 € K(By) if and only if x is integral at *B;,i =
L...,L

Proof. First of all we observe the following. If ordgx > O then
ordeh = orde((ga) (g7 'x" TV 4 g77) + v?)
= min (orde (g™ 'x" Y + g79), ordev?)
= min(q, 2) = 2.
If ordex = O then
ordeh = orde((g?a) (g7 'x" "+ 4+ g77) +v?)
= min (orde (g~ 'x" Y + g79), ordev?)
= min(1,2) = 1.
If ordex < O then

ordeh = orde((ga) (g7 'x" T 4+ g77) + v?)
= min (orde (g~ 'x"“ Y + g79), ordev?)
= min(l 4+ r(s + 1) ordex, g) < —2.

Thus at € either 4 has a pole of order greater than 2 or a zero of order 1 or
2. Therefore, at € it is the case that A~' 4 ¢ has a pole of order ¢ + 1. Hence
h~!' 4+ ¢ is not a gth power in K and thus by Lemma B.4.11 we have that
[K(B): K1=gq.

Before we proceed to the second assertion of the lemma we would like to
note the following. By Lemma B.4.11, for any x € K it is the case that € is
completely ramified in the extension K (8, )/ K . Further, consider what happens
to prime factors of © under this extension: these primes behave like €. Indeed,
if ordy,x > O then

ordy, i = ordy, ((¢a) (g7 'x" O+ 4 g7) +v?)
min (ordaj (g—lxr(s—H) + g—q)7 ordaj vZ)
= min(qdj, 2dj) = 2dj

If ordy, x = O then
orda/h _ ordaj ((q3a)r(g—lxr(s+l) + g—Q) + vz)
— min (Ol"daj (g—lxr(s-'rl) + g—q)7 Ordb, UZ)
= min(dj, 2dj) = dj-
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If ordy, x < O then

ordy i = ordy, ((q3a)’ (g’lx’(ﬁl) +g79)+ v2)
= min (ord,, (g7 'x"6+ 4 g7, ordgjvz)
= min(d; + r(s + 1) ordy, x, gd;) < —2d;.
Thus at 9; either 4 has a pole of order greater than 2d; or a zero of order d; or
2d;. Therefore at 9; we have that h~! + ¢ has a pole of order qd; + 1. So, just
as for the case of €, by Lemma B.4.11, for all j, for any x € K, we have that
0; is completely ramified in the extension K (8,)/K.

We now turn to the second assertion of the lemma. Note that if for some i
we have that ordg, x < 0 then

ordg, (g7'x" TV + 7)) <0

and
ordg, (g7'x"0*Y 4+ g79) = ordg, g~ 'x"OFY

= r(s + Dordgp, x — s5; = —s; mod q.
Thus
ords, h = ordy, ((an)’ (g’lx’(”l) +g79) + v2) # 0 mod gq.
However, if ordg, x > 0 then
ordg, h = ordg; ((¢°a) (g7'x"** 4+ g79) + v*) = ordg;, g™ =0 mod g,
and
ordg, h = ordg; ((¢°a) (g7 'x" TV 4+ g79) +v*) < 0.

Consequently, in this case ordg, 7 = 0 mod g. (Compare with subsection4.1.3.)
Observe that in either case 2! = 0 mod ;.

Next note that 2~! + ¢ = b? # 0 mod ;. Thus, by Lemma B.4.11, in the
extension K (8,)/K each‘J; is not ramified and splits completely. Therefore the
residue fields of all the factors of [3; in K (8,) are the same as the residue field of
B, in K. Consequently, a is not a gth power modulo any factor of I3; in K (8y)
and each of these factors remains prime in the extension K(c«, By)/K(By),
again by Lemma B.4.11. This also means that [K(«, 8y) : K(Bx)] =g by
Lemma B.4.11 yet again. Observe further that the equation (4.2.1) has solutions
ap, ..., aq—1 € K(B,) if and only if

Nk@.po/kpo(@) =h

has a solution z € K (¢, By).
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Further, by Lemma B.4.11, that ordy h # 0 mod ¢ for some i implies
that (4.2.1) does not have solutions in K (B, o). (Compare with Subsection
4.1.2)

Next we show thatif ordp 7 = 0 mod g foralli =1, ...,/ then (4.2.1) will
have solutions in K(8,). By the strong Hasse norm principle, an element of
K (By)isa K(By, @)-norm if and only if it is a norm locally at all the valuations.
To determine which elements are local norms, as discussed in Subsection 4.1.5,
we use two main devices. First we note that, locally, every unit is a norm in a
non-ramified extension (see Lemma B.8.5). Second, using Lemmas B.8.3 and
B.8.4 one can derive the following. Assume that y, « are units of a local field
K, withordg(k — y?) > 2ord, g + 1. Then « is alocal gth power. Note further
that in an extension of degree g every gth power of the field below is a norm of
an element from the field above.

Suppose now that the order of A is divisible by ¢ at all ;. Let B, be a
factor of B; in K(Bx). Then ordg /1 is 0 mod g. Let ;. be a local uniformizing
parameter with respect to B; (in other words, ordg, 7y = 1). Then £ is a norm
locally at *3; in the extension K (B, o)/ K(B,) if and only if
—ordg, h
u = hnﬁ K
is a local norm at ;. But u is unit at §3; and B3, is not ramified in the extension
K (B, @)/ K(By). Therefore, by the observation above, u is a norm locally with
respect to ;.

Next we note the following. On the one hand, if ¥ is a prime of K such
that ordgh > O then either ord</ = 0 mod g or ¥ is ramified completely in the
extension K (f8,)/K. Indeed, all the poles of c are poles of g, i.e. ¢ has a pole
at ¢ and at all the 0;, and we have already established that these primes are
completely ramified in the extension in question. Thus, any zero of & which
is not € or a 0; is also a pole of h~!' + ¢ and the assertion is true. On the
other hand, by the construction of 4, if ¥ # ;, T # €, T #£ 0, is a prime of K
such that ord<h < 0 then ord<h = 0 mod ¢. Thus, if 3 is any prime of K(8;)
which is not a factor of any 3; and such that 3 occurs in the divisor of / then
ordsh = 0 mod q. Hence, if 3 is not a factor of any B; or of ¢ and does not
occur in the divisor of a then 3 is unramified in the extension K (B, @)/ K (8,)
and & is a norm locally at 3.

Finally, we consider the primes 3 which are factors of ¢ or occur in the
divisor of a and thus may ramify in the extension K (8, «)/K. First assume
that x is integral at 3. Then

ords(h — 1) =rordza “4.2.2)
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if 3 occurs in the divisor of a, and
ordsz(h — 1) = 3rordz g (4.2.3)

if 3 is a divisor of ¢.
If, however, x has a pole at 3 then by the definition of s we have that
(g3a) x"¢*V has a pole at 3. Indeed, assume first that 3 is a factor of ¢. Then

ords(g’a) x"*Y = 3rordz g + r(s + 1)ordz x < 3r[K : Q] —r(s + 1)
<3r[K:Q]—rB[K : Q]+ 1 <.
Similarly, if 3 occurs in the divisor of a then
ord3(¢’a) x"“*Y = rordza + r(s + 1) ordsz x
<rr[K:Ql—r(s+1)
<rr[K : Q] —r@rlK : Q]+ 1) < 0.

Next we note that if 3 occurs in the divisor of a and z € N is the size of the
residue field of 3 then r = 0 mod (z — 1). Indeed, the size of the residue field is
Al ,where1 < f < [K : Q). Thus f | ([K : Qlg)!and (A} —1) | (ATF®" _1),
Finally, by construction » = 0 mod (AE[K:@]‘”! — 1). Thus any 3-unit ¢ raised to
the power r is equivalent to 1 modulo any prime 3 occurring in the divisor of a.

Suppose now that 3 is a factor of ¢. Let e be the ramification of this factor over
Qand let f be its relative degree over Q. Consider the size of the multiplicative
group of the finite ring Ox /3% . Ttisequalto ¢/ — g/Ge=D = g3e/~f (g —1).
By construction,

r=0mod g*/ — ¢/CD = =1 g/ —1).

Thus, any element of K prime to a factor 3 of ¢ in K and raised to the power
r will be equivalent to 1 modulo 336/,

Next let 3 either be a factor of ¢ or occur in the divisor of a. Let IT = I3
be a local uniformizing parameter. Then for some non-zero u € N we have that
(IT"g3ax*+'Y is a unit at 3. Further, from the discussion above it follows that if
3 occurs in the divisor of a then (IT*g%ax**') = 1 mod 3, and if 3 is a factor
of ¢ in K then (IT“g3ax**'y = 1 mod 3, where e = e(3/q). Next, consider
h(T1*)". Note that, for any K (B,)-factor 3, of any K-prime 3, we have that &
is a local norm at 3, in the extension K (8., o)/ K(8,) if and only if A(IT*)" is a
local norm at 3, since the local degree is either 1 or ¢ and » = 0 mod ¢. At the
same time, depending on whether 3 is a factor of ¢ or occurs in the divisor of a,

h(l—[u)r — (l—[u)r((q,?a)r(gflxr(ﬂrl) + gfq) + 1)2)
— (l—[u)r(qBa)rxr(s-ﬁ-l)g—l =+ (Hu)r(an)rg—q + (Hu)rUZ
= g ' mod 3" = 1 mod 3°,
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where v is 1 if 3 occurs in the divisor of a and v = 3e(3/q) if 3 is a factor
of ¢g. Thus, by Hensel’s lemma, 2(I1*)" is a gth power in K completed at 3.
Consequently A(TT")" is also a gth power locally at all the factors 3, of 3 in
K (B,) and therefore it is a K («, B,)-norm in K (B,).

Thus £ is a local norm in K (B,) at all the non-archimedean valuations. [

Since K contains the gth roots of unity for ¢ > 2, K does not have any
real embeddings and therefore all the archimedean completions of K are
equal to C. Hence # is automatically a local norm under all the archimedean
completions.

Corollary 4.2.3. The set of elements of K integral at*B; fori =1,...,1is
Diophantine over K.

Proof. First consider the left-hand side of equation (4.2.1) as a polynomial in
the variables ay, . . ., a,—1. The coefficients of this equation are in K («). Further
observation indicates that these coefficients are not moved by any element of
the Galois group of K («) over K and thus must be in K. So let

qg—1
N(ag, ...,a4-1) = 1_[ (ao + alééoz + -+ aq,1%'(;(q_l)aq_l)
i=0
€ Klay, ...,a4-1].

The remaining task, of rewriting all the equations so that all the variables range
over K, can be carried out using coordinate polynomials and pseudo-coordinate
polynomials as in Lemma B.7.5. We leave the details to the reader. U

We will now state the main result of this section.

Theorem 4.2.4. Let M be any number field. Let p be any prime of M. Then
the set of elements of M integral at p is Diophantine over M.

Proof. Let K = M(§,), where &, is a primitive gth root of unity. Let p =
]_[ﬁ=1 B! be the factorization of p in K. Note that since [K : M] < g we have
that e; < g for all i. Then by Corollary 4.2.3, the set Ix of elements of K
integral at 3, . . ., *I3; is Diophantine over K. Thus by the “going up and then
down” method (see Subsection 2.1.17), we have that Ix N M is Diophantine
over M. But Ix N M is precisely the set of elements of M integral at p. O
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4.3 Integrality at finitely many primes over
function fields

In this section we will show that integrality at finitely many primes is existen-
tially definable over function fields over finite fields of constants. In addition
to Definition B.1.23 and Notation B.8.1, in this section we will also use the
following notation.

4.3.1. Notation and assumptions

e Let K denote a function field of characteristic p > 0 over a finite field of
constants Cg.
* Let K denote the algebraic closure of K.
e Let g denote a rational prime number distinct from p.
e Let K contain all the gth roots of unity.
* Let K contain an element f with a divisor of the form
[T:Z, b7
I _ar’
[1 j=14;
where fori =1,...,mand j =1,...,[ we have that a; and b; are distinct
prime divisors of degree 1 and where (s;, g) = 1.
(The existence of f will be demonstrated later.)
o Let B =[], b;.
* Leta € Ck be such that the equation

x—a=0 4.3.2)

4.3.1)

has no solution in K.

® Let z; € K be such that it has a pole of order 1 at a; and z; = b? mod B
for some b € Ck \ {0}. (The existence of such a z; can be deduced from the
Strong Approximation Theorem; see Theorem B.2.1.)

® Let k > 0,k # 0 mod g, be greater than the order of any pole of z; in K.
Then let z, € K be such that, for some a € N witha > logq kry + 2, itis the
case that z, has a pole of order ¢“ at a;, is equivalent to 1 mod ‘B, and is
integral at all the other primes of K. (The existence of z, € K follows from
Lemma B.2.3.)

e Let z = 7,22 and observe that:
(a) ordg,z=—¢q%—1< —qzrlk -1
(b) z = b7 mod B;
(c) if ord, z < O then ord, z > —k for any ¢ # a,.

The following proposition constitutes the technical core of this section.
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Proposition 4.3.2. Let w € K. Let h be defined by the equation

h= f—lwq(H—l) + £, 4.3.3)
where s = max(si, ..., Sy, 1, - .., 11). Let B, € K be a root of the equation
T (hfk + Z) =0. (434)

Then, for all w, we have that By, is of degree q over K, « is of degree q over
K (Bw), and the following equation has solutions a, . ..,a,—1 € K(B,) if and
only ifordg,w > O foralli =1, ..., m:

gq—1

[T(a0+aigie+ -+ +ag 184 ") = h. (4.3.5)

i=0

Proof. First of all, we will show that for all w € K we have that

[K(Bw) : K] =[K(Buw. ) : K(Buw)] =q. (4.3.6)

In order to show that (4.3.6) holds, we will show that in the extension
K (By)/K atleast one prime will have ramification degree ¢ while the degree of
the extension is at most ¢. Since this extension above is separable, the presence
of a totally ramified prime implies that adjoining 8, to K does not result in a
constant field extension, by Lemma B.4.17. Thus, since « is of degree g over
Ck, it will remain of degree g over the constant field of K ().

Observe that in K it is the case that f has a pole of order gr; at a;, so that
f~'and f~7 have zeros of order ¢gr| and g°r; respectively at a,. Therefore, if
w has a pole at a; then

ordg, i = ordg, f w4 71 = g(s + 1) ordg, w 4 gr; < 0.
If w is a unit at a; then
ordg, h = ordy, f~'wiStY 4 71 = —ord,, f = qry.
If w has a zero at a; then
ordg h = ordy, f w4 71 = —gord,, f = ¢°r1.

Thus, at a;, it is the case that A either has a pole or a zero of degree at most q2r1 .
Now consider 27 + z. Since at a; we have that z has a pole of order greater
than qzkrl s

ordg, (h™* 4+ 7) = ordg, z = —(¢° + 1).

Therefore, by Lemma B.4.11, we know that a; will ramify completely in
the extension K (B, )/K. Hence, this extension is of degree ¢ as noted above.
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Since at least one prime is ramified completely and the extension is separable,
the constant field of K(8,,) is the same as the constant field of K. Thus « is of
degree g over K(B,,), as promised.

For future use, also note that any valuation that is a zero of 4 is also a pole
of h= 4 z. Further, the order of 7= 4 z at any such valuation except for a;
is divisible by ¢ if and only if the order of % at this valuation is divisible by
q. Thus, if & has a zero at some prime t and ord¢h % 0 modulo g in K then t
ramifies completely in the extensions K(8,,)/K.

We will now proceed to the proof of the second statement of the lemma.
Note that, as in Subsection 4.1.1 and the number field case, again the existence
of solutions ay, ..., a,—1 € K(B,) to (4.3.5) is equivalent to the existence of a
u € K(«, By) such that

Nk (@, pu)/K (B () = h. 4.3.7)

Suppose that, as in Subsection 4.1.3 and the number field case, w € K has
a pole at some b;. Then, in K, we have that

ordp, i = ordy, (f_lw‘f(s“) + f_q) =¢q(s + 1)ordp,w — 5; % 0 mod q.
Further,
ordp, i < 0.

Next observe the following: A% 4+ z = b? % 0 mod B. Thus b; does not
divide the discriminant of the power basis of 8,, and therefore it does not ramify
in the extension K (8,,)/ K, by Lemma B.4.11. Now, since the polynomial 79 —
(h™* + z) splits completely modulo b;, by Lemma B.4.11, we may conclude
that b; splits completely in the extension K(B,)/K and that the order of &
at any factor of b; is not divisible by ¢ in K(B,,). Further, since there is no
constant field extension, and b; is of degree 1 in K, each factor of b; will be of
degree 1 in K(8,,). Because (4.3.2) still has no solution in K (8,,), we conclude
that (4.3.2) has no solution modulo any factor of b; in K(8,). Hence, again
by Lemma B.4.11, every factor of b; in K(8,,) remains prime in K (8, @) and
(4.3.7) will have no solution in K (o, B,,). (See Subsection 4.1.2 again, as in the
number field case.)

Suppose now that w does not have a pole at any b; foranyi =1, ..., m. We
will show that in this case (4.3.7) will have a solution in K (¢, ). By the strong
Hasse norm principle applied to the function field case, it is enough to show that
for all primes t of K we have that £ is a local norm. Note that no prime ramifies
in the extension K (&, 8,,)/ K (B ). Thus, as discussed in Subsection 4.1.5 and in
the number field case, if / is a unit at some prime t of K then it is automatically
alocal norm at t by Lemma B.8.5. Suppose that on the one hand tis a pole of /.
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Then either it is a factor of B or it is a pole of w. Since w has no pole at any factor
of B, direct calculation assures us that 4 will have a pole at every factor of ‘B of
order divisible by ¢g. On the other hand, if t is a pole of w then, again by direct
calculation, one can see that # will also have a pole at t of order divisible by ¢.

Assume now that t is a zero of 4. Then by the argument above it is a pole
of h=* 4 z. Further, since k # 0 mod ¢, for t # a; we have ord¢ 4 # 0 mod ¢
if and only if ord¢ A% + z # 0 mod g. Thus, if ord¢ 4 % 0 mod g, t is ramified
completely in the extension K (B,,)/K. As discussed above, a; ramifies in the
extension K(B,)/K under all circumstances. Hence, if tx(g,) is a prime of
K (Byw) lying above t then ordy,, 'h = 0 mod q.

Summarizing the above discussion, we conclude that for every prime tgg,)
of K(f,) we have that

h

_ . ba
- T[tK(ﬂw)gtK(ﬁuv)’
where

orde, g, Tiggs,, = 1,
b is an integer, and

orde,,, Etx,, = 0-

For every prime tg g, o) Of K(By, @), letny,,  bethelocal degree at the prime
tx(g,) below in K(B,), i.e.

Mk ) = [K(IBW’ Ot - K(ﬁU))tK(ﬁw)]'

Since K contains the gth roots of unity, by Lemma B.4.11 the local degree is
either 1 or g. If the local degree is 1 then A is automatically a norm. However,
. . bgq

if the local degree is ¢ then 7
extension is not ramified &,  is also a norm. Thus £ is a K (B, )-norm of an

element from K (B,, @). [l

is a norm of ntbw , and, as above, since the
»

We now state a corollary whose proof is completely analogous to that of
Corollary 4.2.3.

Corollary 4.3.3. The set of elements of K integral at b; fori =1,...,mis
Diophantine over K.

The corollary above paves the way for the main result of this section.
Theorem 4.3.4. Let M be a function field of positive characteristic p over a

finite field of constants. Let p be any prime of M. Then the set of elements of M
integral at p is Diophantine over M.



4.4 Divisibility of order at infinitely many primes over number fields 57

Proof. The proof of this theorem is quite similar overall to the proof of The-
orem 4.2.4, in particular in its use of the “going up and then down” method,
but some details are different. Let q 7% p be another prime of M. Let f € K
be an element with a divisor of the form p¢/q" for some positive integers c, r.
(We can always take ¢ = hyydegq, r = hy,degp.) Let g be a rational prime
different from p and prime to rc. Let M; = M(&,), where &, is a primitive gth
root of unity. By Lemma B.4.17, no prime of M will ramify in the extension
M (&,)/M. Thus the divisor of f in this extension is of the form

[T ¥

HT:1 q; ,

where py, ..., p, are distinct factors of p in M(§,) and q, .. ., q,, are distinct
factors of qin M(&,). Letv € M(§,) be such that for all j we have thatord,, v #
0 mod ¢ and for some b # 0, for all i, we have that v = »? mod p;. Such a v
exists by the strong approximation theorem. Let M| = M(&,, §), where § is a
root of the polynomial 7¢ — v. By Lemma B.4.11, for all i we have that p;
splits completely into distinct factors and for all j we have that q; is completely
ramified in the extension. Thus in M the divisor of f is now of the form

n q
Hi:l u=1 tg,u
m qr ’
Il =19
where for all i we have that v; 1, ..., t;, are all the distinct factors of p; and

for all j we have that v; is the only factor of q; in M. Finally, let C; , be the
residue field of t; , and let C; be the residue field of v;. Let

K=MCi;---CpyCi---Cy.

Then in K each prime factor of the divisor of f in M| will split into distinct
factors of relative degree 1 by Lemmas B.4.15 and B.4.16. Thus in K the divisor
of f will be of the form required by Notation 4.3.1, while the field K will
contain the required roots of unity. By Corollary 4.3.3 the set /¢ of elements of
K integral at all the factors of p in K is Diophantine over K . Thus, by the “going
up and then down” method (see Subsection2.1.17), Ix N M is Diophantine over
M. But Ix N M consists precisely of elements of M integral at p. O

4.4 Divisibility of order at infinitely many primes
over number fields

In this section we take the first steps towards being able to say something about
order at infinite sets of primes. What we mean by “the divisibility of order
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at infinitely many primes” is that, for some rational prime ¢, the order of an
element at primes of the field contained in an infinite set is divisible by ¢ or is
non-negative. As above, the proofs in the number field case and the function
field case are very similar but not identical, primarily because in the function
field case we can arrange for an extension to be unramified while this is not
always possible in the number field case. As usual, we start with a notation
list.

Notation 4.4.1.

e Let K denote a number field, and let P(K) denote the set of non-archimedean
primes of K.

* Let g denote a prime number.

* Lett denote a prime number equivalent to 1 modulo ¢ such that K and Q(&,),
where &, is a primitive fth root of unity, are linearly disjoint over Q. (Such a
prime exists by Theorem 5.9, Chapter IV of [37] and by Corollary B.3.11.)

* Let 7 be the set of prime factors of the divisor of 7 in K. Let T = [ [, ., .

* Letay, ..., ax € Ok beintegers representing every equivalence class modulo
1.

* Let A be the set of primes of K such that a € A if and only if a & 7 and for
somei =1, ..., k, we have that ord,a; # 0.

¢ Let Q be the set consisting of all the factors of the divisor of ¢ in K. Note
that g splits completely in the extension Q(&;) by Lemma B.4.13.

e Let x € K \{0} be such that ord,x > O forall a € A.

e Fori =1,...,k and x as above, let o;(x) = a; € @ be such that a? =1+
1/a;x. Further, if 1+ 1/a;x is the gth power of an element in K then let
o;(x) € K. (Here Q is the algebraic closer of QQ.)

* Let G; = K(o;(x)).

Our first job is to establish the existence of a cyclic extension of K to use with
the strong Hasse norm principle.

Lemma 4.4.2. There exists § € Q such that K(8)/K is a cyclic extension of
degree q, 6 and all its conjugates are totally real, and factors of the K -divisor
of t are the only primes possibly ramifying in this extension. Further, all the
factors of q split completely into distinct factors.

Proof. By assumption we have that K and Q(&,) are linearly disjoint over Q.
Note further that Q(&; + 5[’1) is a totally real cyclic extension of Q of degree
(t — 1)/2 = 0 mod g. Next, if o is a generator of Gal(Q(&, + &')/Q) then let
L be the fixed field of o7. In this case L/Qis a cyclic extension of Q of degree g.
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Let§ € Oy besuchthat L = Q(§). Then K(8)/K is acyclic extension of degree
g by Lemma B.3.5, and § and all its conjugates are real. Since elements of 7°
are the only primes dividing the discriminant of the power basis of &;, these are
the only primes possibly ramifying in the extension K (§;)/ K, by Proposition 8,
Section 2, Chapter III of [46], and therefore the only primes possibly ramifying
in the extension K (§)/K, by Proposition B.1.12. Finally the last assertion of
the lemma follows by B.4.7. 4

Notation 4.4.3. From now on, let § be the generator of a cyclic extension of
degree g over K and let V be the set of all primes of K not splitting either in
the extension K(8)/K or in A. (Note that by the argument above Q ¢V.)

Our next task is to consider the behavior of various primes in the extensions
G;/K, as well as the degrees of these extensions.

Lemma 4.4.4. The following statements are true.

1. Either [G; : K]=q or G; = K.

2. Suppose that there exists p € V such that ordpx < 0. Then:

(a) p will have a factor B of relative degree 1 in the extension G; /K for all
i=1,...,k

(b) P will not split in the extension G;(§)/G;;

(c) [Gi(d): Gil=q.

3. Letpbeaprime of K suchthat ordya;x > 0. Then either ordya;x = 0 mod g
or [G; : K] = q and p is ramified completely in the extension. (Thus in any
case if ‘B is a prime above p in G; then ordspa;x = 0 mod q.)

4. Forallx € Kandalli =1, ...,k if[G;(6) : G;] # qthen K(§) = G;(8) =
G;. If[G;(8) : G;] = g and K # G; then the fields K (§) and G; are linearly
disjoint over K.

5. Let q be a prime of K such that q ¢ VU AU T. Let Q be a prime of G;
above q. Then Q splits completely in the extension G;(8)/G;.

6. If Q is a prime of G;(8) ramified over G; then it lies above a prime of T.

Proof. Consider the extension G; /K . Note that ; (x) is aroot of the polynomial
1
T7 — <1 + —) . 44.1)
ax

and, unless 1 + 1/a;x is a gth power in K, we have that «;(x) generates an
extension of degree ¢ over K, by Lemma B.4.11. Thus, given our assumptions
either G, = K or [G; : K] =gq.
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Now let p € V be a prime such that ordy,x < 0. If G; = K then assertions
(2a)—(2c) of the lemma are trivially satisfied. Suppose now that [G; : K] = ¢,
and observe that 1 + 1/a;x = 1 mod p. Thus p does not ramify in the extension
G;/K,by Lemma B.4.11, and by Lemma B.4.12 the power basis of «;(x) is an
integral basis with respect to p. Further, we note that the polynomial (4.4.1) has
aroot modulo p. Therefore, by Lemma B.4.13, p has factor ‘[3 of relative degree
lin G;. Also, by Lemma B.4.35 there exists §, € K(8) such that K(8) = K(8,),
the power basis of 8, is an integral basis of K(8,) over K with respect to p,
and the monic irreducible polynomial of §, over K remains irreducible over the
residue field of p. Thus the monic irreducible polynomial of §, over K remains
irreducible over the residue field of 3 (and consequently over G;). Hence, for
any i, by Lemma B.4.12 3 does not split in the extension G;(5,)/G;, and
[Gi(3): Gil=¢q

Next let p be a prime of K such that ord, a;x > 0. Then we have two possi-
bilities: either

ordpa;x = 0 mod g

or 1 + 1/a;x is not a gth power in K and p is ramified completely in the non-
trivial extension G; /K. In any case, if ‘3 is a factor of p in G; then ordgpa;x =
0 mod q.

Next note that if [G;(§) : G;] # ¢ then K(§) and G; are not linearly disjoint
over K by Lemma B.3.1. Since K(§)/K is a Galois extension, by Lemma B.3.3
the lack of linear disjointness implies that K (8) N G; is strictly bigger than K.
As we are dealing with extensions of prime degree, we must conclude that in this
case G; = K(§) = G;(6). However, if [G;(8) : G;] = g then by Lemma B.3.1
we conclude that G; and K (8) are linearly disjoint over K.

Now, let € VU AUT and assume that K # G;. Let Q be a prime of
G; above q and let £ be the G;(8)-prime above Q. By Lemma B.4.1, it is
enough to show that the decomposition group of  over G; is trivial. Let o €
Gal(G;(8)/G;) \ {id}. Without loss of generality, we can assume that G;(§) #
G, and, therefore, that G; and K(§) are linearly disjoint over K. Then, by
Lemma B.3.5, we have that o restricted to K is not the identity element of
Gal(K (8)/K). Note that N K (8) lies above q. Since q splits completely in
K (8), the decomposition group of £ N K(8)is trivial and therefore o | K(g)(Q N
K(8)) # QN K(8). Hence 0(2) # 9 and the decomposition group of £ is
trivial.

Next, suppose that Qisa prime of G;(§) ramified in the extension G;(8)/G;.
Assuming the extension is not trivial, we must conclude that £ is completely
ramified and that the inertia group of  over G; is of size ¢ and equal to
Gal(G;(8)/G;). In this case, however, the inertia group of QN K@) is equal to
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Gal(K (8)/K) and therefore Q N K (8) is completely ramified in the extension
K()/K. O

Now we prove the main technical result of this section.

Proposition 4.4.5. The equation
Né ¢)/6,(2) = aix (4.42)

has a solution z € G;(8) for some i if and only if the order of every pole of x at
primes of V is divisible by q.

Proof. Suppose that for some p € V we have that ord,x < 0. Then, given our
assumptions on x, we know thatp & A. Further, by Lemmas B.4.3 and 4.4.4, for
anyi = 1, ..., k we know that g;x cannot be a norm in the extension G;(8)/ G;
unless ordgx = 0 mod g, where ‘B is a factor of p in G; of relative degree 1 over
p and P does not split in the extension G;(§)/ G;. But since ‘P is not ramified
over p, we have that

ordpx =0modg <  ordpx = 0 modgq.
Suppose now that for all p € V we have that
ordypx <0 = ordpx =0 modgq.

Let q be a prime of G;. Let 9 be a prime above q in G;(§). We would like
to determine the possible values of local degree [(G;(6))q : (Gi)ql, Where
(Gi(6))a, (G;)q are completions of G;(8) and G; under  and q respectively.
First of all, if the global degree is equal to 1 then the local degree is 1. Second,
if the global degree is not 1 then by Lemma 4.4.4 the global degree is ¢ and
the global extension is cyclic. Thus, by Lemma B.4.1, for any prime q of G;,
the relative degree and the ramification degree are 1, or the relative degree is
q and the ramification degree is 1, or the ramification degree is ¢ and the rel-
ative degree is 1. In the case where the local degree is 1, we know that a;x is
automatically a local norm. In the case where the prime is unramified and the
relative degree is ¢, it is enough to arrange, as in the preceding sections, that
the order of a;x at the prime is divisible by g. Finally, in the case of ramified
primes it is enough to demonstrate that a; x is a gth power locally. Keeping this
plan in mind, let us examine a;x. We will divide the primes of G; into five
categories:

1. those lying above the primes in P(K) \ 7 and such that they do not occur
in the divisor of a;x;
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2. those lying above the primes of P(K) \ 7 and such that they are zeros of
ax;
. those lying above the primes in V and such that they are poles of a;x;
4. those lying above the primes in P(K) \ (V U A U 7) and such that they are
poles of a; x;
5. those lying above the primes of 7.

98]

First of all, by Lemma 4.4.4 any prime of G; ramifying in the extension
G;(8)/G; lies above a 7 -prime of K. Also from Lemma 4.4.4 we know that
for any G;-prime 3 from categories 1-3, for all i = 1, ..., k we have that
ordpa;x = 0mod g and thus ag;x is a local norm at such a prime. If B is a
prime from category 4 then, by Lemma 4.4.4, we have that ‘I3 splits completely
in the extension G;(8)/G; and therefore g;x is a local norm at any such prime
for any i as listed above.

Now, forsomei = 1, ..., k we have that a; x is a gth power in K fort € 7.
Indeed, for every t € 7 we can write x = e(t)nf‘”r, where &(t) is a unit at t,
ordgry = 1,1 € Z,and 0 < r < ¢q. So we can pick a; in such a way that for all
t € 7 wehave thata; = 7r{ " mod t¢ and p = &, ' mod tifr > Oanda; =
w¢ mod totherwise. Then for some j € Z we have thata; x Jr't"’ = | mod tand,
by a version of Hensel’s Lemma B.8.2, it is the case that g; x is a gth power in
K forall t € 7. Therefore, by choosing a; correctly we can make sure that a; x
is a norm locally at any prime potentially ramified in the extension G;(§)/G;.

Finally, we need to account for infinite primes. If a completion of G; is C
then of course every element of the completion is a norm (since the local degree
is 1). If a completion of G; is R then the completion of G;(§) is also R, since all
the conjugates of § are real. Thus the local degree is 1 again and every element
is a norm. U

We are now ready to state the main theorem of this section.
Theorem 4.4.6. Let W = P(K) \ A. Then the set

Ay ={h € Ogw|V¥p € V,ordph > 0V ordgh =0mod g}  (4.4.3)
is Diophantine over K .
Proof. The proof of this proposition is similar to the proof of Corollary 4.2.3

but we have a complication: [G;(B) : G;] and [G; : K] can be either 1 or g. We
will start as before with the norm polynomial,

q q-—1
N(Xo, ... Xg-) =[] Xio; (), (4.4.4)

j=1i=0
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where o) =id, ..., 04— are all the automorphisms of Q(§). Note that all
the coefficients of N(X, ..., X,_1) are in K(§) but are invariant under the
action of Gal(K (§)/K) and therefore are actually in K. We are interested in
solving

N(X(), ...,Xq_]) =daXx, (445)
with X, ..., X,_1 € G;. It is clear that we need to consider two cases,
Gi(6) # G; and G;(§) = G;. In the first case equation (4.4.5) has solu-
tions Xy, ..., X,—1 € G; if and only if equation (4.4.2) has a solution z €

G;(5). Suppose now that G; = G;(8). Then G; = K(6) and G; contains all
the conjugates of § over K. Keeping this in mind, consider the following linear
system:

1 01(8) -+ o1(8)! Xo agx
1 0y -+ (8! X1 1
) ) . . . = (4.4.6)
1o - o) \x, I

Note that the determinant of the system is non-zero, because its square is the
discriminant of the power basis of § over K. Therefore this system can be solved
in G; and the solution will satisfy (4.4.5).

Summarizing the discussion, we can now assert that (4.4.5) has solutions
Xo, ..., Xy—1in G; if and only if (4.4.2) has a solution z € G;(8), which hap-
pens if and only if x € Ay. Now the assertion of the theorem follows from
Lemma B.7.5. O

We will now address the issue of making the set V) bigger.

Theorem 4.4.7. Let K be a number field. Let q be a prime. Then for any ¢ > 0
there exists a set V of K-primes of Dirichlet density greater than 1 — & and a
finite set A such that the set

Asp=1h € Ogy|Vpe Y, ord,h > 0V ordyh = 0mod g}, (4.4.7)

where W = P(K) \ A, is Diophantine over K . (For a definition of the Dirichlet
density the reader is referred to appendix section B.5.)

Proof. Letty,...,t, be prime numbers such that ¢ = ¢; satisfies the conditions
of Notation 4.4.1. Foreachi = 1, ..., n define A; and V; as A and V in Nota-
tions 4.4.1 and 4.4.3 respectively. Let V = U™V}, let A = U'_| A;, and let
W = P(K) \ A. Then by Theorem 4.4.6 and from the fact that an intersection
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of Diophantine sets is Diophantine, the set
A, = {x € O p|¥p € V, ordyx > 0V ordyx = 0 mod g}

is Diophantine over K . To finish the proof of the theorem, it is enough to show
that the natural density of V is greater than 1 — ¢ for sufficiently large n, since
K(&,) and K(&,,j =1,...,n, j # i) are linearly disjoint over K. (Linear
disjointness is the consequence of an argument similar to that used to prove
Lemma B.3.10.) This is done in the proof of Lemma B.5.7. O

‘We next consider the function field version of the above results.

4.5 Divisibility of order at infinitely many primes
over function fields

Proposition 4.5.1. Let g be a rational prime and let K be a function field
over a finite field of constants of characteristic p > 0, p # q. Leth € K, let v
in the algebraic closure of K be the root of the equation T? — (1 + h™"), let B
be an element of the algebraic closure of Ck, the constant field of K, of degree
q over Ck, let G = K(), let W be the set of all K -primes not splitting in the
extension K(B)/K, and consider the following norm equation:

NG(;})/GZ = h. (45])

Then this equation has a solution z € G(B) if and only if for all primes p € W,
either h is integral at p or ordgh = 0 mod g.

Proof. The proof of this proposition is very similar to the proof of Proposi-
tion 4.4.5, but the situation is actually simpler because, by Lemma B.4.17, there
are no ramified primes in the extension G(8)/G. We leave the details to the
reader. O

We now state the function field analog of Theorem 4.4.6.

Theorem 4.5.2. Let g be a rational prime and let K be a function field over a
finite field of constants of characteristic p > 0, p # q. Let 8 be an element of
the algebraic closure of Ck, the constant field of K, of degree g over Ck. Let VW
be the set of all primes of K not splitting in the extension K(B)/K. Then the set

Aw = {h € K|Vp € W,ordyh > 0V ordyh =0mod g} (4.5.2)

is Diophantine over K.
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The proof of this theorem is almost identical to the proof of Theorem 4.4.6.

Finally, we show that the Dirichlet density of the set of “covered” primes
is arbitrarily close to 1. (For a definition of the Dirichlet density over function
fields the reader is again referred to appendix section B.5.)

Theorem 4.5.3. Let g be a rational prime and let K be a function field over
a finite field of constants of characteristic p > 0, p # q. Then for any ¢ > 0
there exists a set V of K-primes of density greater than 1 — ¢ such that the
set

Ay =1{h e K |VpeV, ordh>0Vordyh =0modg} (4.5.3)

is Diophantine over K.

Proof. Let n be any positive integer. The field of constants of K, as any finite
field, has an extension of degree ¢”, and this extension is cyclic. (See Section 5,
Chapter VII of [47].) Let Ky = K C K, --- C K,, be the corresponding tower
of cyclic extensions with [K; 1 : K;] = q. Let W, be a set of primes of K; not
splitting in the extension K;;/K;. Then the set

Ap,, ={h € Ki |Vp € Wi, ordph = 0V ordph =0mod g}  (4.5.4)

is Diophantine over K;. Let W; g be the set of K -primes lying below the primes
in the set W k.. Let

Aw., ={h € K |Vp € W, g,ordph > 0V ordyh = 0 mod g}.

Then Ay, , = Aw,,, N K and, by the “going up and then down™ method, Ay,
is Diophantine over K. Let Wx = [J!_; W, k. Then from the properties of
Diophantine definitions we can conclude that

A=()Aw,,, ={h €K |Vpe Wk, ordyh >0V ord,h = 0 mod g}
i=1

is also Diophantine over K. Further, by Lemma B.5.8, for n sufficiently large
Wk has the desired Dirichlet density. O
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Bound equations for number fields and
their consequences

This chapter is devoted to the existential definability of bounds on the height
of a number field element. We will consider two ways of bounding the height.
The first method (due to Denef in [18]) relies on quadratic forms and is most
effective over totally real fields. The second method relies on divisibility and
thus depends on the choice of ring. The influence of divisibility depends on
whether any primes are allowed to occur in the denominator of the divisors of
elements of the ring. We will discuss this aspect of the matter in detail below.
Denef was also the first to use the divisibility method for bounding height over
the rings of integers in the context of existential definability (see [18] again).
The present author extended Denef’s divisibility method for use with bounds
in rings of algebraic numbers. These kinds of bound were used in [99], [101],
and [106] and in a slightly modified way in [73].

5.1 Real embeddings

In this section we show how to use quadratic forms to impose bounds on
archimedean valuations when the corresponding completion of the number field
is R. The following lemma and its corollary constitute the technical foundation
of the method. They are taken from [18].

Lemma 5.1.1. Let K be a number field. Let x € K. Let x = x1, ..., X, be
all the conjugates of x over Q. Let ¢ € K, and let cy = c, ..., c, be all the
conjugates of ¢ over Q. Suppose that ¢; < 0 whenever x; < 0. Then there exist
Yis---,ya € K such that x = y} + y3 + cy3 + y7.

Proof. By the Hasse—-Minkowskii theorem, a quadratic form represents an
algebraic number over a number field if and only if it represents the number

66
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locally. (See [64] for more details on the Hasse—Minkowskii theorem.) Any
quadratic form in four variables over a local field is universal, that is, it rep-
resents any element of the field; see [64]. So the real embeddings are the
only ones we have to check. On the one hand, if for some i that x; > 0,
then x; = (/x;)* + 0% + ¢;0% + 02. On the other hand, if x; < 0 then ¢; < 0.
Thus x;/c; is a square in the completion of the corresponding embedding
of K. |

Corollary 5.1.2. Let K be a number field, and let VW be any subset of its
non-archimedean primes. Let 6 : K — C be any real embedding of K into C.
Then the set

{(x,y) € K*|o(x) = o(y)}

has a Diophantine definition over Ok .

Proof. Tt is enough to consider the case y = 0. Let ¢ € K be such that o(¢c) >
0 and t(c) < O for any real embedding t of K not equal to o. (Such a ¢
exists by the strong approximation theorem.) Then o(x) > 0 if and only if
x =y} 4+ y3 +cy; + v}, by Lemma 5.1.1. Thus the corollary follows from
Note 2.2.5.

5.2 Using divisibility in the rings of algebraic integers

In this section we start the discussion of divisibility as a method for bounding
heights over number fields. As will become clear below, divisibility produces
the best results when used over the rings of integers. Thus, it is over the rings
of integers that we consider this method first. (We remind the reader that a
discussion of the rings of integers and S-integers of number fields can be found
in Appendix B.)

It turns out that the foundation of the divisibility method can be found in
solving some linear systems, as in the following lemma.

Lemma5.2.1. Let K be anumber field of degree n over Q. Letx, y € Ok \ {0}

and assume that fori = 0, ..., n we have that (I; — x) | y in the ring of integers
of K, wherely =0, 14, ..., 1, are distinct natural numbers. Then there exists a
constant C, depending onn, ly, ..., 1, only, such that all the coefficients of the

characteristic polynomial of x over Q are less than C|Ng o(y)|.
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Proof. 1If on the one hand (/; — x) | y then Ng,o(l; — x) = ¢;Ng q(y), where
¢; € Qand |¢;| < 1. On the other hand, if (; — x)| y then

Nk, —x) = l_[(li —oj(x)=ap+ail; +---+17,
=l

where o) =id, . .., o, are all the embeddings of K into C and
FM)=ay+aT+ - +ap T+ 1"

is the characteristic polynomial of x over Q. Thus, considered together, the
n + 1 equations F(I;) = ¢;Ng,g(y) can be viewed as a system of n + 1 linear
equations in the variables ao, ..., a,—1,a, = 1. In matrix form this system
looks as follows:

1 ... 0 0 ao coNko(»)
| Lk ai c1Nko(»)
TP L L Ayt ¢n—1Nk ()
| (ot 1 cnNk /()

Observe that the determinant of this system is a non-zero Vandermonde deter-
minant whose value depends on the choice of constants [y, ..., [, only. If we
solve this system using Cramer’s rule we will obtain the following expression
for each a;:

I -+ cNgply) -+ 0

I - coNgp®y) - [}

1 -+ cuimiNgpo(y) -+ 1IN

1 e CnN . l::

“o x/0(y) , (5.2.2)

1 -« 0 0
| N
| [ [

where the column (¢;Ng,q(y)), j =0, ..., n, has replaced the ith column of
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the original matrix, and therefore we have that

1 - ¢ -+ 0
1 o e I
| RPN [
N ()1 P L (523
a; = L.
K/QLY 1 -« 0 0
| L L
L
| T Lk
Since |¢;| < 1, we conclude that our lemma holds. O

A quick corollary of this lemma is the following fact.

Corollary 5.2.2. Let K/E be an extension of number fields and let
Q={w,...,w,} C Ok

be a basis of K over E. Let x, y € Ok \ {0} and assume that fori =0, ..., n,
where m < n = [K : Q), we have that (I; — x) |y for distinct natural num-
bers ly=0,1y,...,1,. Then there exists a constant C € Q, depending on
n,ly, ..., 1, and Q2 only, such that the following statements are true.

1. If o : K — C is an embedding, then |o(x)| < C|NK/Q(y)|.
2. We can write x =) i bjw;, with b; € E, |o(b;)| < C_‘|NK/Q(y)| for any
o-embedding of K into C.

Proof. From the preceding lemma we can conclude that all the coefficients of
the characteristic polynomial of x over Q are bounded by C|Ng,q(y)|, where
C is a positive constant depending on n, [y, ..., [, only. Let

F(T)=ay+aiT +---+a, ,T" ' +T"
be this polynomial. Then, for all embeddings o of K into C, we have that
o(x)' = —ag—ajo(x) — - — ay_jo(x)" L.
If |o(x)| > 1 then
lo(X)| < laol + lai| + - - - + lap—1] = nC|Ng (¥l

Thus, letting € = max(1, nC) we can conclude that |0 (x)| < C‘|NK/Q(y)|.
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Next let x; = x, ..., x, be all the conjugates of x over Q. Without loss
of generality assume that xi, ..., x,, are all the conjugates of x over E and
let w; | = w;, ..., w;, be all the conjugates of w; over E. Then consider the
following linear system of equations in variables by, ..., b,:

m
szZ:bia)i,j, j:l,...,m, biGE.
i=l

If we solve this system using Cramer’s rule as in Lemma 5.2.1 and keep in
mind the bounds for x, ..., x,,, we will conclude that |b;| < C‘|NK/@(y)| for
some positive constant C depending on C and 2 only, again exactly in the same
fashion as in Lemma 5.2.1.

Next let o be an embedding of K into C. Applying o to the system above
we get

m

oxj)=Y olbo(w,). j=1....m, b eE.
i=1
Thus we can obtain a bound as above for o (b;), for any o -embedding of K into
Candalli =1,...,m. O

Note 5.2.3. Before we finish this discussion of bounds, we should note that,
assuming that y is not a unit, we can replace the bound C|Ng s0(y)| in Lemma
5.2.1 and Corollary 5.2.2 by [Ng,q(y)|¢, for sufficiently large positive ¢ € N.
It is often useful to have a bound not just for |o(b;)| but also for |Ng o(Db;)],
where D is a constant depending on the basis. It is clear that we can increase ¢
to obtain the inequality [Ng,q(Db;)| < [Nk ,0(y)°|.

5.3 Using divisibility in bigger rings
In this section we show how we can modify the divisibility method to make it
work over some rings Ok )y, where VV is not empty.
5.3.1. When is division really division? Let x,y € Ok \ {0} and suppose
that

x|yin Ok (5.3.1)

In general we cannot conclude that (5.3.1) implies that x | y in Og. However,
if we assume that the divisor of x has no primes from W then the implication
is valid.
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From the observation above, it follows that we need a mechanism for produc-
ing elements of Ok )y without primes of )V in the numerators of their divisors.
Here is one way to accomplish this.

5.3.2. Avoiding primes allowed in the denominator of the divisors Let
M /K be a finite extension of number fields. Let @ € Ok be a generator of this
extension. Let /(7)) be the monic irreducible polynomial of « over K. Let W
consist of all the primes which do not divide the discriminant of o and do not
have relative-degree-1 factors in M. Then for all p € W and for all x € K we
have that ord, F(x) < 0. (This follows from Lemma B.4.18.)

We are now ready to adjust our divisibility method for use in bigger rings.

Lemma 5.3.3. Let K/E be a number field extension of degree s and let [K :
Q] =n. Lety € Ok generate K over E. Let G,(T) € Ox[Tl,u=1,...,n+
1, be distinct monic polynomials that are irreducible over K. Assume also that
Gi(T) and G ;(T) are not conjugates over Q for i # j. Let /B € K, with
o, B € Ok and relatively prime to each other. Let y € Ok \ {0} be such that y
is not an integral unit and

Y

e Ok, i=0,...,[ndeg(G):Ql, u=1,....n+1,
Gua/p—1) * g

(5.3.2)
wherely =0, ..., 1, z = max,([n deg(G,) : Q)) are distinct natural numbers.
Let

NioB)a =eo+ery +---+e 1y (5.3.3)

Then there exists a constant ¢ > 0 depending only, ...,l,, K,G,(T) only such
that

NkoDenl < Nl i=0,...s—1, (534

where D is the discriminant of the power basis of y.

Proof. Let C be defined as in Lemma B.10.8, 7, being the set of roots of G,
together with their Q conjugates. Since Gy, ..., G, are irreducible, distinct,
and are not conjugates over Q, the sets of roots of the polynomials G, . .., G4
together with their (Q-conjugates are pairwise disjoint. Then C > 0 and by
Lemma B.10.8 applied to conjugates of «/8 over Q in place of z1, ..., z,, for
someu = 1,...,n+ landforany t,arootof G,(T), and any o, an embedding
of K into C, we have that |o(¢/8) — o(t) > C/2. For this u, denote the field
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generated by a root T of G, by M, denote G, by H, and let ¢ = deg G,,. Then
in M we have that
y _ yB? c
[[.(@/B—1Li—1) [l(@—1Lp—1B)
Since («, B) = 1 in Ok, it follows that (8, « — [; 8 — t8) = 1 in Oy,. Thus for
each i we have that

Ouy. (5.3.5)

Yy

@—lp—p <M

Therefore
INmyole — i — Bl = INk/(»)],
INayo(BIINmyoee/B — li — 7)1 < [Nk ()71
Using the fact that [N;,q(8)| > 1, we can conclude that
Najo(a/B — 1 — 1) < INg(»)?]. (5.3.6)

At the same time, using i = 0 and the inequality |o(a/B8) —o(7)| > C/2
applied to all embeddings o of M into C, we can conclude that

INk,0(B)] = INu(B)'4 < (C/2)" YNk o).

From (5.3.6), by an argument similar to the one used to prove Lemma 5.2.1
and Corollary 5.2.2, we can conclude that there exists a positive constant C,
depending on ly, ..., I, K,and G|(T), ..., G, (T) only, such that

|o(et/B)] < CINg/o(»)] (5.3.7)

for all embeddings o of M into C, and

NkoBa/B=ey+ery +- +e1y'™ (5.3.8)
where ey, ey, ..., e;_1 € E.Forallembeddings o of K into C, we can conclude
that

lo(ep)l = CINk o], (5.3.9)
where C is a positive constant depending on y, o, ..., ., K, and G{(T), ...,

G,+1(T) only. Since y is not an integral unit and [Ng,g(y)| > 2, for some
positive constant ¢ depending on y, [y, ...,l;, K, and G((T), ..., G,+1(T)
only we have that

INk/@(Dei)| < INk(»°1, (5.3.10)

where D, as above, is the discriminant of the power basis of y over E. O
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Corollary 5.34. Let K, E,s,n,y,G((T),...,G,1(T),z,c, B, Lo, ..., 1L,
€o, ..., es—1 be as above. Let W be a set of non-archimedean primes of K
such that forallu =1,...,n+4+1, all x € K, and all p € W we have that
ord,G,(x) < 0. Let v € Ok w \ {0} be such that v is not a unit of Ok )y and
satisfies

VK
— €0 , | =0,...,ndegG,, =1,....,n+1,
Gula/B—1p = ! neE T "
(5.3.11)
where hi is the class number of K.
Then there exists a constant ¢ > 0 depending on y,ly,...,l,, K, and

G\(T), ..., Gup1(T) only such that v'* = yw, y € Ok, the divisor of y has
no primes from W, the divisor of w consists of primes in VW only, and

|NK/Q(D€,)| < |NK/Q()’)|C, i = 01 ceey 8§ — 17 (5'3'12)

where D is the discriminant of the power basis of y over E.

Proof. Given our assumptions on W and G, ..., G, 1, for any prime p € W
we have that ord, G, (/B — [;) < 0. Thus, for all u, the primes in the numer-
ator of the divisor of G, (/B — [;) must be canceled by the numerator of the
divisor of v« . Note that v"* = yw, where the divisor of y is integral and is a
product of powers of all the primes outside ¥V occurring in the divisor of v’
while w has a divisor composed of primes from W only. Then for all u we have
that m € Og. Now the corollary follows from Lemma 5.3.3. O

We finish this section with a special case of the corollary above.

Corollary 5.3.5. Let K, E,s,n,y,G((T),...,G,1(T),z,c, B, Lo, ...,1L,
€y, ..., es—1 be again as above. Assume also that K /E is Galois and that
Gi(T),...,Guy1 € Op[T]. Let ve EN Ok w \ {0} be such that v is not a
unit of W and satisfies

hg

€Ok, i=0,...,ndegG,, u=1,....n+1,
Gu(a/ﬁ_li)

(5.3.13)

where hg is the class number of E.

Then there exists a constant ¢ > 0, depending on y,ly, ..., K, and
G(T), ..., Gy only, such that v'* = yw, y € Og, the divisor of y has no
primes from W, the divisor of w consists of primes in VWV only, and

INkjo(De)l < Nkl i=0,....s =1 (53.14)
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Proof. Let W be the closure of YW over E. Given our assumptions on the
extension K/E, W, and Gy, ..., G,4, for any prime p € W we have that
ord, G, (a/B —I;) < 0. Thus, as above, for all u the primes in the numerator of
the divisor of G, («e/B — I;) must be canceled by the numerator of the divisor
of v"'e. However, since v € E we can write v = yw, with y, w € E, where
the divisor of y is integral and a product of powers of all the primes outside W
occurring in the divisor of v"# while w has a divisor composed of primes from
Y% only. Then, as before, for all # we have that

Yy

Gulae/B —1i)

and this corollary also follows from Lemma 5.3.3. |

GOK
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Units of rings of VV-integers of norm 1

VW-units play an important role in the construction of Diophantine definitions
over number fields. In this chapter we discuss some properties of these units.

6.1 What are the units of the rings of V-integers?

Definition 6.1.1. Let K be a number field. Let WV be a collection of its non-
archimedean primes. Let x € K be such that its divisor is a product of powers
of elements of V. Then x is called a WW-unit. If W is empty then a WW-unit is
just an integral unit of K, i.e. an algebraic integer whose multiplicative inverse
is also an algebraic integer.

Next we list some useful properties of these units. The first one is a gener-
alization of the well-known Dirichlet unit theorem.

Proposition 6.1.2. Let K and VW be as above. Then VW-units form a multi-
plicative group. If the number of primes in W is finite, then the rank of this
group is equal to the rank of the integral unit group plus the number of elements
in W. (See the generalized version of the Dirichlet unit theorem in [64].)

The next lemma is a direct consequence of the definition of the rings of
W-integers. (See Definition B.1.20.)

Lemma 6.1.3. Let K and W be again as above. Then the only invertible
elements of Ok yy (or the only units of Ok ) are the VW-units.

The next lemma is important in making sure that the divisibility conditions
discussed in Chapter 5 can be satisfied.
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Lemma 6.1.4. Let 2 be any integral divisor of a number field K relatively
prime to any prime in a set of non-archimedean K -primes V. Then there exists
a positive k() = k € N such that for any natural number | = 0 mod k and for
any W-unit ¢ it follows that €' — 1 = 0 mod 2.

Proof. The lemma follows from the fact that Ok )y mod 2 is a finite ring (by
Proposition B.1.28) with a finite multiplicative group. We can set k equal to the
order of this group. O

Using the proposition above we derive a corollary which will have a role in
the “weak vertical method” to be described in Chapter 7.

Corollary 6.1.5. Let E be a subfield of K. Let
Q={1l,w,,...,w,} C Ok

be a basis of K over E. Let T be a set of K -primes closed under conjugation
over E. (By “closed under conjugation” we mean that, given a set of all K -
factors of an E-prime, either the whole set is in T or no element of the set is in
T . In this way the expression “closed under conjugation” makes sense even if
K /E is not Galois.) Let B be any integral divisor of E relatively prime to any
prime of T. Then there exists a positive | = [(B) € N such that for any positive
m = 0 mod [ and for any T -unit € we have that

" =c1tw+ -+ o,
whereforalli =1, ..., nitisthe casethatc; € Ox. 1 N E, withc; = 1 mod ‘B

andc; =0mod B fori =2,...,n.

Proof. Let® = 919, be the E-divisor of the discriminant of €2, where ® is
an integral divisor, prime to all the primes in 7, while all the primes comprising
), are in 7. (Such a factorization of ® exists given our assumptions on 7.)
Let

[ = k(D)*B")

where A is the class number of E. Then by the definition of k(i)}l'E BhEY we
have that for any m = 0 mod [ it follows that

g™ —1=0mod D" B
Let B € E be an element whose divisor is 8"¢. Consider

m -1 __ hg
(e"™ — 1)B™" = 0 mod D
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in Ok 7. By Lemma B.4.12,

E" = DB '=a +mwr + - + ayw,,
where for any q ¢ 7 we have that ordqa; > Ofori =1, ..., n. Further,

e" — 1= Ba; + Baywy + - - - + Ba,w,
and thus

&€=c1+ cwr+ -+ Chwy,
where ¢; € E and for any K-prime p € 7 we have that
ordy(c; — 1) > ord, B > ord,B,

while fori = 2, ..., n we know that

ordpc; > ordp, B > ord,®B.

The next lemma discusses a property of integral units of some fields.

Lemma 6.1.6. Let M /K be a number field extension of degree 2, where K
is totally real and M is totally complex. Then there exists m € N such that for
every integral unit & in M and every k = 0 mod m we have that ¥ € Ok.

Proof. The Dirichlet unit theorem implies that the integral unit group of K is
of the same rank as the integral unit group of M. Since the integral unit groups
are finitely generated, this means that there exists m € N such that, for every
integral unit ¢ in M and every k = 0 mod m, we have that gk € Ok. (See [37]
for a discussion of the Dirichlet unit theorem.) O

6.2 Norm equations of units

In this section we again encounter norm equations, though we will now put
them to a different use. (This section may be compared with Chapter 4.)

Proposition 6.2.1. Let M /K be a number field extension. Let Wy be a subset
of non-archimedean primes of K. Let Wy, be the set of all the primes of M
lying above the primes of We. Consider the equation

Ny (x) =1, (6.2.1)

where x € M. Then the following statements are true.
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. The set

{)C S OM,WM ZNM/K(.X) = l} (622)

is a multiplicative group. In particular, if e € Oy w,, is a solution to (6.2.1)
then " is also a solution. Further,

& _11 =nmod (¢ — 1)in Z[e]. (6.2.3)

& —

. If Wk is a finite set then the rank of the group defined in (6.2.2) is equal

to the difference of the ranks of the YWy-unit group in M and the Wy -unit
group in K.

. If a K-prime q does not split in the extension M /K and x is any solution of

(6.2.1) then ordg x = O for the sole factor Q of q in M.

. Iftis a prime of K and %, %, are two factors of tin M then (6.2.1) has a

solution x with a divisor of the form T{' /3.

. Let V) be the set of all the primes of W)y, lying above primes of Wy splitting

in the extension M /K. Then the only solutions to (6.2.1) in O yy,, are the
Vu-units. (In particular, if V) is empty then all the solutions are integral.)

Proof.

1.

The first assertion of the lemma is true because non-zero W, -integers and
solutions to the norm equation (6.2.1) form multiplicative groups.

. The second assertion of the lemma is true because the norm map is a homo-

morphism from the group of WW),-units to the group of Wk -units. The image
of the homomorphism is of the same rank as the group of Wk -units. Indeed,
if 8 is a Wi -unit then §"°X1 is in the image of the group of Wy;-units under
the norm map. Thus the image of the norm map is of finite index in the group
of Wk -units.

. The third assertion of the lemma can be derived from the following consider-

ations. Let [P, a; € Z, be the divisor of a solution in M to (6.2.1). Let p;
be the prime below B; in K. Then [] p/"“, where f; is the relative degree of
B; over p;, is the trivial divisor. (See Section 8, Chapter I of [37].) Thus for
each i there exists a j such that p; = p;. In other words, the prime p; = p;
splits in the extension M /K.

. To see that the fourth statement of the lemma is true, note the following. If

hyy is the class number of M then M has an element with a divisor of the
form ‘Z{ZhM / ‘Z{ i \where f1, f> are the relative degrees of ¥; and T, over K
respectively. The norm of this divisor is trivial. So if x € M has the divisor
of this form, the K-norm of x is an integral unit §. Let y = 8~ 1xM:K] Then

Nuyx(y) = 1.
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5. The final statement of the lemma can be derived from Part 3 and the following
fact. Any solution in Oy yy,, to (6.2.1) is a unit of the ring Oy,yy,, and thus
must be a Wy, -unit. |

Next we consider the norm equations of units in more specific situations.

Lemma 6.2.2. Let K be a totally real field of degree n over Q and let M /K
be a degree-2 extension. Then there exists d € Ok satisfying the following
conditions:

* d is not a square of K ;
e forall embeddings o : M — C such that o(M) ¢ R we have that o (d) > 0;
e for all embeddings o : M — C such that c(M) C R we have that o(d) < 0.

Further, the rank of the multiplicative group

Eu = {e € Oy Nuvaym(® = 1}

is equal to the rank of the multiplicative group

Bk = {¢ € Ok  Newayx© = 1},

and for some non-zero k € N, depending on M, K, and d only, for any ¢ € Ey
we have that e* € Eg.

Proof. First of all we observe the following. Since M /K is an extension of
degree 2, for some a € K we have that M = K (y/a). Therefore for any o as
above, o (M) isreal if and only if o(a) > 0. Hence, the last two conditions on d
can be restated in the following form: for any embedding t : K — C we have
that t(a) and t(d) have different signs. Now the existence of d follows by the
Strong Approximation Theorem (see Theorem B.2.1).

Next note that by the construction of d, any embedding of M(~y/d) into C
will be non-real. Since [M (\/c—l ) : C] = 4n, by the Dirichlet unit theorem, the
rank of the integral unit group of M(+/d) is 2n — 1. Proceeding further, let r
be the number of embeddings t of K into C such that (@) > 0 and let s be the
number of embeddings 7 such that t(a) < 0. Obviously r 4 s = n. Further, M
will have 2r real and 25 non-real embeddings. Thus the rank of the integral unit
groupof M is2r +s — l andtherankof Ey, is2n — 1 —2r —s + 1 =35.

At the same time, K (\/3) will have 2s real and 2r non-real embeddings into
C, so that the rank of the integral unit group of K (+/d) is 2s + r — 1. Thus the
rankof Ex is2s +r — 1 —r — s + 1 = s also, and the second assertion of the
lemma holds.
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To prove the last assertion by Lemma B.3.1 it is enough to show that the
fields M and K (+/d) are linearly disjoint over K. Indeed, linear disjointness
of M and K (+/d) over K would imply that any element x € K (v/d) satisfies
the same irreducible polynomial over K as over M and therefore has the same
conjugates over M as over K. The last statement implies that

Nuaym*) = Ngyayx (),

and, therefore, Ex C E,,. Further, since the extensions M /K and K (\/c_l) are
both Galois, by Lemma B.3.3, in order to show that K (\/E ) and M are linearly
disjoint over K it is enough to show that M N K (\/c_i ) = K or, in other words
that K (v/d) # M. But by the construction of d one of these fields is real while
the other is not. Therefore they cannot coincide. O

6.3 The Pell equation

Under certain circumstances we can say more about the integral solutions of unit
norm equations. In this section we look at a very particular norm equation for
an extension of degree 2: the Pell equation. More specifically, we are interested
in equations of the following form:

X2 —@-1nr*=1. (6.3.1)

If K isanumber fieldand X, Y, a € K witha® — 1 notasquare of K, then (6.3.1)
asserts that an element X + +/a%> — 1Y of K(+/a? — 1) has K-norm equal to
1. Solutions to this equation have very nice properties, described below, and
these properties serve as the foundation for the construction of a Diophantine
definition of Z over the rings of integers of totally real number fields and fields
with exactly one pair of non-real embeddings. The Pell equation also played
a prominent role in a solution of the original Hilbert’s Tenth Problem. For
more details on the role of this remarkable equation see a helpful article by
Martin Davis ([12]). Finally we note that the material presented in this section
originally appeared in [15], [68], and [91].

Some properties of the Pell equation manifest themselves over any num-
ber field, while others depend on the field. We start with the first kind after
introducing the initial notation set.

Notation 6.3.1.

e Let K denote a number field of degree n over Q.
e Leta € Ok denote a K -integer such that d = a*> — 1 is not a square in K.
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* Leta; =a,...,a, be all the conjugates of a over Q.

e If d =a®> — 1 is a positive real number then let v/a> — 1 have the usual
meaning, i.e. the positive real number whose square is a> — 1. Otherwise let
v/a% — 1 be one of the two complex numbers whose square is a> — 1.

e Letd =68(a) = va? — 1.

* Lete =¢e(a) =a + 6(a).

e Letx,, = x,,(a) and y,, = yn(a) € Ok, m € Z, be such that

X + 8y, = &™.

Now we list the more general properties of the Pell equation.

Lemma 6.3.2. The following statements are true.

1. hlm = y, | ym forall h,m € Z\ {0}.

2. Xokm = £1 mod x,, forallk,m € Z.

3. X | Yom for all k,m € Z.

4. yy(@)=mmod (a — 1) forallm € Z.

5. For k,1 € N we have that xi+; = xix; £ (@*> — Dyey;.

6. For k,l € N we have that yr+; = xxy; £ X Yx-

7. Xom+j = £x; mod x,, for all j,m € Z.

8. If b,c € Ok, 6(b) & K, and a = b mod c then for all m € Z we have

X, (a) = x,,(b) mod ¢
and

Ym(a) = yu(b) mod c.

Proof. First of all, observe that for any m € Z we have that x_,, = x,, and
Y_m = —Ym. So without loss of generality we can assume that all the indices
are non-negative. Next we note that the properties listed above will follow from
the formulas for y,,(a) and x,,(a) in terms of m and a or in terms of x;(a)
and yp,(a) when h | m, which we obtain simply by using the binomial theorem.
Indeed let i | m, let | = m/ h, and observe the following:

l
l Lo
8 m o __ S ] — 1—i 181'
(a+9) (xp + Oyn) ,E:o <i)xh Y
Thus, if [ is even we have

m Lo 1-2j 2 ;i L l 1=2j—1_2j+1 ,j
(a+3) —Z 2j Xy yydh +8 Z 2j 41 Xy yood ).

=0 j=0



82 Units of rings of VW-integers of norm 1

If I is odd then

<li)/2 LN 122j 2j (1%2 l 1=2j—1_2j+1 ;j
(a + 5)}1’1 — < .>xh_ .]yh]d_/ + 8 ( ) >xh_ J— yh] d] .

= 2j = 2j+1
Hence, we have the formulas

I\ j—2i 2i .
Tw= Y <2 ,>xh 2yl 6.3.2)
0<j=ij2 \*J

and

l Y . .
Ym = )x;,” Aty rE g, (6.3.3)

0<j 50212 <2j +1
Thus Part 1 of the lemma follows directly from (6.3.3).
To see that Part 2 holds, observe that
Xomk = xf,k + ( " )xflk_zdy,i +--+ (dy,z,,)k = (—l)k mod x,,.
2k —2
Similarly, we observe that

Vomk = 2kx2k—1ym +--- 4+ ZIc)cmy,%f_ldk_l = 0 mod x,,,

m

and Part 3 holds.
Next, set h = 1, x;, = a, y, = 1, and observe that

(m—2)/2 m ) .
VY = <2, 1)a’"‘2f"df. (6.3.4)
0sj<emoty2 \A T
Thus, modulo a — 1 we have that y,, = ("11) = m and Part 4 is proved.
Now we note that Part 5 and Part 6 follow from the fact that for natural
numbers / and k we have that g;4, = &;64+,. Thus, for Part 7,
Xomaj = XomXj £ (@ — Dyamy;
= (x;, + (@ = Dy, )xj £ (@ = DQ@Xpym)y;
= (2x; — 1)x; £ (a* = D(2xuym)y; = —x; mod X,

Part 8 follows by induction using addition formulas. O

Our next step is to specialize our discussion to a class of number fields. We
will now need a second notation set.

Notation 6.3.3.

* From now on till the end of this section, let K denote a totally real (t) number
field or a number field with exactly one pair of non-real (opnr) embeddings.
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e Leto; =id, ..., 0, : K — C be all the embeddings of K into C.

e If K has exactly one pair of non-real embeddings then assume that
K, 05(K) ¢ R and that for any x € K we have 0,(x) equal to X, the complex
conjugate of x.

e Let [p(K) = {1} if K is tr, and let [o(K) = {1, 2} if K is opnr.

* Let a be a K-element which satisfies the following inequalities:

@) |a;] > 22"+% fori € Iy,
(b) 0<a; < 3foriély,
where o;(a) = q;.

* Let M = K(§). (Given our assumptions on a, it follows immediately that if
K is tr then M has exactly two real embeddings, and if K is opnr then M is
totally complex.)

e Fori=1,...,nand j =1, 2, let 5; ; be one of the two extensions of o; to
M. Also let oy = id.

eFori=1,...,n, let & =0;1(¢) if |o;1(e)] > 1 and let & = o0;2(¢e) if
loia1(e)] < 1.

e Fori=1,...,n,leté; = 0;1(5). Then o;,(8) = —§;.
e Let C be a real constant, defined below in Lemma 6.3.6. Let ¢ € N be such
that

| e| 4‘|81|mU
1= Cnfmo’

where my = |I|.
eLetG={u—68v:u,ve Ok, u?—(@*—1*=1}.
e letH = {,LL € Oy ZNM/K(/,L) =1}
* Let Uy, Uk be the groups of integral units of M and K respectively.

First we need to to establish some facts concerning the size of the absolute
value of all the conjugates of §(a) and ¢(a) in H.

Lemma 6.3.4. The following statements hold.

1. %|ai| <o, ;j(®) < lail + 1, where i € In(K), j =1,2.

2.1 <loi;®) < Lfori & In(K), j=1,2.

3. Let u € H. Then fori ¢ I we have that |o; j(u)| = 1. Further, if i is not a
root of unity then either || > 1 or |n~'| > 1.

4. |la] —/|la® = 1] < 1.

. Assuming |e| > 1, we have that |a| < |e| < 2]a].

6. €(a) is not a root of unity.

9]
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Proof. The proof follows directly from our assumptions. Indeed, note that
since |a;| > 22"*2 for i € Io(K) with n > 2, we have that 3|a;|> > 1 for such
an i. Thus we conclude that

Hail? <lai? =1 <0i;® = |a? = 1| < la;* + 1 < (Jai| + 1),
and the first assertion of the lemma holds.
Next, leti ¢ Io(K). Then

3

2
4<1—ai<1,

andfor j = 1,2 wehave 1 < |0y ;(8)] < 1.Nowlet u € H.Thenpu = x — 8,

with x, y € K. If i ¢ Iy then o; ;(8) = +./0;(a)* — 1, where o;(a) € R and
0 <oi(a) < %.Thus fori ¢ Iy wehavethato;(a)> — 1 < Oand £6 € iR. Since
0;(K) C R, we conclude that

oi1(u) = 0i(x) — 0;,1(8)oi (y)
and
0i2(p) = 0;(x) — 0;2(8)0;(y) = 0;(x) + 0;,1(8)0; (¥)

are complex conjugates whose product is 1. Therefore |o; 1 ()| = |oi2(w)| = 1.
Suppose now that @ € H and || = 1. Then given our assumptions on o and
o, for the case when K is opnr, for both kinds of fields we have |o; ; ()] =1
for all values of i and j. This would make p a root of unity. Thus the third
assertion of the lemma follows.
The next inequality,

la] —+]a? = 1] < 1, (6.3.5)
is equivalent to |a|?> — 2|a| + 1 < |a®> — 1|. But
lal* + 1 < |a* +2lal — 1 < |a* — 1| + 2lal,

and therefore (6.3.5) holds. To see that if |¢| > 1 then |¢| > |a|, consider the
following inequality:

€2 = |a +va? — 1* > [2a®> +2av/a® — 1| — 1 = 2|¢||a] — 1
or, in other words,
le]* — 2lalle] + 1 = (le] — lal — V/|a|* — D(le| — |a| + v/|a]*> — 1) > 0.

Thus, either

0<le|l <lal—+lal* -1 <1, (6.3.6)
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by the argument above, or

lel = lal ++/|al> = 1 > |a|. (6.3.7)

Now, to show that |¢| = |a + ~/a? — 1| < 2|a| it is enough to observe that
|[va? — 1| < |a|. Finally, from inequalities (6.3.6) and (6.3.7) it follows that
le] # 1 and therefore it is not a root of unity. O

Our next job is to show that e(a) essentially generates the group G.

Lemma 6.3.5. Let ju € G. Then for some k € Z we have . = Eg(a)t, where
& is a root of unity.

Proof. ConsiderNyx : Uy — Uk.Then H is the kernel of this map. Further,
the image of the map is of finite index in Uk, since every square of an integral
unit of K is in the image. Thus the rank of H is equal to rank Uy, — rank Ug.
Direct calculation using the Dirichlet unit theorem and our assumptions on a
imply that for both types of K (¢r and opnr) this difference is 1. Since G € H
the rank of G is at most 1, but since a — § € G we know that it is exactly 1.
Further, the torsion-free part of G is isomorphic to a Z-module and thus to a
free module, and therefore we conclude that, modulo the roots of unity, every
element of G is an integer power of some M-unit v with a K-norm equal to 1.
Without loss of generality, we can assume that |[v| > 1 and &(a) = £v/, where
! # 0 and £ is a root of unity. We want to show that |/| = 1. To that effect let
v =x + 6y withx, y € Ok, and observe that 26 | (v — ). Consequently, on
the one hand |[Ny;,q(28)| < INpo(v — v~1)|. On the other hand,

Nujo@8) =2 ] loi;@® ] 1o > @™ > @™,
iel,j=1.2 igly, j=1,2
by Lemma 6.3.4. At the same time, we have that

Najow —v =[] low,0—0ei;0™O J] loijw) —0i;07H)

icly,j=12 idly,j=12

< 22n_2m0|\1 _ U_1|2m0 < 22n_2m0(|1)| + 1)2m0 < 22n|\)|2m0.

Thus we obtain the inequality |a|*" < 2%"|v|?™0. Suppose now that &; = £/,
where [ > 2 and & is a root of unity. Then |a|?> < 2%'|g;| < 22"*!|a| and we
have a contradiction of one of our assumptions on a. O

Having established the nature of elements of G, we continue to explore the
properties of powers of ¢ = g(a).
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Lemma 6.3.6. The following statements hold.

1. k < |o;(xx(a))| fori € Iy and any k € N.
2. There exists a constant C, depending on a and K only, such that for any
k € N\ {0} there exist m, h € kN with the properties

loi(xa)l > 3. i & Io. (6.3.8)
and
loi(yn)l > C, i &ly. (6.3.9)

3. If 0;(yen) satisfies (6.3.9) for i & Iy then

@) Yen|Yem = h|m,

(®) Y21 Yem = hyen | m,

where the integer constant e was defined in Notation 6.3.3.
4. If 0i(x,,) satisfies (6.3.8) fori & I, then

xy =xx;modx, = k==xjmodm.

5. Forany non-zerom € Zand Cy, C, € R¥, there exists a positive s € N such
that

b= (32 + 32 — (e +a(1 - 22))
has the following properties:
(@) b=1mod y,(a),
(b) b =a mod x,,(a);
() loi(b)| > C; fori € Iy and 0 < 0;(b) < C, fori & ly. In particular, it
can be arranged that b satisfies the requirements listed for a in Nota-
tions 6.3.1 and 6.3.3.

Proof.
1. On the one hand, since ¢ is not a root of unity by Lemma 6.3.4, either |¢| > 1
or |¢|~! > 1. Thus, by the same lemma, either & or ¢! is of absolute value
greater than a. On the other hand,
|8m +8—m| |a|m_1 22nm_1
> >
2 - 2 2

|xm|: >m

since n > 2.

2.Letk € Nbe given. Consider the set {¢;, j & Ip}. By Lemma 6.3.4, |¢;| = 1.
Thus for each j & Iy we have that ¢; = e'fi, where Bj/m & Q. (Otherwise,
¢; would be a root of unity.) Let o; = B;/m and let A = {oj,,..., 0} bea
maximal subset of {«;, j € Io} with respect to the linear independence of the
set {1, c},,... & o) over Q. Since, by a preceding observation, for all j & Iy
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we have o; ¢ Q, we know that A is not empty. Let Jo = {jji, ..., js}. Then
for any r & Iy and for some b,, b,.; € Z, we have that sf’ = ]_[jejo 8?"”. Thus,

if we let b = ]_[”;ZIO b, then for all r ¢ Iy and for some a,,; € Z, we have that

et =T] jesn & - Consequently, we conclude that for all 7 & Iy and for any
| € kZ we also have that

&b — l_[ ellar,j — 1_[ eimlarjo; eirt Y jesy laria;
r J

Jj€Jo Jj€Jdo

= cos <n Z la,,jaj> + i sin <n Z la,'jaj> = o, (x1p) £ 0,1(8)0,(Y1p).
jed Jj€d

Let m = max, ;{|a, ;|}. Since | cos w8] is a continuous function, forany A; > 0

there exists A, > 0 such that |#] < A, = 1 — |cos 8| < X;. By Kronecker’s

theorem (see Theorem 442, Chapter XXIII of [36]), there exists / € kN such

thatforall j € Jy there exists /; € Z with the property that |la; — [;| < A2/mn.

Then

Zla,.jocj — Zar,jlj < A2,

J€Jho Jj€dho

and therefore

1 —|o(xpp)l =1— < A

=+ cos (71 Z la, jo; — 1 Z ar,jlj>

Jjedy jedo

If we select A < % then for all » ¢ Iy we have that |0, (x;5)| > %

Next, for r &€ Iy let A, = Zjejo a.j. Let AeN be such that A >
max,¢1,{|A-|} and ord,A,/A < 0 for all r & Iy. Since |sinzf| is a continu-
ous function, it is equicontinuous on any closed and bounded interval. Thus
for any X, > O there exists 0 < A, < i such that for any 6,6, € [—1, 1]
with |6 — 6;| < A, we have that || sin(0;)| — | sin(76,)|| < A;. Next using
Kronecker’s theorem again choose [ € kZ such that for all j € Jy and for some
l; € Z we have

Then for all r ¢ Iy we have that

Z (la,,jotj — lja,,j - 6;—;41) < )\,2.
Jj€Jdo
Thus
> dayjo; —liar;) — Al s,
e 2A
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and, therefore, for A; < |% sin(r A,/ 2A)| we can conclude that

lo,.1(8)0, (yip)| = |sin (71 Zla,.,jaj> = |sin (71 Zla,,jotj — lja,,j>
jedo J€Jdo
1]. TA,
> —[sin ,
2 2A

where sin(r A, /2A) # 0, since A, /2A ¢ Z by the construction of A. Thus we
can set

C — min |sin(w A, /2A)|
r 2[0,.1(3)]
3.Letr,g € Nand 0 <r < g. Assume also that |0;(y.,)| > C for all i & .
Then
‘NM/Q(yer)} = 1_[1_[ 0i,j (7>
i= lj
- 1:,[ 4|a2| 1;[ |3 |2
4|Sl |28m0r |51 |Zemor
< .
~ 4m0|Ng g(a? — 1) 4mo—1
So, finally,
|81|em0r
|NK/Q(yer)| = mo—1
At the same time,
Nk /Q(Veq)| = H 10:(eg)l = C" " [ ] 107 (veg)|
lEI()
> o 1_[ |8 | > "o (&1 — 1™
e 2léi | - 2Mmo[§y|™mo
P S

2mo+1 |51 |mo .
Thus, since by our assumption on e we have that
418"
C}’l—mo
we can conclude that [Nx,Q(Veg)l > [Nx/@(Ver)l-

Suppose now that y,, | ye;. Write [ = sq +r, where 0 <r < g. Assume

that 7 > 0. Then yo; = Yseg+er = YsegXer + XseqYer- By Lemma 6.3.2 we know
that yeq | Yseq and thus ye, | YseqXer. But since (¥seq, X5¢4) = 1 we conclude that

leg]® >

’
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(Yegs Xseq) = 1, 80 Yeq | yeor. But this is impossible by the argument above, and
consequently » = 0.

Let us examine now the second divisibility condition, yezq | Yer. Now we know
that g |/ and thus [ = gs. Therefore, using the binomial theorem,

Ky . . .
s=2j—=1.2j+1 7j
)x Yeg  d

0<iST 12 <2j +1/

Yeqs =

is established. Thus
Yegs
yeq

and, since (yeq, Xcq) = 1, we conclude that y,, | s.

= sx;"q_1 + Ve (.- ),

4. As above we have to start with some inequalities concerning norms. Let m
be a positive integer and assume that x,, satisfies inequality (6.3.8). Let r1, ,
be positive integers such that ; < m and r, < m. We claim that under these
assumptions

INkjQ(xr, £ x,)| < [Nk jg(xm)l (6.3.10)
and

INk /()| < INk/@(xm).| (6.3.11)

In estimating the norms we will proceed pretty much in the same manner as
above, by expressing x,,, X,,, and x,, as sums of powers of . Thus

INk /o)l = [ loiGen) ] ] loi e

iely il

! g +e& "
- 2nfmo 1_[ 2
i€l

2 dal™ = 1)’"0.
- 2'1

Without loss of generality we can assume that we have r; < r, < m and the
following upper bound for the norm of x,, &+ x,,,

INk /oG, £ 2, = [ [loi e, £ x| [loie, &)
iely igly

< gn—mo l—[ lei ™ + lei|™ + lei| ™ + |&|
- 2

i€l

< 277 (e |2 + 1),

Thus, in this case it is enough to show that

(le|™ =D
<—"

270 Jgy |72 4 1) >

(6.3.12)
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Next we note that &> + 1 < 2|¢1]|™ and |&1|" — 1 > %|81|’", while my > 1.
Therefore to show that (6.3.12) holds, it is enough to show that

22n+1|81|r2 < |81|m PN 22n+1 < |81|m—r2' (6313)

But, by Lemma 6.3.4 and the assumptions on a, we have the following
inequalities:

22n+l < 22n+2 m7r2|

<lal <leil < |e]

Thus (6.3.12) holds.

Suppose now that x; = £x; mod x,,. We can write j =2mj; xr(, | =
2mly &7y, where |r(| < m, |rz| < m. Then x; = x, Xomj, L dyy, Yomj, = £xp,
by Lemma 6.3.2. Similarly, x; = £x,, mod x,,. Consequently we have x,, =
+x,, mod x,,. Thusif r; # r; then we have a contradiction with either inequality
(6.3.10) or inequality (6.3.11).

5. First of all we observe that, for all m € Z, we have that |o;(x,,)| < 1 fori & I
and |o(x,;)| > 1 fori € Iy. Indeed,
01" +&e™™)

|0 (xm)| = 5

)

where for i & Iy, we know that
loi1(e™)] = |oi(e™™) = 1.

The only way in which the absolute value of the sum of two complex numbers
can be equal to the sum of their absolute values is for both numbers to have
the same argument. In our case this would require ¢” = =1, contradicting our
assumptions on a and m. Thus |o;(x,,)| < 1 fori & Iy and all m # 0. Similarly,
for i € Iy we have by Lemma 6.3.4 that

oi1(e" +¢e™™)

1 1
>—|8T|—1 > —la;)| —1>2" 1> 1.
2 2 2

|Gi(xm)| =
Next we have that
6i(b) = (0:0em)® + 01y (@ = 1)) (03 Cem)* + i (1 — 03 (x2))),

where for i € I, we have that ¢; > 1 and for i & Iy we have that 0 < @; < 1.
Consequently, for i € Iy we have that

|01 () + 0i(ym)*(af — 1)| = |20 (xn)* = 1] = 2|03 (xp)* = 1 > 1,
and fori ¢ Iy we have that 0;(x,,) € R and

Ui(xm)z - Gi(ytrz)z(l - alZ) < Ui(xm)z <1,
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while at the same time
0 () — 0i(ym)* (1 —af) =20 (xy)* — 1> —1.
Hence for i ¢ I it is the case that
|01 (xn)* + 0 (ym)*(@* = 1| < L.

Thus, since m is fixed we can choose s to make |o;(b)| arbitrarily large fori € Iy
and arbitrarily small for i ¢ I,. In particular we can arrange that |o;(b)| > 22"+2
fori € Iy and |o;(b)| < % fori & I.

Note also that for all i if 0;(b) € R we have that o;(b) > 0. Indeed, the first
term in the product is a square and the second term is the sum of a square and
a positive number times a square.

Further, for i ¢ Iy we have that o;(b> — 1) < 0 cannot be a square in o;(K)
and therefore b> — 1 is not a square in K. Finally, the equivalences in the

statement of the lemma will hold simply because

x,i = 1 mod y,,
(@* — 1)y2 = —1mod x,,
and
1—x2 =1modx?.

6.4 Non-integral solutions of some unit norm equations

In this section we will consider solutions to norm equations which are not
integral. We will continue to call these solutions units because they will be
units of some rings of WW-integers. (We remind the reader that we use the term
“W-integer” for the cases where W is infinite as well as for the cases where W
is finite.) If we select the set YV properly with respect to the extensions under
consideration, the set of solutions to our norm equations will once again serve
as a basis for the Diophantine definitions we seek.

Proposition 6.4.1. Let K be a totally real number field. Let F be a subexten-
sion of K such that the extension K /F is cyclic. Let L be a totally complex
extension of degree 2 of Q and let E be a totally real cyclic extension of Q
of prime degree p > 2. Assume that p is relatively prime to [K : Q). These
extensions are described in the following diagram:
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cyclic, factors of Bx do not split

FEL KEL

p p
2
2 FL KL
P splits P splits
FE ( completely KE { completely
primes of WY \{B}
o not split.
F K

cyclic, PBr does not split

Next consider the system of norm equations

{NLEK/EK(X) =1,

6.4.1
Niek/ix(x) = 1. ( )

Let Vi consist of primes of K not splitting in the extension K E/K. Let 3 be
a prime of K satisfying the following conditions:

1. B must lie above an F-prime 3 not splitting in the extension K /F. (This
is where we need K /F to be cyclic. Otherwise we might have no primes
which do not split.)

2. B should split completely in the extension FEL/F.

3. P should split completely in the extension EKL/K.

Let Wi = Vg U {B}. Let Wk g be the set of primes of K LE lying above the
primes of Wk. Let r € N satisfy the following requirements:

1. Let m € N be such that, for any root of unity £ € LEK, we have §" =1
Then r = 0 mod 2m.
2. Also, r/m = 0mod hpgr, where hygr is the class number of FEL.

Let x € Ok wy,, be a solution to system (6.4.1). Then x" € LEF. Further,

the set of non-root-of-unity solutions to the system in Ok g wy, is not empty.

Proof. First of all, by Lemma B.3.3 we have that [LKE : EK] =2, [LEK :
LK1= p,[LEF : EF1=2,[LEF : LF] = p. Further, the fields KE, FE
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are totally real and the fields LK, LKE, FL, FLE are totally complex. From
Proposition 6.2.1 we can conclude that if x € LEK is a solution to this system
then the divisor of x must be composed of the primes lying above primes of
EK and LK splitting in the extensions LEK /EK and LEK /LK respectively.
Given the fact that both extensions are cyclic of distinct prime degrees, we can
conclude that L E K-primes occurring in the divisor of x lie above K-primes
splitting completely in the extension L E K /K. Further, since LEK/EK is a
totally complex extension of degree 2 of a totally real field, all the integral
solutions to this system of norm equations have to be roots of unity. Absence
of non-root-of-unity integral solutions leads to the following consequence. Let
X1, X be two solutions to the first equation of the norm system above such that
x1 and x; have the same divisor. Then x| = xj.

Given our assumptions on 3 > and ‘3 and on the degrees of the extensions, by
Lemma B.4.8 no factor of 3 in F E L will split in the extension K EL/FEL.
By our choice for the membership in Wg, we have that x is a solution to our
system while being an element of the integral closure of Ok yy in LEK only if
the divisor of x consists of the factors of B in LK E.

Let p be a factor of 3 in L EK . Note that by Lemmas B.3.5 and B.3.6, we
have that

Gal(LEK /LK) = Gal(EK /K) = Gal(E/Q),
Gal(LEK/EK) = Gal(LK/K) = Gal(L/Q),
Gal(LEK /K) = Gal(LEK/EK) x Gal(LEK /LK).

Now let o be a generator of G(LEK/EK) and let o be a generator of
G(LEK/LK).Then o 0 = ooy will generate G(LE K /K). Since I3 splits
completely in the extension LEK /K, if t;, » € G(LEK/K) are such that
71(p) = 1a(p) for some K L E-factor p of 3 then 7; = 1,. Denote oiaé(p) by
p;j» where i =1,2and j =1,..., p. Suppose now that z € Og g wy,, is a
solution to the norm system. Then the divisor of z is of the form 3 =[] pff'j’ ,
with

Z aij=0. (6.4.2)
ij
Since each p; ; is the only unramified factor of the prime below itin FLE, we
can consider 3 as adivisor of FLE.Let w be an element of F L E whose divisor
is 3"7L£_ Then, as in the argument used in the proof of Proposition 6.2.1, we
have that (6.4.2) implies that Nr;g/re(w) = v, where v € FE is an integral
unit and NFLE/FE(Uilwz) =1.
Next we observe that FLE N KE = FE, since FE is the largest totally
real subfield contained in FLE. Thus FLE and K E are linearly disjoint over
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FE by Lemma B.3.3. Therefore NKLE/KE(U’le) = NFLE/FE(U’lwz) = 1.
The divisor of v~'w? is the same as the divisor of 72722 however. Therefore
Z2hrem — (y=ly2ym ¢ FLE.

Are we guaranteed to have such solutions? Indeed we are. Let y € LEK
be such that its divisor is p“, where a € N. (Such a y certainly exists if a =
0O mod h; g, where hy gk is the class number of L E K .) Next, consider

_yogory) __ y/ouy)  _ y/oe®y)
oL(y)oe(y)  orp(y)/opor(y) orL(y)/oLoE(y)

We claim that x is not a root of unity and satisfies the norm system above. First
of all note that since y = u /o () = v/og(v), the EK-norm and L K -norm of
y are equal to 1. Second, note that the divisor of x is of the form

< popoL(p) )a
oL(Moe®))
But, by the argument above, the primes p, o (p), og(p), ogor (p) are all distinct.
Thus the divisor of x is not trivial and x is not a root of unity. O

The next proposition addresses the question of the existence of a prime ‘3
satisfying all the requirements listed above.

Proposition 6.4.2. Let K, F, L, E, p be as above. Then there are infinitely
many primes P satisfying the following conditions:

1. ‘B lies above an F-prime P not splitting in the extension K / F.
2. B splits completely in the extension FEL/F.
3. B splits completely in the extension EKL/K.

Proof. Consider the extension KEL/F. By Lemma B.3.3 the fields
K, FE, LF are pairwise Galois extensions of F that are linearly disjoint over
F, and therefore by Lemma B.3.6 we have that

Gal(KLE/F) = Gal(K/F) x Gal(LF/F) x Gal(EF/F).

Let ok be the generator of Gal(K LE/F LE) = Gal(K/F), where the congru-
ence holds by Lemma B.3.5. Further, by the same lemma, the restriction of og
to K generates Gal(K / F'). Now let p; r be a prime whose Frobenius automor-
phism over F is og. Then px = pgz N K is not moved by the restriction of
ok to K. Hence pg is the only factor above pr = px N F. The decomposition
group of pg; z over K is equal to Gal(KLE/K) N G(pg ). however, where
G(pgpg) is the decomposition group of pg;r over F. But this intersection
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contains the identity only. Therefore py splits completely in the extension

Goverr(PrrE) = GoverF(Pkre)/ Gover FLE(Pgrp) = {id},

where Goverr(Prrp) s the decomposition group of pp;  over F, Goverr(Prrr)
is the decomposition group of pg; r over F, and Gover rLE(Pgrg) 1S the decom-
position group of pg;r over FLE. Thus p splits completely in the extension
FLE/F. Now our assertion follows by the Chebotarev density theorem. ([

The next proposition is a generalization of Lemma 6.1.6 for the case of
WW-units.

Proposition 6.4.3. Ler L be a totally real field. Let d € L be such that L(v/d)
is a totally complex extension of Q. Let K be a totally real cyclic extension of
L of odd prime degree p. Let W, /3 be a set of primes of L(+/d) not splitting
in the extension K (v/d)/L(~/d). Let € be an element of the integral closure of
Oy VW, in K(v/d). Then the following statements are true.

e [f ¢ satisfies

Ngwayrwa(e) =1 (6.4.3)

then ¢ € OK(«/E)'
® There exists a natural number m, depending on K, L, d only, such that e™ €
K.

Proof. Since ¢ is an element of the integral closure of O LD Wy in K (\/c_i ),
by Proposition 6.2.1, the only primes which can appear in the denominator of
its divisor are the factors of the primes in W, /3. Since Ng( /a1, /a)(€) = 1,
however, we must conclude that every prime appearing in the divisor of &
must have a distinct conjugate over L(v/d). This is not true of the primes in
Wy (vay» by construction. Therefore, the only elements of the integral closure of
0] LD, s in K (\/c_l) satisfying (6.4.3) are integral units. At the same time,

since the integral unit group of K (+/d) has the same rank as the integral unit
group of K, there exists a natural number m > 0 such that the mth power of
any integral unit in K (+/d) is in K. Hence the lemma is true. O
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Diophantine classes over number fields

In this chapter we prove the main known results concerning the Diophantine
classes of the rings of integers and JV-integers of number fields. We start by
constructing Diophantine definitions of Z over some of these rings. Next we
use these definitions to put together parts of the big picture of the Diophantine
classes of the rings of VW-integers of number fields, discussed in Chapter 1. Most
of the chapter is taken up with proving vertical results, i.e. resolving problems
of the following nature. Let Ry C R, be integral domains with quotient fields
Fy, F, respectively, such that R, is the integral closure of Ry in F> and F,/F;
is a non-trivial finite field extension. Then give a Diophantine definition of R,
over R, or alternatively show that Ry <pjepn Ro.

The proofs of all the vertical results presented in this book can be classified
as being done by one of two vertical methods, which we name “weak” and
“strong.” These methods were developed by Denef and Lipshitz in [15], [19],
and [18] and consequently used by Pheidas in [68] and by the present author in
[91], [99], [101], [106], [93], and [103].

Before presenting the details of the constructions for particular rings, we
describe the main features of the weak and strong vertical methods.

7.1 Vertical methods of Denef and Lipshitz

7.1.1. The weak and strong methods As we have noted above, the method
used to solve vertical problems over number fields has a “weak” version and
a “strong” version. In the weak version, the norm equations in combination
with some bound equations assert that if solutions can be found in the ring
above, for a given value of a parameter, then this value is in the ring below.
And, conversely, if the parameter is equal to a rational integer then the solutions
will be found in the ring above. In the strong version, the norm equations in

96
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combination with the bound equations assert that the solutions can be found in
the ring above if and only if the parameter is equal to a specific kind of element
below, for example, a rational integer.

Which method is used depends on the kind of control that we exercise over
the solutions of the norm equations, as will be demonstrated by the examples
below. We will start with a formal description of the weak version of the vertical
method.

Lemma 7.1.2. The weak vertical method Let K/F be a number field exten-
sion with a basis A = {1,a,...,a"™ '} C Og. Let x € Og and w, y € Op.
Assume that y is not zero and is not an integral unit. Let ¢ € N be fixed and let
n = [K : Q). Suppose that the following equalities and inequalities hold:

m—1
x = Za,-a", a; € F, (7.1.1)
INgx/@(Da;)l < [Ngo(y)l, (7.1.2)

where D is the discriminant of A, and
x = w mod y*. (7.1.3)

Then x € Op.

Proof. From (7.1.1) and (7.1.3) we conclude that

x—w=(a—w)+a+-+a,_1¢""" =0mod y*.
Thus
X—w a-—w  a Am—1
= ym tome Tt et €0k

By Lemma B.4.12 for i =1, ..., m — 1 we have that Dai/yz” € Of and
therefore that on the one hand [Nk ,q(Da;)| > NK/Q(yzc) or |[Ng,q(a;)| =0.
On the other hand, from (7.1.2) we conclude that

INk/o(Dai)| < [Nk ,g)I° < Nig(»)*,
since y isnot anintegral unit. Hence fori =1, ..., m wehave that [Ng g(a;)| =

0 and therefore thata; = Ofori = 1,...,m — 1. Consequently x € Op.

Lemma 7.1.3. The strong vertical method Ler K/F be a number field
extension. Let x,y € Ok, w € Of. Assume that y is not zero and is not an
integral unit. Let ¢ € N be fixed. Assume that the following equations and
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inequalities are satisfied. For all embeddings o of K into C,

lo(x)] < INgo(y)I, (7.1.4)
lo(w)| < INg(¥)I, (7.1.5)

x = wmod 2y*" in Ok, (7.1.6)

wheren = [K : Q]. Then x = w € Op.

Proof. From (7.1.6) we can conclude that either x = w or
INg/g(x — w)l = 2"Ng/g(y*™).

At the same time, from inequalities (7.1.4) and (7.1.5) we conclude that
INg/o(x — w)| < 2"Ng/o(y™).

Since y is not an integral unit, [Ng,o(y")| < NK/Q(yz"”). Thus we must con-
clude that x = w. O

Remark 7.1.4. The difference between the weak and the strong vertical meth-
ods ultimately boils down to the fact that in using the weak method one does
not have to have a bound on the element of the smaller field in the congruence,
while such a bound is necessary for the stronger method.

7.2 Integers of totally real number fields and fields with
exactly one pair of non-real embeddings

In this section we discuss the construction of a Diophantine definition of Z
over the rings of algebraic integers of totally real number fields and of fields
with exactly one pair of non-real embeddings. The result concerning totally real
number fields was originally proved by Denef in [18]. The construction for fields
with exactly one pair of non-real embeddings was first carried out independently
by Pheidas in [68] and the present author in [91]. We will closely follow these
constructions, which are examples of the strong vertical method.

In what follows K, a, e, n,C,o0;,0;;,d,d;, &, Iy, mg will be defined as in
notation lists 6.3.1 and 6.3.3. Further, let ¢ be the constant from Note 5.2. Now
consider the following statements, in which all the variables range over Ok

x2— (@ -1y’ =1, (7.2.1)
w2 — (@ —1z2 =1, (7.2.2)
w— 8z = (w — 872)°, (7.2.3)
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u?> — (@ — 1’ =1, (7.2.4)

s2— b —1)y* =1, (7.2.5)

0<0i0) <27 oi@I=C, loiwlz=3  i¢gl, (12.6)
v#0, (7.2.7)

v, (7.2.8)

b =1mod z, b=amodu, (7.2.9)

s = x mod u, (7.2.10)

t=&modz, (7.2.11)

n

H(i &I —x)]|f, where f # 0and 2" f") |z, (7.2.12)
i=0
Before we explore the meaning of these equations for the variables involved,
we should note that (7.2.6) can be rewritten in a Diophantine form by Corol-
lary 5.1.2. Further, condition (7.2.7) is Diophantine by Proposition 2.2.4.
Now assume that the equations in (7.2.1)—(7.2.12) have solutions in O . We
show that this assumption implies that £ € Z. Indeed, using Lemma 6.3.5, our
assumptions on a, and the part of (7.2.6) which has to do with o;(b), we can
conclude the following from (7.2.1)—(7.2.5):

x = Fxp(a), y = £w(a),
w = Ex.(a), z = Eyen(a),
u = xx,(a), v =Zyu(a),
s = +x;(b), t=y;(b)

for some k, h, m, j € N, where we again use Notation 6.3.1. (To see that b sat-
isfies the appropriate assumptions, note the following. Since b € Ok we have
that [, loi(D)] Hig/n loj(b)| > 1. Thus (7.2.6) implies that [, |oi(b)| >
216(1=m0) Tf o = 1 we have that |b| > 210D 5 22042 for p > 2. If my = 2
then n > 3 and |b;| > 28"~2; in this case we have 28("=2 > 22+2 gn(d there-
fore the size requirement for b is satisfied also.) Thus (7.2.6)—(7.2.11) can be
rewritten as the following equations:

l6i(yen(@)| = C,  loi(xm@)| = 5. i ¢ I, (7.2.13)
ym(a) # 0, (7.2.14)

Yer(@) | ym(@), (7.2.15)

b= 1mod ye(a), b = a mod x,,(a), (7.2.16)
x;(b) = £xi(a) mod x,,(a), (7.2.17)

£y;(b) = &€ mod y.(a). (7.2.18)
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From Lemma 6.3.6 and (7.2.13) we also have the following congruences:

yib)=jmod(b—1) = y;j(b)=jmodyem(a) by (7.2.16),

(7.2.19)

j ==& mod y,;(a) by (7.2.18), (7.2.20)

xj(b) = £x;(a) mod x,,(a) by (7.2.16), (7.2.21)
xj(a) = £xr(a) mod x,,(a) by (7.2.17), (7.2.22)
k==4j modm by (7.2.22), (7.2.23)
Yen(a) | m by (7.2.15), (7.2.24)

k ==+j mod y.(a) by (7.2.23) and (7.2.24), (7.2.25)
k = £& mod 2" f<" by (7.2.12) and (7.2.20). (7.2.26)

From Lemma 6.3.6 we also have that k < |x;(a)|. Thus, by Lemma 5.2.1
and (7.2.12) we conclude that k < |xi(a)| < [Ng/o(f)°]. Similarly, for i =
1,...,n we have that || < [Ng/o(f)|°. Therefore, by the strong version of
the vertical method, & = +k € Z.

Next we show that if § € N, & > n (so that [['_,(i — &) # 0), then (7.2.1)-
(7.2.12) can be satisfied in all other variables in Og. Setk = &, x = x;(a), y =
yk(a). Then (7.2.1) is satisfied. By the properties of WW-units (see Defini-
tion 6.1.1) and by the properties of the solutions to Pell equations (see Sec-
tion 6.3), we can find & € N such that (7.2.12) is satisfied by z = y,;(a) with
|o;(Yen(a))| = C for all i & Iy. Set w = x,j,(a). Then (7.2.3) and the z-part of
(7.2.6) are satisfied. By the properties of VV-units and again by the properties
of solutions to Pell equations, we can find m € N such that yezh(a) | ym(a) and
lo;(xm)| > % fori & Iy. Set u = x,,(a), v = y,(a). Then (7.2.4), the u-part of
(7.2.6), and (7.2.8) are satisfied. By Lemma 6.3.2, there exists b € Ok satisfy-
ing the b-part of (7.2.6) and (7.2.9). Set s = x;(b), t = yx(b). Then (7.2.5) is
satisfied. Finally set w = xj;(a), Z = yn(a), and the properties of solutions to
Pell equations will ensure that the remaining conditions are also satisfied.

We summarize the discussion in this section in the following theorem.

Theorem 7.2.1. Let K be a number field which is totally real or has exactly
two conjugate non-real embeddings. Then 7. =pjopn Ok-.

7.3 Integers of extensions of degree 2 of totally
real number fields

In this section we present a construction of a Diophantine definition of Ok over
Oy, where K is a totally real number field and M is an extension of degree 2
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of K. This result was originally proved by Jan Denef and Leonard Lipshitz in
[19]. We will use the weak vertical method 7.1.2 to reach our goal.

Leta € Ok be such that M = K (\/a). Let d be defined as in Lemma 6.2.2.
Let n = [K : Q]. Let ¢ be the constant from Note 5.2.3 adjusted for D = 4a.
Now consider the following equations, in which all the variables range over the
specified domains and k is defined as in Lemma 6.2.2:

Nyaym@© =1, e € Oyl[Vdl, (7.3.1)

Nywaymu@® =1, 8€ 0ylVdl, (73.2)

Nywamu@ =1 v e OylVdl, (7.3.3)
F—1=wE" -1, w e OylVdl, K =140, (7134
x—w=@"—Du, wueOylVdl, xeOu, (1.3.5)
=D =8 -1, veoulVd, (7.3.6)

2n
2[[a—xy=y" -1,  yeoulVdl. y*-1%0. (7.3.7)
i=0

We claim the following.

1. If these equations are satisfied by variables ranging over the specified
domains then x € Og.

Proof. From (7.3.1)~(7.3.3), by Lemma 6.2.2 we conclude that ¥, §, y* ¢
Ok (a)- Therefore (7.3.4) implies thatw € O /z also. Further, from (7.3.7)
we also have that by Lemma 5.3.3

X =ay+aa, where ag, a; € K(v/d) (7.3.8)

and

Nyvao@aa) < Ny m o' = 1F. (1.3.9)

(Note that we have included a factor 2 in the product dividing y* — 1 to
make it obvious that y* — 1 is not an integral unit.) Now, by the weak
vertical method applied to (7.3.5) we conclude that x € O /z- Since by
assumption x is also in M, and K(\/c_i) N M = K as in Lemma 6.2.2, we
conclude that x € Og. |

2. If not all conjugates of a over Q are real then equations (7.3.1)—(7.3.7) can
be satisfied for any x € N, x > 2n. (If all the conjugates of a are positive
then M = K(+/a) is a totally real field. We took care of totally real fields in
Section 7.2.)



102 Diophantine classes over number fields

Proof. Indeed, if not all conjugates of a over Q are positive then K (+/d)
is not a degree-2 non-real extension of Q and therefore K (+v/d) has integral
units which are not roots of unity. Further, K (\/E) has real embeddings
and therefore it does not have roots beyond 1 and —1. (We remind the
reader that by the construction of d we have that, for every embedding o
of M(+/d) into its algebraic closure, o (K (v/d)) is a real field if and only if
o (M) is not a real field.) Let A ## %1 be an integral unit of K (+v/d). From
the discussion in Section 6.1 we can assume A € Og[+/d]. Let x € N be
given. From the discussion in Section 6.1 on WW-units, it is also clear that for
some positive / € N we have that 2 ]—[izio(i —x) | (A\! = 1). (The assumption
that x > 2n ensures that the product is not zero.) Let y = A!. Then (7.3.7)
is satisfied. By the same argument as above, there exists a non-zero »r € N
such that (y — 1) | (A" — 1). Let § = A”. Finally, let ¢ = §*. Thus all the
remaining equations are satisfied. Since O has an integral basis over Z, the
last observation concludes our proof. O

The only remaining task is to rewrite the norm equations in polynomial form
and adjust all the other equations to make sure that the variables range over Oy,
as opposed to Oy [+/d]. The first task has been discussed already in subsec-
tion 4.1.1 and the second can be performed using coordinate polynomials (see
appendix section B.7).

Taking into account the transitivity of Diophantine generation and Theo-
rem 7.2.1 we see that we have proved the following.

Theorem 7.3.1. Let K be any extension of degree 2 of a totally real field. Then
Ok =pioph L.

This theorem has an easy corollary, which is of some interest.
Corollary 7.3.2. Let K be an abelian number field. Then Og =piopn 2.

Proof. First of all we observe that any abelian number field is either totally
real or an extension of degree 2 of a totally real number field. Indeed, if a Galois
extension is not totally real then it is not a subfield of R and therefore complex
conjugation must be an element of its Galois group over Q. In this case the fixed
field of complex conjugation must be a real abelian extension of Q and there-
fore totally real. This totally real subfield will of course be a subfield of degree
2. (An alternative approach to proving this fact would involve the Kronecker—
Weber theorem (Theorem 5.9, Chapter V of [37]), stating that all abelian exten-
sions are subfields of cyclotomics, which are extensions of degree 2 of totally
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real fields. To finish the job we would then need to apply the transitivity of
Dioph-generation.) O

7.4 The main results for the rings of /V-integers and an
overview of the proof

Below we state the strongest results concerning the definability of Z over large
rings of W-integers. They provide a measure of how close we have come to
proving the Diophantine undecidability of a number field and how far we have
yet to travel. Poonen’s results will bring us considerably closer.

Before we proceed we would like to remind the reader that an introductory
discussion of rings of WW-integers can be found in Section B.1 of the number
theory appendix.

Theorem 7.4.1. (See Theorem 7.9.4) Let M be a totally real field or a totally
complex extension of degree 2 of a totally real field. Then for any € > 0O there
exists a set Wy of primes of M whose Dirichlet density is greater than 1 — [M :
Q17! — & and such that Z has a Diophantine definition over Oy yy,,.

Theorem 7.4.2. (See Theorem 7.9.4) Let M be as above and let ¢ > 0 be
given. Let Sq be the set of all the rational primes splitting in M. (If the extension
is Galois but not cyclic, Sg contains all the rational primes.) Then there exists a
set of M-primes YWy such that the set of rational primes Wg below Wy differs
from Sg by a set contained in a set of Dirichlet density less than & and such
that Z is existentially definable over Oy y,,.

In this section we give an overview of the proofs of the above theorems. We
start with a diagram and a series of observations:

K OK,WK O

Q 0q.sq Z
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Let Wk be a set of primes of a number field K. Let By be a prime of K such
that some conjugate of ‘B over Q is not in Wk . Let B, be the rational prime
below B . Let x € Q be such that OrdeX < 0. Then x ¢ Ok yy, . Indeed, let
Qk be a conjugate of Py over Q that is not in Wy . Then Q is a factor of P
in K and therefore ordg, x < 0. Since x has a pole at a prime outside Wk, x is
not an element of Ok yy, .

Suppose now that Wx = Vg U Sk, where Vi consists exclusively of primes
P such that P has a Q-conjugate not in Wy, Sk consists of primes all of
whose Q-conjugates are in Wk, and Sk is finite. Then Ok yy, N Q = Ogq s,
where Sg, the set of rational primes below the primes of Sk, is a finite set. If
we were able to show that

OK,WK N @ SDioph OK,WK (741)

then, using the factthat Z <p,opn Oq,s, and the transitivity of Dioph-generation,
we could conclude that Z <p;an Ok, w, . Thus the problem would be reduced
to a vertical question and we would have to determine for which Wg we can
show that (7.4.1) holds. However, there is a price to pay for this reduction: the
density of Wk, as we will see below, cannot in general exceed 1 — [K : Q]!

Let us begin with the class of fields about which we know the most: totally
real number fields. First we consider the following. Let K be a totally real
number field and let M be its Galois closure over Q. Then M is also a totally
real number field. Further, let W be a set of primes of K and W), the set of
primes of M above the primes of Wx. Then Oy yy,, is the integral closure of
Ok wy in M and O, <pioph Ok, w, by Proposition 2.2.1. Suppose that we
could show that (7.4.1) holds for M and W), instead of for K and Wg. Then,
by the transitivity of Dioph-generation, Oy, w,, N Q <piopn Ok, - But

Omwy, NQ=Ouw, NK)YNQ = Ogw, NQ.

Thus (7.4.1) holds in this case. Consequently, without loss of generality we can
assume that K /Q is a Galois extension.

Now let Fi, ..., F, be all the cyclic subextensions of K over Q. Suppose
further that fori = 1, ..., r we have that

Ox wy N Fi <pioph Ok, wy-
By the finite intersection property (see subsection 2.1.19), we then have
Ok we NFL N -0 Fy Zpioph Ok Wy -

But Fy N---N F, = Q because elements of the intersection are not moved by
any cyclic subgroup of Gal(K /Q) or, therefore, by any element of Gal(K /Q).
Consequently Ok, N Fi N---N F, = Ok w, NQ and we have the desired
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result. Thus it is enough to solve the vertical problem for the case of cyclic
extensions of totally real number fields.

So, to solve the problem in the cyclic case we will apply the weak vertical
method, which requires bounds on the elements of the ring. To impose bounds
we will use a technique from Chapter 5: we will require that Wy consists of
primes not splitting in certain extensions of K. This requirement will impose an
independent constraint on the densities of the prime sets that we will consider
for the vertical problem: these densities will have to be strictly less than 1,
though they can come arbitrarily close to 1. If we combine the constraint on
density coming from the bound equations and the constraint on density coming
from the method for reducing the problem of defining Z to a vertical problem
then we can conclude that we will be able to consider a prime set Wy of density
strictly less than 1 — [K : Q17! but arbitrarily close to 1 — [K : Q1.

7.5 The main vertical definability results for rings of
W-integers in totally real number fields

Most of this section is devoted to proving the vertical result (Theorem 7.5.6)
described above, which will provide a route towards a Diophantine definition
of Z over “large” rings of W-integers. As we observed earlier, it is sufficient
to prove a special case of the problem, the case of a cyclic extension, and this
can be done by the weak vertical method. We start with a notation list for this
section.

Notation 7.5.1.

* Let K be a totally real number field with [K : Q] = n.
* Let F be a subextension of K such that the extension K/F is cyclic and
[K: F]=m.
e Let L be a totally complex extension of degree 2 of Q.
* Let E be a totally real cyclic extension of Q of degree p > 2 with (p, n) = 1.
* Let§ € Ogy be a generator of EL over Q.
¢ Let Go(T) be the monic irreducible polynomial of § over Q.
eFori=1,...,nletG(T)=Go(T +1i).
* Let Vi be a set of primes of K satisfying the following requirements.
(a) No prime of Vi splits in the extension K E /K . Since K LE /K is a Galois
extension, this assumption will also imply, by Proposition B.1.11, that
no prime of Vi has a relative-degree-1 factor in the extension K LE /K.
(b) No prime of Vi divides the discriminant of G; for any i.
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e Letly=0,...,[, where s = pn, be distinct natural numbers.

e Let Py be a prime of K satisfying the following requirements.
(a) Px must lie above an F-prime P not splitting in the extension K/ F.
(b) ‘B must split completely in the extension FEL/F.
(c) Px must split completely in the extension EKL/K.
(d) ‘Bg does not divide the free term of any G;.

e Let Wg =V U {‘I;K}

e Let Wk be the closure of Wy with respect to conjugation over F.

¢ Let Wk Lk be the set of primes of K L E lying above the primes of Wk.

¢ Let r be defined as in Proposition 6.4.1.

* Let y € Ok generate K over F.

¢ Let P be a rational prime with all its K-factors outside Wg. (Such a P can
always be found, by Lemma B.4.7.)

¢ Let Q be a rational prime below L.

e Let hg, hr be the class numbers of K and F respectively.

Before we proceed with the main theorems of this section, we need to note
several technical points.

Lemma 7.5.2. The following statements are true.

1. Foralli =0,...,nwe have that G; is an irreducible polynomial over K.

2. For any pairi # j we have that G; and G ; do not have any common roots.

3. Let I, h be positive integers. Assume also that | > e(P g /Q), the ramification
degree of By over Q. Then for any x € K, and anyi =0,...,n, any q €
Wk, and any j =0, ..., s we have that orqu,-((Qxl)h + 0l <0.

4. Vk can contain all but finitely many primes of K not splitting in the extension
EK/K.

5. There are infinitely many By satisfying the requirements listed in Nota-
tion 7.5.1.

Proof. 1. First of all, we observe that by Lemma B.3.3, our assumptions on L,
and our assumption on p and n we have that K and E are linearly disjoint over
Q. Therefore [EK : K] = [E : Q] = p and Gy is irreducible over K. Conse-
quently, G;(T) = Go(T + i) is also irreducible over K foralli =1,...,n.

2. Since for all i, j we have that G; and G; are irreducible over Q and of
the same degree, the only way in which they can have a common root is if
Gi(T) = cGj(T), wherec € Q. Butboth polynomials are monic and thus would
have to be equal. If G; = G, however, then we have that all the roots of G
differ from each other by an integer and hence that G'(§) € Z, where 0 <
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deg(G’) = deg(G) — 1. This would of course contradict the fact that G is the
monic irreducible polynomial of § over Q.

3. First note that for all i =0, ...,n we have that 6 —i € Ok generates
K LE over K. Thus, since no prime of Vg will have a degree-1 factor in the
extension K LE/K by LemmaB.4.18, forall Q € Vg, forallG;,i =0, ...,n,
and for all y € K we know that ordqaG;(y) < 0.Nextlety = (OxH" + Ql; for
some j =0, ..., s. We have to consider two cases. If ordg x < 0 then, by our
assumption on /, we conclude that ordg, (( oxH + ;) < 0 and, since G;(T)
is monic with integral coefficients, ordy, G;(( oxHh + QI ;) < 0.If ordg, x >
0, however, then ordg, (( oxH + Ql;) > 0 and therefore ordg, G;(( oxH +
Ql;) = 0, since P does not divide the free term of any G;.

4. This part follows from the fact that only finitely many primes can divide the
discriminants of any G;,i =0, ..., n.

5. This assertion follows from Proposition 6.4.2. O

We are now ready to apply the weak vertical method.

Theorem 7.5.3. Applying the weak vertical method to the case of cyclic
extensions of totally real number fields Ler xi,xp, x3 € Ok, [6] C
Ok LE Wy, be solutions to (6.4.1) such that x\,x,,x3 are not roots of

unity; letz, 10, ..., c12p-1 € Og wy, letw; € Og w, [8]1 € OgrEWe,sr J =
1,...,2p — 1, and assume that
2p—1 r
-1 .
I1 (z—xi—l—c;f‘;wj>=0, j=1,....2p—1, (151)
xh —

j=1

where c is the constant defined in Corollary 5.3.5, adjusted for the case where
D is equal to the discriminant of the power basis of y,

,
x;— 1

= € Ok w8l (7.5.2)
xy — 1

x| :Cl,0+cl,]8+"'+C1,2p—162p71’ (7.5.3)

hr
€1,

—_——— €
PG,(z— Ql})
i=0,...,s, u=0,...,n, j=1,....2p—1. (7.54)

Ok Wy

Assume further that 7 = (Qx'Y'* = «a/B, a, B € Ok, and o and B are rela-
tively prime, while | > e(Px /Q), as in Lemma 7.5.2. Then z € F N Ok yy, .-
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Conversely, if x € N then there exist x1, x2, x3 € Og W, [6] € OkLE W, e
C1,05 -+ C1,2p—1 € Ok Wy and w;j € Oxwl8]l € OkiLE W, s J =
1,...,2p — 1, such that xi,x,,x3 are not roots of unity and (6.4.1)
and (7.5.1)—(7.5.4) are satisfied.

Proof. By Proposition 6.4.1, we have that x{, x5, x; € FLE. Therefore c; ; €
KNFLE =F forall j =0,...,2p — 1. Next suppose that all the product
terms in (7.5.1) which are zero have ¢ ; = 0. Then z = (x} — 1)/(x} — 1) €
K N FLE = F and we are done. Therefore, without loss of generality we can

assume that for some j* € {1, ...,2p — 1} we have that ¢| ;- # 0 and
xg -1 hpc
— = —c{"wj» =0. 7.5.5
Z xg ] Cl,] Ww; ( )

Since P has all its factors outside Wk, they must be outside Wy also. Indeed,
if v is a factor of P in Wy \ Wk then t must have an F-conjugate t € Wg.
But if v and t are conjugates over F, they are also conjugates over QQ and t©
must be a factor of P, contradicting the choice of P. Thus ¢, j is divisible by
at least one prime outside Wy and therefore is not a unit of O K., - Hence,
by Corollary 5.3.5, ci’F] = yv where y € Op, y is not an integral unit, y is
not divisible by any prime of Wk, v € F is divisible by primes of Wk only,
and

INkjo(De)| < N[, i=0,....m—1 (7.5.6)
with
NkoB)z=e+ery+-+eny"', eeF. (157

Next we turn our attention to the equations in (7.5.1) and (7.5.2). First of all
let

.
x3—1

=t fis+ -+ frp87, fi € Oxwy NF,
-

wj* = gO,j* + gll*(s + o+ g2[l—1.j*62[,_17

where go i+, ..., 82p—1,j+ € Ok, w,- Then (7.5.1) can be rewritten as

72— (fo+fi6+-- ,+f2p_152p*1) = Ciflji(go,j* +g1,j+8 4+ + g2p_1j*52p71).

Since § is of degree 2p over K, we can conclude that

chp
z— fo=c] |80+
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Further, Nk ,0(B)z — Nk ,0(B) fo = y°8, with g € Ok w, . Since y € Or is not
divisible by any prime in Wx and fy € F N Ok yy,, by the strong approxima-
tion theorem, for some f € Of we have that (Ng,o(B) fo — f)/y° € Ok -
Thus

Nk,o(B)z — f = y°8. 8 € Ok -

But (Ng,0(B)z — £)/y¢ has anon-negative order at every element of Wy . Thus
g € Og. Now by the weak vertical method (Theorem 7.1.2), we can conclude
that Ng,o(B)z € F.Hence z € F.

Conversely, let x € N. By Proposition 6.4.1 applied to the extension
KLE/K, we can find a solution y € OgpE wy,, to (6.4.1) such that y is
not a root of unity and the divisor of y consists of factors of L only.
By Corollary 6.1.5, also applied to the extension KLE/K, there exists
Iy € N\ {0} such that x; = yl' € Ok w,[8] and (7.5.3), (7.5.4) can be sat-
isfied by c10,...,¢c1,2p—1 € Og,w,. Next, we apply Corollary 6.1.5 again
to find I, € N\ {0} such that x, = yh e Ok wi[6] and x; — 1 =0 mod D,
where ® is the product of the non-Wg parts of the divisors of cf’hj‘,” for
all j=1,...,2p — 1 such that ¢; ; # 0. (For some j=1,...,2p — 1, we
do have that ¢y ; # 0. Indeed, suppose that ¢;; =--- =cy2,-1 = 0. Then
x{ =c10 € Kand1l =Ngrp/ke(x]) = xlzr,makingxl aroot of unity contrary
to our assumptions.) Finally, let x3 = x3. Then x3 is also a solution to (6.4.1).
At the same time,

.
x3—1

= Z—ZEOmodxg—IEOmodxz—l in Z[x2] C Ok w, [8].
x5 —
Since x, — 1 = 0 mod cf’th in Ok wy[8] for all j such that ¢, ; # 0, we can

finda j* € {1,...,2p — 1} such that w; € Ok w, [5] satisfies (7.5.5). O
Corollary 7.54. Ok w, N F <piopn Ok, wy-

Proof. First of all we need to rewrite system (6.4.1) as a system over K with
solutions in K. Let oy =1id, ..., 0, be all the elements of Gal(LEK /LK)
and let 7y =id and 7, be the elements of Gal(LEK/EK). Then let x =
Zfﬁg ¢80, ¢; € K, and consider the system

= (21‘2551 ci“j(y)) =1,
[T (Z?ﬁ&l c,-r,-(cSi)) = 1.

Itisclearthatx € Oy, [S]isasolutionto (6.4.1)ifandonlyifcy, ..., c2p—1 €
Ok w, constitute a solution to (7.5.8).

(7.5.8)
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Similarly, we can set x; = Y 70" ¢80, wy = Y77 fi,8° and rewrite
(7.5.1) as

2p-1 (2250 Yo ,8‘) -1 2p-1

IT]:- el o et Y fus | =0. (159
=1 (Zi=o Cz,i(sl) -1 i=0
Then, if we let A = {1, 8, ..., 8?77}, we can use coordinate polynomials with

respect to this basis to rewrite (7.5.8) and (7.5.9) as polynomial equations with
coefficients in Ok and all the variables ranging over Ok y, . (See appendix
section B.7 for a discussion of coordinate polynomials.)

Next we address the issue of making sure that x|, x,, x3 are not roots of unity.
By our choice of r, it is enough to make sure that x — 1 7 0. To accomplish
this we can again use coordinate polynomials and the fact that Ok yy, is Dioph-
regular. We leave the details to the reader.

Finally, given any x € Ok, and any positive integer [, if we force
xMe (x + Dx L (x +1hg)" < into F then by Corollary B.10.10 we can
conclude that x € F. This observation completes the proof of the corollary. [

We are almost ready for our main vertical result, but we need to add items
to our notation list before we proceed.

Notation 7.5.5.
e Let Fy, ..., F, be all the cyclic subextensions of K.
* Foreach j =1,...,r, let the pair of primes P, P; in F; and K respec-

tively satisfy the requirements listed in Notation 7.5.1, but with respect to the
extension K/ F; rather than the extension K/ F.

* Let Wk ; = Vg U {m]}

e LetUy = Vg U{P}U---U{B,}.

We are now ready to prove the main theorem for this section.
Theorem 7.5.6. Ok 1, N Q <piopn Ok 14y-

Proof. By Corollary 7.5.4, we have that Ok w,, N Fi <pigpn Ok, - Further,
from Chapter 4 we also know that Ok w, , <piopr Ox.uy- Thus, by the tran-
sitivity of Dioph-generation, Ok y,, N F; <piopn Ok u,. Next, by the finite
intersection property of Dioph-generation, we also have that

R = (Q OK’WKJ) nNQ= (Q 0K,Wm> N (ﬂ Fi) ZDioph Ok iy -

i=1
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Finally, using the Dioph-regularity of R, which is a ring of S-integers of Q
with possibly infinite S, together with the transitivity of Dioph-generation,
we get Q <piopn Ok u, and at last, by the finite intersection property again,
Q N Ok ux Zpioph Ok 14y - O

7.6 Consequences for vertical definability over
totally real fields

In this section we will discuss several useful consequences of Theorem 7.5.6.
We will start with a corollary which follows immediately from this theorem.

Corollary 7.6.1. Let K/Q be a Galois extension of degree n with K a totally
real number field. Let E be a cyclic totally real extension of Q of degree p > n.
Let Vi be a set of primes of K not splitting in the extension EK /K. Then there
exists a set of K -primes Vi such that Vg \ Vg) U (Vk \ Vx) is a finite set and
Ok v NQ Zpiogpn Ok py-

Our next step is to observe that we actually have a slightly stronger corollary
than this.

Corollary 7.6.2. Let K/Q be a Galois extension of degree n with K a totally
real number field. Let E be a cyclic totally real extension of Q of degree p > n.
Let Vi be a set of primes of K such that all but finitely many of V do not split
in the extension EK /K. Then there exists a set of K -primes Vi containing Vi
such that Vg \ Vi is a finite set and Ok v NQ =Zpiopn Ok py-

The proof of this statement is very similar to the proof of Theorem 7.5.6 and
we leave the details to the reader. Our next step is to drop the assumption that
the field in question is Galois.

Corollary 7.6.3. Let K/Q be a finite extension with K a totally real number
field. Let K be the Galois closure of K over Q. Let n = [Kg : Q). Let E
be a totally real cyclic extension of Q of degree p > n. Let Uk be a set of
primes of K such that all but finitely many of these primes do not split in the
extension EK /K. Then there exists a set of K -primes Uy containing Uy such
that Ux \ Uy is a finite set and Ok 11, N Q =Zpiopn Ok z3,-

Proof.  First of all, we observe that K¢ is also a totally real number field.
Second, we note that, by Lemma B.3.3 and our assumption on the degrees of
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E and K, we have that K and E are linearly disjoint over Q and therefore
soare K and E. Let B be a prime of K not splitting in the extension EK /K.
Let Py, be the prime below P in Q, and let P . be a prime above Py, in K.
Then, by Lemma B.4.7, we have that B, does not split in the extension E/Q.
Consequently, by Lemma B.4.8, 3 . does not split in the extension EKs /K.
Let Wk, be the set of K -primes above the primes of W . Then primes of Wk,
satisfy the conditions of Corollary 7.6.2. Hence there exists a set of K-primes
Wk, containing Wk, such that Wk, \ Wk, is a finite set and

Ok Wi, N Q =Dioph Oy v, - (7.6.1)

Let WKG be the closure of Wy, with respect to conjugation over K. Since
Wk, is closed with respect to conjugation over K and Wy, is larger than Wk,
by finitely many primes only, Wk, \ Wk, is still finite. Let Wy be the set
of all K-primes below the primes of Wk, and observe that Ok Wy, is the
integral closure of Ok ,y, in K¢. Note also that the set Wg \ Wk is finite.
From Proposition 2.2.1 and Theorem 4.2.4 we have the following:

Ok Wi, =bioph Okg Vg, (7.6.2)
Okc,WKG SDioph OK,WKc (763)
If we now combine the equations (7.6.1)—(7.6.3) and use the transitivity of

Diophantine generation, we may conclude that

QN Okgwy, =bioph Ok iy - (7.6.4)

ButQnN Ok ¢ Wi is Dioph-regular by Proposition 2.2.4 and therefore, again by
transitivity, Q <pjopn Ok W, - Since Ok 1y, <pioph Ok v, by the finite inter-
section property 2.1.19,

QN Ok e Zpioph Ok Yy - (7.6.5)

This concludes the proof of the corollary. O

We can call the preceding results a “view from above,” i.e. from the point
of view of the primes of K. Now we consider the same situation but from the
point of view of the primes of QQ: a “view from below.”

Corollary 7.6.4. Let K/Q be a finite extension with K a totally real number
field. Let K g be the Galois closure of K over Q. Letn = [Kg : Q]. Let E be a
totally real cyclic extension of Q of degree p > n. Let Wy be a set of primes of
Q such that all but finitely many primes of Wy do not split in the extension E / Q.
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Then there exists a set of Q-primes Wy containing Wy such that Wg \ Wy
is a finite set and Oq yy, has a Diophantine definition over its integral closure
in K.

Proof. Let Py € Wy and let P be a prime above it in K. Then, by Lemma
B.4.8, Pk does not split in the extension EK /K. Let Wy be the set of all K-
factors of primes in Wg. Then by Corollary 7.6.3 there exists a set of K -primes
Wy containing Wy such that Wy \ Wk is a finite set and Ok w, NQ <piopn
Ok w, - Let Wk be the closure of Wy under conjugation over Q. Then, since
Wk is closed under conjugation over Q, we have that Wy \ Wk is finite. Let
Wy be the set of rational primes below Wy Then Wy \ W is finite and O KWk
is the integral closure of Og,)y, in K. Thus, as above, we have the following
relations:

OK,V\/K =Dioph OK,WK,
OK,WK N Q =Dioph OK.WK’

and therefore
OK,V_\/K N Q SDioph O[(,WK-

At the same time, Q <pjopn Ok w, N Q by Proposition 2.2.4 as before. There-
fore Q <pigpn O K Wy - Finally, we certainly have Ok vy, <piopn Ok v, - Thus,
by the finite intersection property 2.1.19, Og yy, = QN O yi, <pioph Ok yiy-
This concludes the proof of the corollary. O

We finish this section with two more vertical definability results whose proofs
are analogous to the proofs above and are left to the reader.

Corollary 7.6.5. Let K/U be a finite extension of totally real number fields.
Let K be the Galois closure of K over Q. Letn = [K¢ : Q]. Let E be a totally
real cyclic extension of Q of degree p > n. Let Wy be a set of primes of K such
that all but finitely many primes of Wg do not split in the extension EK /K.
Then there exists a set of K -primes Wk containing Wy such that Wk \ Wk is
a finite set and Ok vy, N U Zpiopn Ok ypy-

Corollary 7.6.6. Let K/U be a finite extension of totally real number fields.
Let K be the Galois closure of K over Q. Letn = [K¢ : Q). Let E be a totally
real cyclic extension of Q of degree p > n. Let Wy be a set of primes of U such
that all but finitely many primes of Wy do not split in the extension EU/U.
Then there exists a set of U-primes Wy containing Wy such that Wy \ Wy
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is a finite set and Oy vy, has a Diophantine definition over its integral closure
inK.

7.7 Horizontal definability for rings of }V-integers of
totally real number fields and Diophantine
undecidability for these rings

In this section we convert the vertical definability results into horizontal defin-
ability results and into a result asserting the Diophantine undecidability of some
rings of W-integers. We start with an undecidability result.

Theorem 7.7.1. Let K/Q be a finite extension with K a totally real number
field. Let K g be the Galois closure of K over Q. Letn = [Kg : Q]. Let E be a
totally real cyclic extension of Q of degree p > n. Let Wy be a set of primes
of K such that all but finitely many primes of Wy do not split in the extension
EK /K. Assume further that all but possibly finitely many primes of Wx have a
conjugate over Q which is not in Wy. Then there exists a set of K -primes Wy
containing W such that Wg \ Wy is a finite set and 7. ZDioph Ok - Thus
HTP is undecidable over Ok y, .

Proof. By Corollary 7.6.3 there exists a set of K-primes Wy containing Wx
and such that Wx \ Wk is afinite setand Q N Ok Wy Zpioph Ok w,-Since Wk
differs from Wk by at most finitely many primes, all but possibly finitely many
primes of W have a Q-conjugate in K whichis notin K. By Lemma B.4.20 we
have that Q N O yy, = Oq,v,, Where Vg is a finite, possibly empty, set. From
Theorem 4.2.4 we know that Z <pjopn Oq,v,, and the theorem now follows by
the transitivity of Diophantine generation. O

Now we state the horizontal definability result.

Corollary 7.7.2. Let K/Q be a finite extension with K a totally real number
field. Let K g be the Galois closure of K over Q. Letn = [Kg : Q]. Let E be a
totally real cyclic extension of Q of degree p > n. Let Wy be a set of primes
of K such that all but finitely many primes of Wy do not split in the extension
EK /K. Assume further that all but possibly finitely many primes of Wx have
a conjugate over Q which is not in Wy. Then there exists a set of K -primes
Wk containing Wy such that W \ Wk is a finite set and O ZDioph Ok Wy -

Proof. From Theorem 7.7.1 we have that Z <pjsn Ok ), - By Proposition
2.2.1 Ok =pioph Z. Therefore by transitivity Og <piopi Ok Wy - O



7.8 Vertical definability for totally complex extensions of degree 2 115

7.8 Vertical definability results for rings of VV-integers
of the totally complex extensions of degree 2
of totally real number fields

In this section we will obtain results, analogous to those obtained in the pre-
ceding section for totally real fields, for totally complex extensions of degree
2 of totally real fields. We obtain these further results, as in the case of the
ring of integers, using the fact that a totally real field and its totally complex
extensions of degree 2 have integral unit groups of the same rank. We will use
this property of these fields in combination with the weak vertical method to
give a Diophantine definition of a ring of VW-integers of a totally real field over
its integral closure in a totally complex extension of degree 2. As usual, we start
with the notation list to be used in this section.

Notation 7.8.1.

e Let K be a totally real field of degree n over Q.

e Let d € K be such that M = K(+/d) is a totally complex extension
of Q.

* Let E be a totally real cyclic extension of Q of odd prime degree p > 2n!.

e Letm € N be as in Lemma 6.4.3.

* Let §g be an integral generator of E over Q (and therefore a generator of M E
over M).

e Let D be the discriminant of 5.

* Let G(T) = G be the monic irreducible polynomial of 8z over Q.

*LetGi(T)=G(T +i),i=1,...,2n.

* Let Wy, be a set of primes of M not splitting in the extension M E/M and
not dividing the discriminant of G;(T) foranyi =0, ..., 2n.

* Let V) be a set of primes of M containing W), and such that the difference
between the sets is finite.

e Let Wy, be the closure of W), under conjugation over K.

* Let ¢ = c(d) be the constant from Corollary 5.3.5 applied to the extension
M/K and the basis {1, v/d}.

e Letly=0,...,[; be distinct integers, with z = 2 pn.

¢ Let Wk be the set of K-primes below Wy,.

® Let hg, hy denote the class numbers of K and M respectively.

* Let P be a fixed rational prime such that all its M-factors are outside Wy;.
(We can again use Lemma B.4.7 to find such a P.)

e Let {w1,...,w,]} be abasis of K over Q.

e leto; =id,..., 0, : K — C be all the embeddings of K into C.
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Our next step is a lemma which will use norm equations to force some elements
of M into K.

Lemma 7.8.2. Let ¢ be an element of the integral closure of Oy, in EM
such that

NME/M(€) =1, (7.8.1)
and assume that " Z _0 a;dy, a; € Oy, w,- Then ¢ is an integral unit of
OEM and ap,...,Aap—1 € OM,WM NK.

Proof. By Lemma 6.4.3 we have that ¢ € Oy and ¢” € K E. Since §g also
generates KE/K and [KE : K] =[ME : M], for some b; € K we have that

ZP 1b 5’ whereb; € K C M. Since b; mustbe equal to g;, the assertion
of the lemma follows. [l

The next lemma makes use of the norm equation to construct a Diophantine
definition. As the reader will see, no doubt, this lemma is very similar in flavor
to Theorem 7.5.3, but some details are a bit different.

Lemma 7.8.3. Suppose that the following equations are satisfied by the
variables ay j, ..., ap_1,j, boj, ..., bp—1,js X, Xr, fsr.00-» forz Uoypse-n,
Up—1,r Vo, ..., Vp_1, ranging over Oy y,, for somes =1,..., p—1, for
allr =0,...,hy,andforall j =1,..., hy + 2:

p—1
v =Y a8 (7.8.2)
i=0
r—1 .
pj =Y b8, (7.8.3)
i=0
Nue/m(pj) =1, (7.8.4)
v = ,0;”, (7.8.5)
X = (x +r)™, (7.8.6)
as1 =0mod P, (7.8.7)
ah’i
fori = =, i=0,...,z (7.8.8)
l_[i=0 Gu(x, —1;)
_ Vo — 1
Uoy + Uy 85 + -+ U,y 80" = v”—l (7.8.9)
L
Xy — UOr - Ul,r8E - Upfl,rag_]

= a;th (vs,().r + vs,l.raE +--+ vS,P—1~r6§71)' (7810)
Then x € K.
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Proof. By Lemma 7.8.2, for all j =1,...,hy +2 we have that v; is an
integral unit of K E and a; ; € Ok yy,. Next, note the following. Let s* be the
value of s for which the equations hold, and assume that a;- ;| = 0. Then we
are done, because (7.8.10) in this case will force x, into M N K(§g) = K and
Corollary B.10.10 will force x into K. Thus without loss of generality we can
assume that the equations hold for some value of s with a,,; # 0. We fix this
value of s for the remainder of the discussion.

We now observe that by Lemma B.4.18, forallu =0, ...,n,forallx € M,
and for all ‘B € W, we have that ord G, (x) < 0. Further, by Corollary 5.3.5
we have that aﬁ’i = 7,5, Where z; € K, ys € Ok, ¥4 #0,y, =0mod P, is a
prime not lying below any prime of M in W), the M-divisor of y, consists of
primes outside Wiy, the M-divisor of z, consists of primes from Wy, and

X =a /By ar,pBr € Ou, (7.8.11)
Nujo(B)x, = eo, +e1,Vd, (7.8.12)
[Nk/o(4de; )| < [Nk (39)]. i=0,1. (7.8.13)

From (7.8.9), (7.8.10) we get x, — Uy, = a;hl’( vs.0.-» Where Uy, € Og -
Further,

Naya(B)xr — Nagyg(B)Uo,r = Nagjo(B)al Fvo, = y°,

where v € Oy yy,,. Since y € Ok is not divisible by any prime of W), and
Nuo(B-)Uo,- € K N Opwy,,» by the Strong Approximation Theorem there
exists U, € Ok such that (Ny,o(B,)Uo, — U,)/y° € Oum,w,. Hence

NM/Q(ﬁr)xr - Ur = yCCr,

where C, € Oy yy,. At the same time, (Ny0(B:)x, — U,)/y¢ has a non-
negative order at all the primes at which elements of the ring Oy, yy,, are allowed
to have a negative order. Therefore C, € Oy and, by the weak vertical method
7.1.2,x, € K.By Corollary B.10.10, having x, € K forr =1, ..., h) implies
that x € K as above. O

Lemma 7.8.4. Letx € N, x # 0. Then all the equations (7.8.2)—(7.8.10) can
be satisfied in all the other variables over Oy w,,.

Proof. Let x be a non-zero natural number. Then for all r let x, = (x + r)"™
to satisfy (7.8.6) and note that x, will also be a non-zero natural number. Next,
let p be an integral unit of K such that Nxg/x (1) = 1 and such that u is not a
root of unity. Then Nysg/p (1) = 1 also. Let

Z

hy 2n
B = PHHHGu(xr _ll)

r=0i=0 u=I
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By Corollary 6.1.5 applied to the extension K E/K, there exists a positive
natural number /(B) such that for any positive integer k¥ we have that

—1

V4
Mkl(B) — ZciSlE’ ¢; € Ok,
i=0

and for i > 1 it is the case that

c,_OmodPl_[l—[l—[G x, — 1)

r=0i=0 u=
Let p; = w!'® and vy = pf" = ™ ®)_ Then (7.8.2)~(7.8.5) can be satisfied for
vy and p; by v; = Zf:ol ai’lég, a;,1 € Ok, where, by the construction of /(B),
fori > 1 we have that

z 2n

a,l_OmodPl_[HHG (xr — 1),

r=0i=0 u=1

and for some i > 1 itis the case that a; | # 0. (Otherwise, v; € K would have
K-norm 1 and thus would be a root of unity.) Choose i > 1 such that a; ; # 0
and set s = i. Then (7.8.7) and (7.8.8) can be satisfied. Next let

1 m Ix, . .m
P2=HM, V2 =p, Pr42 = K77, Vr+2 = Pri2s

where [ = l(aCh" ) is defined as above using Corollary 6.1.5. At this point we
can also conclude that (7.8.2)—(7.8.5) will be satisfied for all j. Further, we see
that v, 1, = vy, so that

Vego — 1

—2— € ZIvy] C Okl5¢l,

V) — 1

and hence (7 8.9) canbe satisfied by U; , € Ok.Now wealsonotethatv, — 1 =
0 mod a X in Ok[8E]. Since

Vr42 — 1

=x, mod v, — 1
1)2—1

in Og[d8g], itis the case that
ey — 1
P2y, mod otk (7.8.14)
V) — 1

in Ok [8g]. Consequently, (7.8.10) is also satisfied. This concludes the proof of
the lemma. O

We now have all the necessary ingredients to prove the following.

Theorem 7.8.5. O w,, N K Zpioph Oy, -
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Proof. Consider the equation

r=YE e e #0 (7.8.15)
n+

where for eachi =1, ..., n, we have that (7.8.2)—(7.8.10) can be satisfied for
x = y; with all the other variables in O w,,. By Lemma 7.8.3 we know that if
the equations are satisfied then x € K N Oy y,,. Further, from Lemma 7.8.4 we
can conclude that every element x of K N Oy yy,, has arepresentation (7.8.15),
since every element of K has rational coordinates with respect to the basis
{wi, ..., wy}. O

The only remaining task is to rewrite all the equations in polynomial form
and so that elements of M E do not occur in the coefficients. This can be done,
as before, using coordinate polynomials (see Section B.7).

We will now strengthen the above result in the same fashion as we did for totally
real number fields.

Corollary 7.8.6. O v, N K <pioph Om,v,-

Proof. The proof follows a familiar outline. As before, we have the following
sequence of relations:

Omwy Zpioph OM,vy»
Omwy N K Zpioph Om, Wy,
K =pioph Om,w,,»
and therefore
Omyvy N K Zpioph Opm,vy-

O

Now we make use of the Diophantine definitions we have constructed over
totally real fields.

Theorem 7.8.7. There exists a set of M-primes W)y, containing Wy such that
the set Wy \ Wiy is finite and Oy wy NQ Zpioph O ow,,-

Proof. Let Wy, € W), be the largest subset of Wy, closed under conjugation
over K. Let Wy be the set of primes of K below W, so that

OK’WM ﬂ K = OK,WM ﬂ K = OK,WK'
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Then the primes in Wy do not split in the extension K E /K . (This follows from
Lemma B.4.7.) Therefore, by Corollary 7.6.3 there exists a set of K-primes
Wk, containing Wy, such that Wy \ Wy is a finite set and O ke NQ Zpioph
Ok w,-Let{By, ..., B} = W \ Wk . Let Wy, be the result of adding to Wy,
all the factors of {3, ..., 9B, } in M. Note that W), \ W)y is finite, since we have
added factors of finitely many primes in K. Note further that Oy 3, N K =
Ok w, and, by Corollary 7.8.6, Oy yy,, N K <pigpn O yy,,- Thus the assertion
of the theorem follows by the transitivity of Diophantine generation. U

The proofs of the following results are almost identical to the proofs of the
analogous results from Sections 7.6 and 7.7.

Corollary 7.8.8. Let Wy be a set of primes of Q not splitting in the extension
E/Q. Then there exists a set of Q-primes Wy containing Wq such that Wg \
Wy is a finite set and Oq yy, has a Diophantine definition over its integral
closure in M.

Corollary 7.8.9. Let M/F be a finite extension of number fields with M a
totally complex extension of degree 2 of a totally real number field. Then there
exists a set of M-primes W)y containing Wy such that Wy, \ Wy is a finite
set and Oy yy,, N F Zpioph Oy ;-

Theorem 7.8.10. Assume that all but possibly finitely many primes of Wy
have a conjugate over Q that is not in Wyy. Then there exists a set of M -primes
W containing Wy such that Wy \ Wy is a finite set and 7. <pigpn O MWy
Thus HTP is undecidable over Oy, vy, -

Corollary 7.8.11. Assume that all but possibly finitely many primes of Wy
have a conjugate over Q that is not in Wy. Then there exists a set of M-
primes Wu containing Wy such that Wu \ W is a finite set and Oy Zpioph

OM,WM'

7.9 Some consequences

In this section we examine in detail various consequences of the above results.
Among other things, we will analyze the maximum possible density of prime
sets which can be allowed in the denominator of the elements of our rings
such that the necessary conditions for solutions of the vertical and horizontal
problems are satisfied. We will consider the vertical definability first.
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Theorem 7.9.1. Let K be any totally real field or a totally complex extension
of degree 2 of a totally real field. Let Wy be any set of primes of K. Then for
any & > 0 there exists a set of K -primes Wy such that Wx \ Wk is contained
in a set of Dirichlet density less than &, Wy \ Wk is finite, and Ok w, NQ has
a Diophantine definition over Ok yy, -

Proof. Let K be the Galois closure of K over Q. Let n = [Kg : Q]. Let
p > n be a prime number and let £/Q be a totally real cyclic extension of Q
of degree p. Let

Wk = {p € Wx | p does not split in the extension EK /K}.

Then by Corollary 7.6.3 and Theorem 7.8.5 there exists a set Wy containing W
such that Wi \ Wy is a finite set and Ok W, NQ <piopn Ok 1, - Next consider
the set Wx \ Wg. This is a subset of the set of all primes of K splitting in the
extension K E/K. As before, by Lemma B.3.3, E and K are linearly disjoint
over Q and therefore EK /K is a cyclic extension of degree p. The only non-
ramified primes splitting in this extension are the primes with E K -factors whose
Frobenius automorphism over K is identity. (See Lemma B.4.1 for a discussion
of Frobenius automorphism.) By Lemma B.5.2, the density of this set is

1 1
[KE: K] p’

Since Wx contains Wy, we have that Wk \ Wk is also contained in a set
whose Dirichlet density is 1/p. Thus, by selecting p > 1/¢ we will satisfy
the requirement of the theorem. (Note that the required extension exists by
Lemma B.3.9.) O

Using the same methodology as in the proofs of Theorem 7.9.1 and Corollar-
ies 7.6.4,7.6.5,7.8.8, and 7.8.9, we can also prove the following two theorems.

Theorem 7.9.2. Let Wy be any set of rational primes. Then, for any ¢ > 0
and any number field K that is totally real or a totally complex extension of
degree 2 of a totally real field, there exists a set of rational primes Wy such that
Wo \ Wy is finite, Wo \ Wy is contained in a set of primes of Dirichlet density
less than ¢, and Oq yy, has a Diophantine definition in its integral closure
in K.

Theorem 7.9.3. Let K/ F be an extension of number fields, where K is totally
real or a totally complex extension of degree 2 of a totally real field. Let Wy
be any set of primes of F. Then for any ¢ > 0 there exists a set of F-primes
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We such that Wy \ Wr is finite, W \ Wr is contained in a set of primes of
Dirichlet density less than ¢, and Op \y, has a Diophantine definition in its
integral closure in K.

Next we have some undecidability and horizontal definability results.

Theorem 7.9.4. Let K be a totally real field or a totally complex extension
of degree 2 of a totally real field that is a non-trivial extension of Q. Then
for any & > 0 there exists a set Wy of primes of K whose Dirichlet density is
greater than 1 — [K : Q]~' — & and such that Z has a Diophantine definition
over Ok - (Thus HTP is undecidable in Ok vy, .)

Proof. Let K¢ be the Galois closure of K over Q. Let n = [Kg : Q). Let
p > n be a prime number and let E£/Q be a totally real cyclic extension of
Q of degree p. (Again we remind the reader that such an extension exists by
Lemma B.3.9.) Let Wg be a set of primes of K constructed in the following
fashion. For every rational prime pg consider all the primes of K above it
and remove a prime with the highest possible degree. Out of the remaining
set of primes remove all the primes splitting in the extension EK /K. Then by
Lemma B.5.5 the Dirichlet density of Wk, denoted as before by §(Wk), exists
and §(Wx) > 1 — [K : Q]~! — 1/p. Further, by Theorems 7.7.1 and 7.8.10
there exists a set of K-primes Wy containing Wy such that Wy \ Wy is a
finite set and Z <pj,pn Ok yy, - By Proposition 4.6, Chapter IV of [37], we have
8(Wx) = 8(Wk) and the theorem holds for sufficiently large p. [l

Theorem 7.9.5. Let K be any totally real number field or a totally complex
extension of degree 2 of a totally real number field, and let ¢ > 0 be given.
Let Sg be the set of all rational primes splitting in K. Then there exists a set
of K -primes Wy with the property that the set of rational primes Wg below
W is such that Wg \ Sg is contained in a set of Dirichlet density less than ¢,
So \ Wy is finite, and Z is definable over Ok Wy

Proof. Let K be the Galois closure of K over Q. Let n = [Kg : Q]. Let
p > n be a prime number and let E/Q be a totally real cyclic extension of Q.
Let Wk be a set of primes of K constructed in the following fashion. For every
rational prime pgy consider all the primes of K above it and remove one prime
from the set. Out of the remaining set of primes remove all the primes splitting
in the extension EK /K.
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Note that by Lemma B.3.5 the extension EK /K is a cyclic extension of
degree p. Next note that, by Lemmas B.4.7 and B.4.8, a prime p, splits in the
extension E/Q if and only if all the primes above it in K split in the extension
E K¢ /K. However, by the same lemmas, a prime of K splits in the extension
EK¢/Kg if and only if the prime below it in K splits in the extension EK /K.
Thus a rational prime splits in the extension E /Q if and only if any prime above
it splits in the extension EK /K.

Let pg be a prime splitting in the extension K/Q but having no factors
in Wk then at least one factor of pg in K splits in the extension EK /K.
But, by the argument above, py must split in the extension E/Q. Let Wy
be the set of rational primes below Wg. Then Sg \ Wy consists of rational
primes splitting in the extension E/Q. However, by Lemma B.5.2, the density
of the set of such rational primes is less than 1/p and therefore less than &
for sufficiently large p. Finally, by Theorems 7.7.1 and 7.8.10, there exists a
set of K primes Wk containing Wy such that Wk \ Wk is a finite set of K -
primes and Z <pj,pn Ok y, - Let W@ be the set of rational primes below Wk.
Then Wy \ Wy is finite and the assertion of the theorem holds for sufficiently
large p. O

The following corollary is an immediate consequence of Theorem 7.9.5.

Corollary 7.9.6. Let K be a totally real extension of Q or a degree-2 totally
complex extension of a totally real number field such that K /Q is Galois and
not cyclic. Then for any € > 0 there exists a set Wy of primes of K such that
Sq, the set of rational primes below Wk, is of density greater than 1 — ¢ and
Z is definable over Ok vy, .

Proof. The only thing we need to observe here is that in a Galois but not cyclic
extension of number fields all primes split. (See Section 1 of Chapter III of
[371) O

We finish this section with a few remarks.
Remark 7.9.7. As in Corollary 7.3.2, the definability and undecidability
results for rings of W-integers proved above for totally real fields and their

totally complex extensions of degree 2 cover all abelian extensions of Q.

Remark 7.9.8. The undecidability of HTP over any ring is an interesting
fact only if the ring itself is recursive. So we should say a few words about
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the recursiveness of some of the rings mentioned in the theorems above. As
it happens, if Wk, as constructed in Theorems 7.9.4 and 7.9.5, is as large as
possible then it is recursive, implying that Ok )y, and consequently O 3, are
recursive by Proposition A.8.6. Indeed, by Lemmas B.4.7 and B.4.8, a prime
of K splits in the extension EK /K, where E is as above, if and only if the
prime below it in Q splits in the extension E/Q. Thus the set of all primes of
K not splitting in the extension EK /K is recursive, by Proposition A.8.7 and
Corollary A.8.2, and so is the set of all the primes of K lying above primes of Q
splitting in the extension K /Q. Therefore the intersection of these sets is also
recursive. It remains to decide how to remove a factor of the largest relative
degree from each complete set of conjugates over Q in this intersection. Using
the presentation of primes selected in Section A.8, this can be done by selecting
primes p corresponding to the pair (p, a(p)), where a(p) has the lowest possible
sequence number (under some fixed ordering of K) among all a(p), p being a
factor of p of the highest relative degree over Q.

Remark 7.9.9. The density results above were stated in terms of the Dirichlet
density. They can also be restated in terms of the natural density, producing
somewhat stronger assertions. (See Definition B.5.9 and Proposition B.5.10 for
the definition of natural density and its relation to Dirichlet density.) The only
modification which would be required is the substitution of the natural density
version of the Chebotarev density theorem for the usual Chebotarev density
theorem. (See Theorem 1 of [88]).

7.10 Big picture for number fields revisited

We are now ready to reconsider the big picture for number fields. First we
review our notation:

¢ S is a finite set of rational primes;

* )V is an infinite set of rational primes;

* Vis a set of rational primes with a finite complement in the set of all primes
PQ);

e K is a number field;

* Sk is a finite set of K-primes;

* Wk is an infinite set of K -primes;

* Vg is a set of K-primes with a finite complement in the set of all K -primes

P(K).
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Vi is a set of K-primes Wy is an infinite Sy is a finite

with a finite complement set of K-primes set of K-primes

K Ok, Vi O, Wy Ok, Sy Ok
some rings of some fields :
h D recursively enumerable Wy
in some fields
Sy conkists of
factors ¢f Sin K
A A A A /
Ok, w, N Q
=0g.
Wy contains all but
some possibly finitely many some some
fields factors of Win K fields fields
and no other primes
Y Y \j
. computably enumerable W
Q Oqg.v Oq,w Og s Z
Vis a set of rational primes W is an infinite set S is a finite set
with a finite complement of rational primes of rational primes

Figure 7.1 The known part of the Diophantine family of Z.

Next consider Figure 7.1.fig 1 As before, arrows indicate Diophantine genera-
tion. The diagram represents the relations described in the following list.

* Letl be acollection of primes of Q and let Uy be all the factors of I in K . Let
Uk < Uk and assume thatUx \ Uk is afinite set. Then Ok 14, <pigpn Ogu-In
the diagram this relation corresponds to the vertical arrows from Qto K, Ogy
to Ok v,» Ogw to Ok Wy, Og.s to Ok s, , and Z to O, with the assumption
that Wk, Sk contain all but possibly finitely many K -factors of primes in WV
and V respectively and no other primes. These relations are consequences of
the transitivity of Diophantine generation (see Theorem 2.1.15), the Diophan-
tine generation of integral closure (see Proposition 2.2.1), the Diophantine
regularity of rings of WW-integers (see Proposition 2.2.4), and the fact that
integrality at finitely many primes has a Diophantine definition over any ring
of W-integers of a number field (see Theorem 4.2.4).
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* K =pigpn Ok, v, This follows from the existential definability of integrality
at finitely many primes and the Dioph-regularity of rings of WW-integers.
Similarly, Ok =Dioph 0[(,5,(.

* Let K be a subfield of a totally real field, an extension of degree 2 of a totally
real field, or a field with exactly one pair of conjugate non-real embeddings.
Then, as we have shown earlier in this chapter, Z <p;,,, Ok . From this Dio-
phantine generation we can also derive the following relations:

(a) Let Wk be any computable set of primes of K. (Recursive sets of primes
are discussed in Section A.8.) Then Ok, <piopn Ok. This can be
deduced from the following considerations. By Proposition A.8.4, the set

Xn:aia)i € O(WK)} ,

i=1

Co(Ok) = {(al,...,a,,) ezZ"

where O(Wk) is the set of K-integers whose divisors are a product
of powers of elements of Wk, n = [K : Q], and {w, ..., ®,} is an
integral basis of K over Q, is recursively enumerable. Thus Cq(Ok) is
Diophantine by Matiyasevich’s theorem. Hence

x
Ok wy = ;

3z € Ok \ {0}, x (Z aia)i) = yz,. (7.10.1)

i=1

x,y €Ok, y#0, 3Jay,...,a, € Co(Og),

Since Cq(Oy) is Diophantine over Z and Z <p;,,» Ok, the set defined
in (7.10.1) is Diophantine over Ok.
(b) Oq,s =pioph Ok, sy - Indeed,

Ok s« =pioph Ok =Dioph Z =piopn 00Q.s>

where the first and last equivalences follow from the existential defin-
ability of the integrality at finitely many primes and the Diophantine
generation of the rings of WW-integers with recursive denominator sets,
as described above, over the rings of integers. The middle equivalence
expresses a combination of the Diophantine definability of integers over
Ok and the Diophantine generation of integral closure.
* Let K be a subfield of a totally real field or a totally complex extension of

degree 2 of a totally real field.

(a) Forany e > 0 there exists a set VW of primes of K such that the Dirichlet
density of Wk is greater than 1 — ¢ and Q N Og w, <pioph Ok, w, - (See
Theorem 7.9.1.)
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(b) Forany ¢ > 0 there exists a set WWx of primes of K such that the Dirichlet
density of Wy is greater than 1 — [K : Q]™! — e and Ok ZDioph Ok Wy -
(See Theorem 7.9.4.)

7.11 Further results

The results discussed in this chapter leave unanswered the big questions posed
at the beginning of this book. In particular, we still do not know the Diophantine
status of rings of integers in general or that of any number field, including Q.
The issue of Q and some of its “large” subrings will come up again in later
chapters of this book where we discuss Mazur’s conjectures and the results
of Poonen, though this will be in the context of constructing a more general
Diophantine model of Z, as opposed to a Diophantine definition of integers.
Unfortunately, up to the time of the writing of this book the general problem
of defining integrality at infinitely many primes remains intractable. There are,
however, a few more things to be said about defining Z over the rings of algebraic
numbers before we completely abandon this subject. Recently, in [73], Bjorn
Poonen proved the following theorem.

Theorem 7.11.1. Let M/K be a number field extension. Suppose that there
exists an elliptic curve of rank 1 defined over K such that this curve retains
rank 1 over M. Then Ok =<pjopn Ok.

The proof is partly based on the “weak vertical method” and on bound equa-
tions of the type described in Chapter 5. This result has provided a new avenue
for our investigation, part of which will need to concentrate on determining
exactly for which pairs of number fields such curves exist. Further extensions
of this method were provided by Cornelissen, Pheidas, and Zahidi in [8] and
Poonen and the present author independently in [72] and [111] respectively.
Cornelissen, Pheidas, and Zahidi showed that the conditions in Theorem 7.11.1
can be replaced by the following requirements: the existence of a rank-1 elliptic
curve over M and of an abelian variety over K whose positive rank over K is
the same as its rank over M. Poonen and the present author, however, showed
that the requirement that the elliptic curve in Theorem 7.11.1 has rank 1 can
be eliminated. In [111] it was shown also that this elliptic curve method can be
adjusted for “big rings” in the same way as for the norm method described in
this book.

In [107] an attempt was made by the present author to distill the sources of
difficulty in giving a Diophantine definition of Z over the rings of integers of an
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arbitrary number field. It turns out that these difficulties are traceable to the lack
of good bounds on archimedean valuations over non-real number fields. The
reader should be reminded that for a real number field the relationship “x < y”
is Diophantine via the use of quadratic forms. (See Lemma 5.1.1.) However,
we currently have no means of coding a relationship “|x| < |y|” over non-real
number fields. The bounds from Chapter 5 are in some senses too rough for
such a relationship and a better way is needed to enforce the bounds.



8
Diophantine undecidability of function fields

Fields of positive characteristic do not contain integers, and therefore construct-
ing Diophantine definitions of integers to establish Diophantine undecidability,
as we have done for some number rings, is not an option here. However, function
fields over finite fields of constants do possess Diophantine models of integers,
a fact which will allow us to show that the analog of Hilbert’s Tenth Problem is
undecidable over these fields. It will take us some time to arrive at the desired
results and we will start with a seemingly unrelated point.

Before proceeding with our investigation we should note that the main ideas
presented in this chapter are due to Cornelissen, Eisentriger, Pheidas, Videla,
Zahidi, and the present author, and can be found in [6], [22], [67], [66], [69],
[98], [102], and [117].

8.1 Defining multiplication through localized divisibility

This section contains some technical definability results which will allow us to
make a transition from characteristic O to positive characteristic. The original
idea underlying this method belongs to Denef (see [17]) and Lipshitz (see [48]—
[50]). It was developed further by Pheidas in [66]. We reproduce Pheidas’s
results below.

We start with fixing notation and a definition.

Notation 8.1.1. In this section p will denote a fixed rational prime.

Definition 8.1.2. For x, y € N, define x |, y to mean
3feN:y=xp’.

129



130 Diophantine undecidability of function fields

Lemma 8.1.3. Let n, m be positive integers and let s be a natural number.
Then m = p°n if and only if

nl,m, (8.1.1)
(n+ 1D, (m+ p), (8.1.2)
(n+2)|,m+2p%). (8.1.3)

Proof.  One direction of the lemma is obvious. If m = p°n then of course
nlpmandm+p* =+ Dp*,m+2p* =m+2)p*sothat(n + 1), (m +
pY)and (n +2) |, (m +2p*).

Suppose now that n|,m, (n+1)|, (m + p*), and (n +2) |, (m + 2p°).
Then for some k,! € N, m/n = p* and (m + p*)/(n + 1) = p'. First assume
that n £ 0 mod p and note the following:

m m+p' mn+m-—mn—p'n pk—p’

m _ _ — k.
n n+1 nn+1) n+1 pe=r

Now we consider three cases: k = s; k > [; [ > k. In the first case we also
conclude that/ = k = s and we are done. In the second case, we must also have
k > s and, further, since p* — p* > pf — p' we have to conclude that s < .
At the same time,

pk—p°

ord,,(pk —-pH=l>s> ord, = ord,,(pk -,

and so we have a contradiction.
In the third case, (1 — p* X)/(n +1) =1 — p'* and

s—k __ 1 s—k _ -k
nzplk —1:plkp = 0 mod p.
pr=1 pr=1
Thus, the condition n % 0 mod p, together with conditions (8.1.1), and (8.1.2),
implies that m = np®. However, we can rewrite conditions (8.1.2) and (8.1.3)

as

n'|,m, (8.1.4)
(" + 1), (m + p°), (8.1.5)

where n’ = n + 1 and m’" = m + p°. Thus, if n is divisible by p we have that
n’ =n+ 12 0mod p and, from conditions (8.1.2) and (8.1.3) (or alternatively
(8.1.4) and (8.1.5)), we conclude that m' =n'p* & m+ p* =+ 1)p* &
m =np*. O

Notation 8.1.4. Denote the system

(n |,,m)/\((n+l)|,,(m+u))A((n+2)|,,(m+2u))
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by PDIV(n,m,u). Then Lemma 8.1.3 can be restated as follows. For
n,m,s € N,n >0,m > 0, we have that PDIV (n, m, p*) < m = np°.

Below we give an easy but important corollary of Lemma 8.1.3, whose proof
we leave to the reader.

Corollary 8.1.5. Letu;,u; € N\ {0} with
Llpu. (8.1.6)
Then

PDIV(uy,uy, u;) < ElseN,uzzu%zpz‘Y. 8.1.7)

We also leave the proof of the following lemma to the reader.

Lemma 8.1.6.

1. Letl,m,r € N. Then (p' — 1) | (p™ — 1) if and only if 1|m.
lr_l

e = rmod (pf - 1.
p—1

The next lemma shows us how to compute squares using pth powers.

Lemma 8.1.7. Letm,n € Z-q. Then m = n* if and only if there exists r, s €
Z~¢ such that the following conditions are satisfied:

n<p—1; (8.1.8)
m<p —1; (8.1.9)
(P* =1 | (p* =y (8.1.10)
er -1 5
— = n mod (p* — 1); (8.1.11)
p* =1
( 2r 1)2 .
&7_1)2 = m mod (p* — 1). (8.1.12)

Proof. Suppose thatm = n?. Pickans suchthatm < p* — 1. Theninequalities
(8.1.8) and (8.1.9) are satisfied. Now let r = sn to satisfy conditions (8.1.10)—
(8.1.12) via Lemma 8.1.6.

Suppose now that (8.1.8)—(8.1.12) are satisfied for some positive integers r
and s. First of all, we note that (8.1.8) implies that n?> < (p* — 1)(p* + 1) =
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p* — 1. Also we obviously have that m < p* — 1. Next, (8.1.10) implies by
Lemma 8.1.6 that r = sk for some k € N. Therefore

-1
n= P = k mod (pzs -1,
p23 -1
while
2r 1 2
m= % = k> mod (p* — 1).
(=1
Thus
n* =k* =mmod (p* —1).
Since m, n* are positive integers and are less than p> — 1, the last congruence

implies m = n’.

Our next step is to show that conditions (8.1.8)—(8.1.12) can be rewritten
using variables ranging over non-negative integers, integer constants, and the
operations “4-” and “[,.” In the listing below we provide the “translation” of
each expression in the language of “+” and ““|,.” This translation provides the

proof of the lemma. O

Lemma 8.1.8. Given m,n € Z. there exist r, s € Z- satisfying conditions
(8.1.8)—(8.1.12) if and only if there exist x, 7y, z, 22, W, U, V3, Wy, V4, W4, t,
uy, Uy € Lo satisfying the conditions (8.1.13)—(8.1.25) set out below:

(11, w) A (11,v), (8.1.13)
translation, 3s € Nyw = p* and Ir e Njv = p’;

PDIV(w, wy, w), (8.1.14)
translation, wy = p*, by Corollary 8.1.5;

PDIV(wy, wyg, wy), (8.1.15)
translation, wy = p‘“‘, by Corollary 8.1.5;

PDIV(v, v, v), (8.1.16)
translation, v, = p*, by Corollary 8.1.5;

PDIV (v, vg, v2), (8.1.17)
translation, v4 = p*, by Corollary 8.1.5;

PDIV(za, uz, wa), (8.1.18)
translation, uy = zowy = 7o p*, by Lemma 8.1.3;
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PDIV(z2, u1, wa), (8.1.19)
translation, u; = zows = 7o p*, by Lemma 8.1.3;

Vg — 200+ 1 =uy — 2uy + 2o, (8.1.20)
translation, (p* — 1)* = zo(p>* — 1)%;

n+x=w, (8.1.21)
translation, n < p* — 1, since x € Z~o,

m+y=uw, (8.1.22)
translation,m < p* — 1,since y € Z-y;

PDIV(z,va — 14z, wy), (8.1.23)
translation, p* — 1 + z = zp*, z2(p* — 1) = p* — 1, by Lemma 8.1.3;

PDIV(u,z —n+u, wy), (8.1.24)
translation, 7 — n + u = up®, 7 —n = u(p* — 1), by Lemma 8.1.3;

PDIV(t,zo —m +1t, wy), (8.1.25)
translation, 2o —m +t =tw, 2, —m = t(pzs — 1), by Lemma 8.1.3;

The last condition completes the “translation” of Lemma 8.1.7 into the lan-
guage of “4+” and “| ,.”
We are now ready for the main theorem of this section.

Theorem 8.1.9. There exist linear polynomials

Li(u,z,w, x1, ..., x), Hi(u, z, w, x1, ..., x), ..., L,(u, z, w, xq, ..., X)),
Hr(us , W, X1y .. ,)Ck), Tl(“? , W, X1y .. ’-xk)’ ceey Tm(us Z, W, X1y . ,.Xk)
with coefficients in 7 such that, for any z, u, w € Z-q, Ix1, ..., Xy € Z~ with

Nicy (HiGu,zowoxy, oo xi0) | LiCu, z,w, xp, . X))
Nty (Ti(u, z, w, xy, ..., x) = 0)

if and only if w = uz.

Proof. 1Itis enough to note that 2uz = (u + z)* — u®> — 7% ([
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8.2 pth power equations over function fields I: Overview
and preliminary results

The usefulness of Theorem 8.1.9 derives from its relationship to pth power
equations in the characteristic p > 0, where equations of the form y = xP*
play the same fundamental role as played by Pell equations and other norm
equations over number fields. We devote several sections below to the study of
ways in which these equations can be rewritten as polynomial equations over
function fields over finite fields of constants. These equations together with
Theorem 8.1.9 will constitute a key step in the construction of a Diophantine
model of Z over function fields.

The main result concerning the definability of pth powers over global fields
of positive characteristic p is the following theorem.

Theorem 8.2.1. Let M be a function field over a finite field of constants of
characteristic p > 0. Then the set P(M) = {(x,y) e M?*|3s e N, y = x""} is
Diophantine over M.

The proof of this theorem is provided by the material in Sections 8.2—-8.4.
We start with an overview of the proof, preliminary results, and notation.

8.2.2. Overview of the proof of the main theorem 8.2.1 The proof can
be divided into three parts corresponding to Sections 8.2-8.4 respectively. In
the present section we lay the groundwork with some technical results. More
specifically we prove that, in some finite constant extension K of the given
function field, there exists a special element ¢ such that its divisor is a ratio
of two primes, each of degree p" for some natural number 4. The existence
of this element also implies the existence of a rational subfield F of K such
that K is of degree p" and separable over F. Further, one can arrange for the
constant field of K to be sufficiently large so that it contains a “sufficiently
large” number of constants ¢ such that the divisor of  + ¢ in K is also a ratio of
two primes, each of degree p’. The proof of the existence of ¢ and sufficiently
many constants ¢ (together with the exact definition of “sufficiently many”) is
in Theorem 8.2.3. The existence of a rational subfield as described above plays
a crucial technical role in the proof of Theorem 8.2.1 by helping to establish
sufficient conditions for an element of a field to be a pth power in K. These
conditions can be summarized as follows.

¢ Since the field of constants is perfect and in a rational function field every
degree-0 divisor is principal, an element of the rational subfield is a pth power
if and only if its divisor is a pth power.
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* Anelementof K is a pth power if and only if all the coefficients of its minimal
polynomial over F are pth powers. (See Lemma 8.2.4 below.)

e If the values of a polynomial at sufficiently many constants are pth powers
then the coefficients of the polynomial are pth powers. (See Lemma 8.2.5.)

* If x € K and a € F then Ng(,/r(a — x) is the value of the minimal polyno-
mial of x over F at a. (See Lemma 8.2.5.)

* Let F' be a subfield of K containing F but not equal to F. Let 3 be a prime of
K lying above a non-splitting prime of F, and let 93’ be the F’-prime below
B. Then Np//r(P') is a pth power of some prime in F. Thus if an element
v € K \ F has poles and zeros of order divisible by p at all the primes except
possibly at primes not splitting in the extension K/F, then the divisor of
Nr@)y/r(v) is a pth power of a divisor in F. (This argument will be used in
the proof of Lemma 8.3.5.)

In Section 8.3 we will prove that the set {x € K : 3s € N, x = 7'} is Dio-
phantine over K. This is Proposition 8.3.8. In Section 8.4, using pth powers
of ¢, we first consider pth powers of elements of K that have simple zeros and
poles only. (This is done in the proof of Proposition 8.3.8.) Finally, we examine
the pth powers of arbitrary elements. Here, owing to some technical complica-
tions, we will consider separately the case of even and odd characteristics. (See
Propositions 8.4.8 and 8.4.10.)

We now proceed with the technical preliminaries, starting with the existence
theorem discussed above.

Theorem 8.2.3. Let M be a function field over a finite field of constants
Cy of characteristic p > 0. Then for any | € N and for any sufficiently large
positive integer h, a finite constant extension K of M contains a non-constant
element t and constants co = 0, cy, ..., c; such that for all i =0, ...,[ the
divisor of t+c; in K is of the form pi/a, where pi, q are primes of K of
degree p", and for any s € N, i # m, we have ¢! # cp. Further, let e(K, 1)
be the number of primes ramifying in the extension K / Ck(t), where Ck is the
constant field of K. Then for any r € N we can arrange for | to be greater than
2e(K,t)+r.

Proof. Let z be a non-constant element of M which is not a pth power. (Such
an element exists by the Strong Approximation Theorem.) Then by Lemma
B.1.32 the extension M/C(z) is finite and separable, and therefore is simple.
Thus, for some o € M we have that M = Cy(z, o). Let M be the Galois
closure of M over Cy(z). Let C be the constant field of M. Then Mg/ C(z)
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and, by assumption, M/ C(z, o) are Galois extensions and all three fields have
the same field of constants. Let E = C(z, ).
The following diagram describes the extensions involved.

Mg
Cyiz,)=M E=C(z, o)
Cy(2) C(2)

Fix a positive integer /. Let |C| = p”. Then C(z) has exactly

prph _ prph71
B e— —> oco0ash — oo

p
irreducible polynomials of degree p”. Indeed, p’ph - p”’]m is the number of
elements of the algebraic closure of C of degree p over C. Each element has
exactly p” conjugates over C. Let h be the class number of E. Then for any
sufficiently large £, it is the case that C(z) will contain at least 7z 4 2 primes
of degree p”.

Next consider the Galois extension Mg /C(z). Let t be a prime of C(z) of
degree p". Assume that t is unramified and splits completely in the extension
Mg/ C(z). (Such a prime exists for all sufficiently large & by Corollary B.4.28
applied to o = id.) Then, we claim, it splits completely in E and its factors in
E are all of degree ph. Indeed, assume that

[E:C(2)]
t= ] &
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is the factorization of t in E. For each i, the relative degree of ¥; over tis equal
to 1. This fact together with the fact that there is no constant field extension from
C(z) to E implies that the C(z)-degree of t must be the same as the E-degree
of ¥;. Thus, for sufficiently large & we know that E has at least 7y + 2 primes
of degree ph. Let by, ...,bs, 42 be these primes. Next, consider the following
hg + 1 divisors of E of degree 0: by /by, ..., bj,12/b1. At least two of these
divisors belong to the same divisor class and so, forsome 1 < i # j < hg + 2,
b;/b; is a principal divisor. Thus there exists ¢ € E such that its divisor is of
the form p/q, where p, q are primes of E of degree p”. Note that ¢ is of order
1 at a prime of E and therefore is not a pth power in E. Hence, the extension
E/C(2) is finite and separable by Lemma B.1.32. Let 3 be a prime of C(¢)
corresponding to the zero of #. As we have established above, this prime remain
tos prime in E. Thus ‘B is not ramified. Further, since the constant fields of
C(t) and E are the same, P is of degree 1 in C(¢), and p is of degree p” in
E, we must conclude that the relative degree of p over P is p”. Therefore, by
Proposition B.1.11 we have that [E : C(¢)] = p".

Next, from Lemma B.4.23 and Corollaries B.4.24 and B.4.28, we conclude
that for all sufficiently large k there are primes of C(¢) of degree k which remain
prime in the extension E/C(¢). Let ky, ..., k; be integers large enough in the
sense above and let ¥4, . .., T; be primes, not splitting in the extension E/C(¢),
of degrees ki, ..., k; respectively. Assume additionally that for all i # j we
have (k;, k;) =1, (ki, p) =1, and ords,# = 0. Let Cx /C be the extension of
degree kj - - - k;. Let K = Cx E. Let Cy = C and let C;/C be the extension of
degree H;Zl k;.Let P;(¢) € C[t] be an irreducible polynomial of degree k;. We
claim that the following assertions are true.

e [CiE : Ci(t)] = p" foralli =0,...,1.

¢ In the extension C;(¢)/C(t), the primes ¥, ..., %; split completely into
degree-1 factors and ¥, ..., ¥, remain prime.

* Any factor of T;, j =1, ..., n, remains prime in the extension C; E/C;(t).

* Letc; € C; be aroot of P;(t). Then for j =1,...,i — 1 we have that ¢;, ¢;

are not conjugates over I, the field of p elements, and therefore for any
non-negative integer u we have that ¢/’ # c;.

We will proceed by induction. Assume that the above statements are for
the extension C; E/E for some i with 0 <i <[ and consider the extension
Cit1E/E. Let t; ; be a factor of T; in C;(¢). Let t;4; ; be a factor of t; ; in
Cit1(t). Let 4; be the prime above T; in E and letu; ;, u; 1 ; be factors of t; ;
and t; 4, j in C; E and C; E respectively. The following diagram describes the
extensions that we will consider for the inductive step.
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L[] cFE u,-’j C ClE ui+1’j C Cl'+1E

T < () t;; < Gi(o) tis1,; € Cit1()

First of all, by Lemma B.3.4 we observe that [C; E : C;(t)] = p". Next
consider t; ;,0 < j <1i. By induction, t; ; is of degree 1 and therefore by
Lemma B.4.16 we have that t;; ; will be the only factor of t; ; in Ciy(?).
However, the residue field of 1; ; is of degree ph over C;, since by induction
u; ; is the only factor of t; ; in C; E. Since [Ci E : C;E] = [Ciq1 : Ci]l = kiyy
and (k;11, p) = 1, by Lemma B.4.22, we have that u; ; is the only factor of
u; ; in C; 4 E and therefore the only factor of ;1 ; in Ciy  E.

Next we note that by our induction hypothesis, t; ;+; is the only factor of
Ti+1in C;(t). By Lemma B.4.21 the degree of t; ;1| in C;(¢) is the same as the
degree of T, in C(¢), i.e. the degree is equal to k; ;. Since a finite field has
exactly one extension of every degree, C; is the residue field of t; ;1. Thus,
by Lemmas B.4.15 and B.4.26, in the extension C;(t)/C;(¢) we have t; ;1
splitting completely into degree-1 factors, and none of these factors splits in the
extension C; 11 E/C;1 ().

Now consider t; j,u; ;, for j > i + 1. Their residue fields are of degrees
k; and k;p" over C; respectively. Since by assumption (k; 1, k;p") = 1 for
i+ 1 < j, we can use Lemma B.4.22 again to conclude that the primes will
remain prime in the extensions C;1(t)/C;(t) and C;; E/C; E respectively.

Finally we note that for all i we have ¢; € C;, since a finite field has a
unique extension of every degree and k; | [C; : C]. Further, suppose that c;, c;
are conjugate over IF,. Then for some o € Gal(C(c;, ¢j)/IF,) we have that
o(c;) = cj. Thus o(P;) = o(P;), which is impossible due to the difference in
degrees. This concludes the proof of the above assertions.

We now consider the divisor of 7 in K. In E, the divisor of ¢ is p/q, where
p, q are primes of degree p’. Therefore, as in the discussion above, neither p
nor q will split in the extension K / E. Similarly, the degree-1 primes below p, g
in C(¢) will remain prime and of degree 1 in the extension Ck (t)/ C(t). Further,
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consider the divisor of # — ¢;. This element has a unique degree-1 pole at q.
Since (t — ¢;) | P;(t), it must have a unique zero at a degree-1 factor t;; of X;.

Finally we note the following. By Proposition B.4.33 we have that e(K, ) <
deg &, where € = [, ¢ and £ is the set of all the primes of E ramified in the
extension E/C(t). Thus, we set [ > deg € + r to satisfy the last requirement
of the theorem. O

Lemma 8.2.4. Let F/G be a finite separable extension of fields of positive
characteristic p. Let « € F be such that, for some positive integer a, all the
coefficients of its monic irreducible polynomial over G are p“th powers in G.
Then « is a p“th power in F.

Proof. Letal +al +---4a’ ,T"' + T be the monic irreducible poly-
nomial of « over G. Let § be the element of the algebraic closure of F such that
BP" = a.Then B is of degree at most m over G. At the same time, G(a) € G(B).
Therefore G(a) = G(B). O

Lemma 8.2.5. Let F/G be a finite separable extension of fields of positive
characteristic p. Let [F : G] = n. Let a be a positive integer. Let x € F be such
that F = G(x) and for distinct ay, . . ., a, € G we have that NF/G(aipa —X)=
ylp Then x is a p“th power in F.

Proof. Let H(T)= Ao+ AT +---+ A,_1T" '+ T" be the monic irre-
ducible polynomial of x over G. Then fori = 0, ..., n we have that H(a! ) =
y! . Further, we have the following linear system of equations:

P’ pi(n—1) pin P
I ay - ag a; Ag Yo
P’ pin—1) pin P
1 ay a, an 1 Vn

Using Cramer’s rule to solve the system, it is not hard to conclude that for
i =0,...,nitis the case that A; is a p“th power in G. Then, by Lemma 8.2.4,
x is a p“th power in F. U

Lemma 8.2.6. Let F be a function field. Let w € F, let ay, ..., a, be primes
of K and let ay,...,a,+1 be a set of distinct constants of F. Then the set
{w—+ai,...,w+ a1} contains at least one element of F having no zero at
any of the primes ay, ..., a,.

Proof. The lemma follows from the fact that each prime a; can be a zero of at
most one element of the set {w +ay, ..., w +a,41}. O
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Lemma 8.2.7. Let w be a non-constant element of a function field K and
let b, c € C, the constant field of K. Then all the zeros of (w + ¢)/(w + b)
are zeros of w + ¢ and all the poles of (w + ¢)/(w + b) are zeros of w + b.
Further, the height of (w + ¢)/(w + b) is equal to the height of w. (Here by
height we mean the degree of the zero or pole divisor of an algebraic function.
See Definition B.1.25.)

Proof. Let p be a prime of K. Then on the one hand p is a pole of w if and
only if p is also a pole of w + ¢ and a pole of w + b. Moreover, the order of
the pole at all the three functions will be the same. On the other hand, any
zero of (w + ¢)/(w + b) will come from zeros of w + ¢ or poles of w + b.
So let p be a pole of w + b. Then ord,(w + ¢) = ord,(w + b) and therefore
ordy(w + ¢)/(w + b) = 0. A similar argument shows that (w + ¢)/(w + b) is
a unit at any valuation which is a pole of w + c. Consequently, all the zeros of
(w + ¢)/(w + b) are zeros of w + ¢ and all the poles of (w + ¢)/(w + b) are
zeros of w + b.

Finally, note that
w+c c—b

w4+b w+b

Let Hx((w + ¢)/(w + b)) denote the K-height of (w 4 ¢)/(w + b). Then by
Remark B.1.26 we have the following equalities:

He () = i1+ S28 ) = 1 (S22 = Hew + ) = He(w)
= = — w = w).
Mw+b K w+b Mlw+p K K

The last follows from the fact, mentioned above, that the pole divisors of w + b
and w are the same. O

We leave the proof of the following lemma to the reader.

Lemma 8.2.8. Let K be a function field. Let m > 1 be an integer. Let x € K.
Then for any prime p of K we have that p is a pole of x™ — x if and only if it is
a pole of x. If ordyx < 0 then ord,(x™ — x) = Omod m.

In the remainder of this section and in Sections 8.3 and 8.4 we will use the
following notation and assumptions.
8.2.9. Notation and assumptions

e Let M denote a function field over a finite field of constants of characteristic
p > 0.
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eleta=1ifp>2andleta=2if p =2.

* Let K denote a finite separable constant field extension of M.

* Let Ck denote the finite constant field of K.

® Thereexistcy =0, ..., c; € Cg \ {£1} such that, for some ¢ € K and for all
i =0,...,1[, the divisor of t + ¢; is of the form p;/q, where p;, q are primes
of K.

e Let C(K) ={cp, ..., 1}

* r; will denote the smallest positive integer such that ¢/ "= Ci.

e Forany 0 < j <r;,m # i, we have that ¢/ # c,,.

e Let dij = Cip],j e N.

e [K:Ck(D)] = ph = n for some h € N.

* Let (K, t) be the set of all primes of K ramifying in the extension K /Ck(¢)
together with the primes p and q.

e Lete(K, t) = |E(K, t)| denote the number of primes ramifying in the exten-
sion K /Cg(1).

o[> (p"+2e(K, 1)+ 2.

* Forany w € K, let

Cu={c e CK): (¥] € N)(¥p € EK, ) (ordy(w — ¢”') < 0) .
* Forany b € N, w € K, let B(b, w, u, v) denote the system of equations

y—t=u" —u, (8.2.1)
=v7 — . (8.2.2)

e For i, k e {1, ey l}, j,‘ S {1, ey r,‘}, jk S {1, ey rk}, W, Ui ik, jes Viji .k, ji
€ K,1et C(i, k, ji, jk, w, Ui j k,jo» Vi, ji k. j) denote the system of equations

w—d; ;
Wi jik,ji = 4M, (823)
ik, w—di
t—c
ik = —b, (8.2.4)
t—cy
Wijikoje = lik = Up g = Wiji koo (8.2.5)
1 1
_ P
= T = Yk — Viik i (8.2.6)

Wi i ke lik

cFor seN,ikef{l,.. .0l jiell,...rihjeell,...n), e=—1,1,
m =0,1,and u, v, W; j k. j.em> Oi,ji k. jue> Vi,j.e € K, let

D(s, i, ji ke, m, ji, t, 0, [hi j, k je.cm> Oijikejier Vivjine)
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be the following system of equations:

U+ ¢j
Uix = ., 8.2.7)
ik
u—+ cy
v+ di i
JJ
Vijikjy = > (8.2.8)
v+ dk,jk
2¢ mp® 2. .m __ , P* PP
Vi ik it Uit = ik jeeom — Hisjik.jiems (8.2.9)
e e __ _Dp° I i
Uik — Wik = O jik jie — Pidik e (8.2.10)

e Letj,r,s e Njandu, it,v,0,x,y € K.Let E(u, i1, v, 7, x, y, j, r, s)denote
the following system of equations:

r

v=ul, (8.2.11)

b =il (8.2.12)
p

u:xp+; (8.2.13)
P
p [71

ﬂ=%%7$ (8.2.14)
Py

v:%;%F, (8.2.15)
-
Py

ﬁ:%i??. (8.2.16)
-

e Let j,r,seNand u,it,v,?,x,y € K, and let E2(u, it,v, 0, x,y, j,7,5)
denote the following system of equations:

v=u”, (8.2.17)
b =2, (8.2.18)
2 2
G+t 4+t
u=£;:7< (8.2.19)
2 -2 —1
t t
u:ieéigfa (8.2.20)
2 2s+l 28
yo 4+ttt +t
= (8.2.21)
> t_2x+] t_2.s-
i:y_:HJI‘ . (8.2.22)

As will become clear in the following section, it will be necessary to be able
to assume that the “important” variables do not have poles or zeros at primes
ramifying in the extension K /C(t). The next lemma assures us that, under our
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assumptions, we have enough constants to replace a variable by its sum with a
constant from a fixed set, if this is needed to ensure that the non-ramification
condition is satisfied.

Lemma 8.2.10. For any u, w € K we have that |Cy| and |C,, N C,| contain
more than n + 2 elements.

Proof. Consider the following table:

J
w—c w—cf - w-—cf
j
w—c w—c - w—¢f

Observe that by assumption on the elements of C(K) no two rows share an
element and the difference between any two elements of the table is constant.
Thus by Lemma 8.2.6 elements of [ — e(K, t) rows have no zero at any element
of £(K, t) and consequently |C,,| > n + 2 + e(k, t). Next consider the table

j
u— b u—bfJ u—blp

p p!
u—=bqc, u—ce, - U—cg,

where b; € Cy,. By an analogous argument, at least |Cy,| — e(K, t) rows of this
table contain no element with a zero at any valuation of £(K, t). Thus at least
|Cw| —2e(K, t) = n + 2 elements are contained in C,, N C,. O

The final lemma of this section is a technical result which will help us to
eliminate a case in a later section.

Lemma 8.2.11. Let o, u € K. Assume that none of the primes that are poles
of o or w ramify in the extension K /Ck(t). Further, assume the following
equality is true:

t(o? —o)=p" — p. (8.2.23)
Theno? —o =u” —u=0.
Proof. Let 2, B be integral divisors of K, relatively prime to each other and
to p and ¢, such that the divisor of ¢ is of the form (/*B) piqk, where i, k are

integers. Then it is not hard to see that for some integral divisor €, relatively
prime to ‘B, p, and ¢, and for some integers j, m the divisor of u is of the form



144 Diophantine undecidability of function fields

(€/B) p/q™. Indeed, let t be a pole of i such that t # p and t # q. Then
0 > pPordu = ord(u”" — ) = ord¢(t(0”" — o)) = ord¢(c?" — )
= p“ord;o.
Conversely, let t be a pole of o such that t # p and t # q. Then
0 > pPordio = ordt(a”a - O’) = ordt(t(apa — o)) = ordt(upa — /,L)
= p“ordiu.
By the Strong Approximation Theorem B.2.1, there exists b € K such that
the divisor of b is of the form B9 /q¢, where ® is an integral divisor relatively
prime to %, €, p, q and c is a natural number. Then bo = sith and by = st/

where sy, 5, are integral over Ck[f] and have zero divisors relatively prime to

p and ‘B. Indeed, consider the divisors of bo:
BO A . ) , . p
_plqk — @mplqk—c — @mqk—c-‘rt p_

qs % ql

Thus the divisor of s; is of the form D2Aq*~* and therefore q is the only pole of

s1, making it integral over C[¢]. Further, by construction 2 and © are integral

divisors relatively prime to p and °B. A similar argument applies to s,.
Multiplying through by »”* we will obtain the following equation:

t(s? 7" — P syt = s — b ot (8.2.24)

Suppose that i < 0. Then the left-hand side of (8.2.24) would have a pole of
order ip® + 1 at p. This would imply that j < 0 and that the right-hand side has
a pole of order jp® at p. Thus, we can assume that i, j are both non-negative.
We can now rewrite (8.2.24) in the form

PP P = P (5 — ). (8.2.25)
Let t be any prime factor of B in K. Then t does not ramify in the extension
K /Ck(t) and since p® > 2 we know that ordy(s] 7" +! — sf /7"y > 2. Fur-
ther, since ¢ is not a pth power in K the global derivation with respect to ¢ is
defined in Definition B.9.2, and by Corollary B.9.7 we also have

d(s!" 1P+ — 5P

0.
dt ~

ord,

Finally,
d(sf’“ tipu_’_l B s;“ tjpa)
dt

Therefore, since by assumption t is not a zero of ¢, we have that s; has a zero
at t. This, however, is impossible. Consequently ‘B is a trivial divisor, and in

ord; = ord (sfatipa).
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(8.2.23) all the functions are integral over Ck[t], i.e they can have poles at g
only. Assuming that  is not a constant and thus has a pole at q, we note that
the left-hand side has a pole at q of order equivalent to 1 modulo p, while the
right-hand side has a pole at q of order equivalent to O modulo p. Thus u is
a constant. But the only way in which the product of ¢ and a function integral
over C[t] can be a constant is for that function to be equal to zero. O

In the following sections we prove a sequence of lemmas which will describe
the equations constituting a Diophantine definition of pth powers in K. Occa-
sionally we will have to deal separately with the cases p > 2 and p = 2. We
start with pth powers of ¢.

8.3 pth power equations over function fields I1: pth
powers of a special element

We start this section by observing in the first two lemmas that in the equations
below, under some circumstances, we can replace the “most important” variable
by its pth root.

Lemma 8.3.1. Suppose that B(b, w, u, v) holds for some w,u,v € K and
that 0?" = w. Then, for some ii, v € K, B(b, W, ii, D) holds.

Proof. Setii =u — i, D = v — W~ and observe that the following equations
hold:

b —t=w—b)Y —(u—),
o't =w— Y —w—w).
O

Lemma 8.3.2. Suppose that w,u; j r Vi jkjo for i,k=0,...,1,j =
1,...,ri, k= 1,..., 1, are elements of K \ C(t) such that

1 1
(/\ Vo AV Clk i jew uig. vi,j,»,k.jk)>
i=0 jiell,.ri} k=0,ki jee(l,.ri)

holds. Suppose that w = w? for some W € K. Then K contains elements

I/Nti’j“k’jk,f)i ji. kjk,fOVl' k=0, ...,l,j,' = 1,...,r,-,jk =1,...,r, such that
/\ \/ /\ \/ C(iy k’ jis jk7 ﬁ)’ i:ti,ji,k,jkr ﬁi.j,’,k,jk)
i=0 jie{l,..., Y k=0,k#i jrefl,....ri}

holds.
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Proof. Observe the following:

pJi - mi \ P
w—d;, w-—c! »—c’ . »
Wi ji k. ji = = W nE = (wi,m,,k,mk) s

—dy ; o D
w—dpj oy — cf W — ¢

where m; =ji - 1,mk =jk_1 if jkvji > 1 and m; =ri, mp =rg if jk =
1, ji = 1. Note that since for all k we have that j; can take any value 1, ..., ry,
the same will be true of m. Thus equations (8.2.5) and (8.2.6) can be rewritten
in the following manner:

ﬁ)i,m,-,k,mk —tix = (uf,ii,k,_ik - a)i[,,m,»,k.mk) - (ui,j,-,k,jk - wi,m,-,k,mk)7
(8.3.1)
1 1 . 1 ( 1 )
i ko ik Ui W] ko Uik Wimy ko )
(8.3.2)
U

where 1 <m; <r;,1 <my <ry.
The next lemma and its corollary treat the case of a rational function.

Lemma 8.3.3. Letu,v € K, let y € C(t), and assume that y does not have
zeros or poles at any valuation of K ramifying in the extension K /Ck(t) and
that y is not a p°th power. Assume further that B(a, y, u, v) holds. Then y = t.

Proof. First of all, note that the poles of v”* — v and u?* — u in K are of orders
divisible by p by Lemma 8.2.8. Since the zero and the pole of 7 are of orders
equal to £1, we must conclude from (8.2.1) and (??) that the divisor of y is of
the form {47 p”' ¢»2. Indeed, let t be a prime which is not equal to p or q. Without
loss of generality assume that t is a pole of y. Then, since ordit = 0,

0 > ordiy = ordy(t — y) = ord; (u”" — u) = 0 mod p*.
Now consider the order at q. We have
ordy(y — 1) = ordg (u”" — u).

Therefore either ordgy < —1 and ord;y = 0 mod p® or ordgy = ordqt = —1.
Similarly, either ordy,y > 1 and ord,y = O mod p* or ord,y = ord,t = 1.
Further, since the divisor of y must be of degree 0, the orders at p and q must be
equivalent modulo p®. If ordyy = ord,y = 0 mod p“ then, taking into account
the fact that no prime which is a pole or zero of y ramifies in the extension
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K /Ck(t), we can conclude that the divisor of y in the rational field is also a
p“th power of another divisor. Thus, since in the rational field every degree-
0 divisor is principal and the field of constants is perfect, y is a p“th power.
Therefore we must conclude that |ord,y| = |ord,y| = 1. Then we can deduce,
using an argument similar to the one above, that yr~! is a p“th power in the
rational field. Thus (8.2.1) can be rewritten as

t(f = DY =uP" —u, (8.3.3)

where f € Ck(t). Since f — 1 is arational function in ¢, we can rewrite (8.3.3)
further as

(1) =u —u, (8.3.4)

where f, f, are relatively prime polynomials in ¢ over C and f; is monic. From
this equation it is clear that any valuation that is a pole of u is either a pole of
t or a zero of f,. Further, the absolute value of the order of any pole of u at
any valuation which is a zero of f, must be the same as the order of f; at this
valuation. Therefore s = f>u will have poles only at the valuations which are
poles of z. Thus we can rewrite (8.3.4) in the form

P i
—tfl +s" =sfy .

Letcbe azeroof f;. Then, since f is a polynomial in ¢, ¢ is not a pole of ¢. Since
p® — 1> 2and s is integral over Ck[t], we have that ord¢(s”" —tf] ) > 2.
Now observe that by Proposition B.9.3

d(—tfl" +s7") Jdt = —fI"

and, since by assumption f, does not have any zeros at valuations ramifying in
the extension K /Ck (), by Corollary B.9.7 we have

orde(— f") = orde(d( — tff" +5"") Jdt) > 0.

Thus f; has a zero at ¢. But f; and f, are supposed to be relatively prime
polynomials. Hence, f, does not have any zeros, and thus is equal to 1. Therefore
y is a polynomial in ¢. Similarly, we can show that 1/y is a polynomial in 1/¢.
Hence y is a power of t and, more specifically, unless y = ¢ we must have that y
is a power of ¢ divisible by p®. If y = ¢ we are done. Otherwise, we have shown
that y is a p“th power of another rational function in ¢ over Cg, contradicting
our assumptions. g

Corollary 8.3.4. Letu, v, y be as in Lemma 8.3.3 with the exception that we
will now allow y to be a p“th power in K. Then for some non-negative integer
s we have that y = ¢7*.
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Proof. First of all, observe the following. Either y is a constant or, for some
non-negative integer k, it is the case that y = w”“k, where w € Cg(t), w is not
a p“th power of any element and, by Lemma 8.3.1 and induction, there exist
it, v € K such that B(a, w, i1, v) holds. Now, it is not hard to see that y cannot
be a constant. Indeed, if y € Cx then ordy(t — y) = —1 while, as discussed
above, the degrees of all the poles of the right-hand side quantities in (8.2.1)
are divisible by p“. Thus there exist iz, v € K such that B(a, w, i, v) holds.
Note further that, since K/C(t) is separable, w € C(t). Hence we can apply
Lemma 8.3.3 to w, ¢, i1, v in place of y, t, u, v to conclude that w = ¢. But in
this case y = wr” = 7" and so the corollary holds. (|

We now proceed to eliminate the assumption that the function in question is
rational.

Lemma 8.3.5. Let w be an element of K \ Cg(t). Let u, v, u; j, k. ji» Vi, ji .k, ji>
fori,k=0,....Lji=1,....r,Jk = 1,..., 11, be elements of K satisfying

1
/\ \/ NV Clk i jiow ik vijiky). (83.5)

i=0 jie{l,.,ri} k=0,ki jiell,....re}

Then w is a pth power of some element of K.

Proof. By Corollary 8.2.10, we can choose distinct natural numbers
iki,....kyy1e{l,...,1}

such that {c;, cy,, ..., cx,,} C Cy. Fix the indices i, ki, ..., k,+1. By the
assumption of the lemma, (8.2.3)—(8.2.6) hold for the quadruples

@ Jisku, ju, oo G Jisknt1s Jnt1)
for some index j; with 1 < j; <r; and indices ji,, ..., ji,,, With1 < ji <
rt,,- Nextconsider w; j, r, ., = (w — d; ;) /(w — dy,, j Yform =1,...,n+ 1.

Note that neither the numerator nor the denominator of this fraction has a zero
at a valuation ramifying in the extension K/Ck(t). Thus by Lemma 8.2.7,

forallm =1, ...,n+ 1, we have that w; j, s, ;. has no zeros or poles at any
valuation ramifying in the extension K /Ck (¢).
By assumption w ¢ Ck(¢). This implies that forallm =1,...,n+ 1 we

also have that w; j, t,,.;,, ¢ Ck(t). Further, by an argument s1m11ar to that used
in the proof of Lemma 8.3.3, for all m = 1, ..., n + 1 equations (8.2.5) and
(8.2.6) imply that the divisor of w; j, ., is of the form 217 p},;ilpfz, where b is
either —1 or 0 and b, is either 1 or 0.
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Let K, = Ckx(w, t) and note that for all m = 1,...,n 4+ 1 we have that
Wi j,m, € Ky and [K, : Cx(1)] = p", where 0 <k < h. (The left-hand
inequality is strict owing to our assumption that w ¢ Ck(¢)). Further, since
Wi j; ki, dO€S NOthave any zeros or poles ramifying in the extension K / Ck (¢),
the divisor of w; j,,.;,, Will be of the form A P, P2 , in K, where A,
is the K,,-divisor below the divisor 2 and for all s we have that 3; ,, denotes
the prime below p; in Ck (¢, w). Next we note that, on the one hand, by Propo-
sition B.4.2 the divisor of

Nk, /ce) (Wi ks )
. On the other hand,

S B/ B h
NKw/CK(t)(’pS.w = s = ‘Bf .

is equal to the norm of the divisor of w; j, ,,.j,

Thus the divisor of the norm of w; j, «,.;,, in Ck(¢) is a pth power of some
other divisor of Ck(¢). Since in Ck(¢) every degree-0 divisor is principal, we

must conclude that, forallm = 1,...,n + 1, the K/Cg(¢)-norm of w; j, x,,. ;..
is a pth power of some element of Ck (¢). Further,
1 _ W —dk, _ i di,j — dx,.j,
Wi ji s w —dj, w —dj,
1 1
=(dij —dy,. < — )

(e i) dij, — di,.j,, ~ dij —w

Thus we can conclude that form =1, ..., n + 1 it is the case that

1 1
Nk./cw) < - )
/Ck (¢ di,j,’ _ dkm,jkm di,ji —w

is a pth power. Then, by Lemma 8.2.5, taking into account our assumption that
for all natural numbers s and for m # j we have that ¢/, # ¢ j» we can conclude
that w — d; ;, is a pth power in K. Consequently, w is a pth powerin K. [

Corollary 8.3.6. Let w,u,v,u;j x> Vijkjo for i,k=0,...,Lj =
1,...,ri,ji =1,..., 1k, be as above. Then w € Cg(t).

Proof. Unless w is a constant and consequently is in Cx C Ck(¢), for some
natural number m there exists @ such that w = @w?" and w is not a pth power.
By Lemma 8.3.2 and induction, there exist i, ¥, i; j, k, j.» Ui ji k,jo> fOF, i, k =
0,....Lji=1,...,r, jr =1,..., r such that

1 1

/\_ Vo ANV Clikijie @ ki 0ki)-
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Since w is not a pth power, we conclude that w € Ck(¢). Thus for some
s we have that w”" € Ck(¢). But the extension K /Ck(t) is separable. Thus
w € Ck(1). O

Corollary 8.3.7. Let W, U, U, Ui ik ji> Vi, jik,ji for i, k= 0, e l,ji =
L,...,riji = 1,..., 1k, be elements of K satisfying

l l
(/\ \/ /\ \/ C(isk7jiajkswyui,j,-,k,jksUi,j,-,k,h))
i=0 jiell,riy k=0,k£i jre{l,...ri)
/\ B(a, w, u, v)
Then for some s € N we have that w = t"" .
Proof. From Corollary 8.3.6 we conclude that w € Cg(¢). Therefore we can

apply Corollary 8.3.4 to conclude that w = ¢”* for some non-negative integer
s. O

Finally we prove the main result of this section.

Proposition 8.3.8. The set {w € K | s € N: w = t”'} is Diophantine over
K.

Proof. First of all observe that, for any x € K and any s € N,

as a(s—1)

X —x = (x” PO ey x)P” — (" P x),
(8.3.6)

X —x = (x”uH +xP T x)’ — (x”mi] +xP T x).
(8.3.7)

Next we want to show that, assuming w = tP*, it follows that (8.3.5) is true
over K. In view of equality (8.3.6), it is enough to show that, for some 1 <
Ji i1 < g Sre, Wik = (ti,k)l’m. Choose j; = as mod r;. (Such a j;
exists since the set of all possible values of j; contains a representative of every

. as Ji mri Ji
class modulo 7;.) Then for some integer m we have that ¢! = (¢! )" " = ¢

Similarly, choose j; = as mod ry so that c,fm = c,fjk. Now we conclude that
the set {w € K|3s € N : w = t”'} is Diophantine over K for p > 2. Finally, in
the case p = 2 and a = 2 we note that there exists a non-negative r such that
w = % if and only if either there exists a non-negative s such that w = ¢* or
w = (t%)2. (]
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8.4 pth power equations over function fields III: pth
powers of arbitrary functions

In this section we will use pth powers of ¢ to construct pth powers of arbitrary
elements. We will start with a lemma which is a slightly different version of an
idea that we have used already in Section 8.3.

Lemma 8.4.1. Let m be a positive integer. Let v € K and assume that for
some distinct ap = 0, ay, ..., a, € Cg, the divisor of v+ agp, ..., v+a, is a
p™th power of some other divisor of K. Then, assuming that for all i we have
that v + a; does not have any zeros or poles at any prime ramifying in the
extension K /Cg (t), it is the case that v is a p™th power in K.

Proof.  First assume that v € Ck(t). Since v + a; does not have any zeros or
poles at primes ramifying in the extension K /Ck(¢), the divisor of v 4 g; in
Ck(¢) is a p™th power of another Ck(¢) divisor. Since in Ck(t) every degree-
0 divisor is principal and the constant field is perfect, v is a pth power in
Ck(t) and therefore in K. Next assume that v &€ Ck(¢). Note that no zero
or pole of v + g; is at any valuation ramifying in the extension K /Ck(t, v).
Hence in Ck (t, v) the divisor of v + g; is also a p™th power of another divisor.
Finally note that N¢ :,v)/c (1) (v + a;) will be a p™th power in Ck (t) and apply
Lemma 8.2.5. O

Before we produce a Diophantine definition of the pth powers of arbitrary
elements of K, we will carry out the construction for elements with simple zeros
and poles. The next two lemmas deal with the construction of such elements.
We will use a global derivation with respect to ¢ to verify that an element has
simple poles at certain valuations. A discussion of global and local derivations
and their relationship to the order of zeros can be found in appendix section B.9.

Lemma 8.4.2. Let p > 2. Let x € K. Let u = (x” +1)/(x? —t). Let a €
Ck,a # 1. Then all zeros and poles of u + a are simple except possibly
for zeros or poles at p, q or primes ramifying in the extension K /| Ck(t).

Proof. It is enough to show that the proposition holds for . The argument for
u~! follows by symmetry. First of all we note that the global derivation with
respect to ¢ is defined over K and that the derivation follows the usual rules by
Definition B.9.2 and Proposition B.9.4. So consider
d(u + a) _ 2xP
dt (xP =12
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If tis a prime of K that does not ramify in the extension K /Cg(¢) and is not a
pole or zero of ¢ then, by Corollary B.9.7, we have that
I+a)x?+A—a)

> 1

ordy(u 4+ a) = ord,
xP —t

if and only if t is a common zero of u 4+ a and d(u + a)/dt. If

2x?
ordg——— >0
(xP —1)?
then t is either a zero of x or a pole of x” — t. Any zero of x which is not a
zero of ¢ is not a zero of u + a for a # 1. Further, any pole of x is also not a
zero of u + a. Thus all zeros of u + a at primes not ramifying in the extension
K /Ck(t) and different from p and q are simple. Next we note that poles of
u + a are zeros of u~!. Further,

du™! . —2x?
dt ~ (xP +1)?’

and by a similar argument ' and du~"/dt do not have any common zeros at
any primes that do not ramify in the extension K /Ck(¢) and are not a pole or
a zero of 7. (]

We leave to the reader the proof of the next lemma, which deals with the
case p = 2.

Lemma84.3. Letp =2 Letx € K. Letu = (x> +x +1)/(x*> +t). Leta €
Ck,a # 1. Then all zeros and poles of u + a are simple except possibly for
zeros or poles at p, q or at primes ramifying in the extension K | Ck(t).

Our next task is to note that the equations we are going to be using for this
case (the case of a function with simple zeros or poles) can be reproduced if
we take the pth root of the “main” variable, just as in the case of Lemma 8.3.2.
The proof is also analogous to the proof of Lemma 8.3.2 and so we omitit. [

Lemma84.4. Lets € N,s > 0.Letx,v € K \ {0} and assume that for some
v € K we have that o7 = v. Letu = (x? +1)/(x? —t) if p > 2 and let u =
&2+ x +1)/(x* 4+ 1) if p = 2. Further, assume that

EIIUVi.j;,k,jA,e,ma O jik,ji.e> Vi ji.e €K
Vi 3j; Y(k # i) 3ji Ym Ve : (8.4.1)

D(s,i, ji, k. jk,m, e, u, v, Wi ji k. je.eoms O ik jeses Visjine)
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holds. Then

ki ik, je.eoms Oiji k. je.es Vi jie € K
Vi 3j, Y(k % i) 3ji Ym Ve - (8.4.2)

D(S - 1’ lv Ji’ k7 /ka ma ea M, U, /"Ll}ji,k,jk,e,ma O—i,jiﬁk,jkyea Vi,jf,e)

holds.

Lemma8.4.5. Lets € N, x,v € K\ {0}. Letu = (x? 4+ 1t)/(x? —t),ifp > 2
andletu = (x> +x + t)/(x2 + t) if p = 2. Further, assume that (8.4.1) holds.
Then, for some natural number d, we have that v = ub’.

Proof. Firstof all, we claim that for all i, k it is the case that u; ; has no multiple
zeros or poles except possibly at the primes ramifying in K /Ck(¢), or at p or q.
Indeed, by Lemma 8.2.7, all the poles of u; ; are zeros of u + ¢, and all the zeros
of u; ; are zeros of u + ¢;. However, by Lemma 8.4.2 and by the assumption
on ¢; and ¢, (see Notation and Assumptions 8.2.9), all the zeros of u + ¢, and
u + ¢; are simple, except possibly for zeros at p, g, or primes ramifying in the
extension K /Cg(t). For future use, we also note that u is not a pth power in
K, assuming x # 0. (This can be established by computing the derivative of u,
which is not 0 if x is not 0.)

We will show that if s > 0 then v is a p“th power in K, and if s = 0 then
u = v. This assertion together with Lemma 8.4.4 will produce the desired con-
clusion.

Note that by Lemma 8.2.10, we can choose distinct natural numbers
i,ki,...,kyp1 €1{0,..., 1} suchthat {c;, ct,, ..., c,,} C C, NC, and, for all
1<ji<r,1< Jiy = Tiys with f =1,...,n+ 1, we have that Uik, 1 and
Ui kp i ) have no zeros or poles at the primes of K ramifying in the exten-
sion K/C(¢), or at p or q. Note also that for the indices thus selected, all
the poles and zeros of u; 4, are simple. Thus we can pick natural numbers
i, ki, ..., Kkutt1, Jis Jky» - - - Jkoo, Such that equations (8.2.7)-(8.2.10) are satis-
fied for these values of the indices, and u; x,, Vi ji kyji, > - - - » Wiskoirs Vivjikusrs i,
have no poles or zeros at primes ramifying in the extension K /C(t), or atp or q.

Now assume that s > 0 and let f range over the set {1, ..., n + 1}. First
let e = £1, while m = 0, and consider the two versions of (8.2.9) with these
values of e and m:

2 2 _ . r S
isjiskpoje, = Wiy = i ik iy 1,0 = Pk 1,05 (8.4.3)

-2 =2 _ p . .
Vijikpoie, ~ Wik = Bijikypoji, =10 = Misjikyjip,—1,0- (8.4.4)
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By an argument similar to that used in the proof of Lemma 8.3.3, either for
all f=1,...,n+1 the divisor of v; j «, j in K is a p“th power of another
divisor or for some f and some prime t not ramifying in K /C(¢) and not equal
to p or g we have that ordv; j t,.j, = 1.

In the first case, given the assumption that the v; j ;. j,, do not have poles or
zeros at ramifying primes and Lemma 8.4.1, we have that vis a p“th powerin K .
So suppose that the second alternative holds. In this case, without loss of gener-
ality, assume that tisapole of v; j, «,. ity forsome f.Next, consider the equations

a

2 pre 2 — P — . .
Uiqjiqkf«jkft ui,kft - /’Liajl'ﬂkfvjkf7lsl Mlv.fika’vlkfvlvl (845)

2 2 _ oy .
Visjiks oo, ™ Wiky = Moy i, 00 T Bisiky e 0.1 (8:4.6)

obtained from (8.2.9) by first makinge = 1,m = l and thene = 1, m = 0. (If
t were a zero of v; j, &, ity then we would set e equal to —1 in both equations.)
Since t does not have a pole or zero at t and p* > 2, we must conclude that

2 P2 _ P e
Ordt(vi,j,.,kf,jk,.t - “i,k,/t) = Ofdt(“t,j,-,kf,jk,,l,l “lw,kw,,l,l) >0
and
2 2 _ p* .. .
Ordt(vi,j,-.kf,jkf - “i,k,-) = Ordf(“i,j,.,kf,jkf,o,l - /“Lu./nkmkf-o,l) > 0.
Thus
2 P _
ordevy ;i k, i, (¢ 1)
— P e
= Ordt(lli,j‘.,k/.,jk/’],] H’l,]i,qu]kf,l,l

P S
T kg 00 T tl*t,f,-,k,f,/k,-.o,l) > 0.

Finally, we deduce that ordy(t”” — t) > 2 |ord, v|. But in Cx(¢) all the zeros of
tP" — t are simple. Thus this function can have multiple zeros only at primes
ramifying in the extension K / Ck(¢). By assumption t is not one of these primes
and thus we have a contradiction, unless v is a p“th power.

Suppose now thats = 0. Leti, ky, ..., k,+1 be selected as above. Then from
(8.4.5) and (8.4.6) we obtain, for ks € {ki, ..., k,11},

pa a

_ (P
Bi kg gyt = Biciky g 1 = I(Mi,j,-,kf,jkf 017 Mi,j‘-,kf,jkf,o,l).
Note here that all the poles of M jikyojipo1,1 and Mi jikyojiy 0.1 A€ poles of
Wiky> Viijikyp.je,» OF 1 and thus are not at any valuation ramifying in the
extension K/Ck(¢t). By Lemma 8.2.11 we can then conclude that, for all
kf € {kl,...,kn_H},

2

2 _
Vijiksii, — Uiy = 0-
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Thus Vi joksoji, = *u; . Since all the poles of u; ;, are simple, (8.2.10) with
e = 1 rules out the negative option. Therefore

Vi jky,je, = Wiky- (8.4.7)

Rewriting (8.4.7) we obtain

dij—diji, -

v+dkfvjkf u +ckf

or
v=au+b, (8.4.8)

where a, b are constants. However, unless b = 0, we have a contradiction
with (8.2.10) for e = —1 because, unless b = 0, we have that v~! and ™!
have different simple poles. Finally, if a £ 1 then we have a contradiction for
(8.2.10) for e = 1 again, because the difference, unless it is 0 (and therefore
a = 1), will have simple poles. |

The following corollary completes the construction for the “simple pole and
zero” case.

Corollary 8.4.6. Let x € K and let u = (x? +1t)/(x? —t) if p > 2 and let
u=@>+x+1)/x>+1)ifp=2. Then the set {w € K | Is e N: w = u?"}
is Diophantine over K.

Proof. Given Lemma 8.4.5, as in Proposition 8.3.8 it is enough to show that if
w = u”" for some natural number s then (8.4.1) can be satisfied in the remaining
variables over K. This assertion can be shown to be true in the same way as the
analogous statement in Proposition 8.3.8. O

Remark 8.4.7. The reader should note that in Lemmas 8.4.2-8.4.5 and in
Corollary 8.4.6 we can systematically replace ¢ by ¢~ without changing the
conclusions.

We are now ready for the last sequence of propositions before the main
theorem. We will have to separate the case p = 2 again. We start with the case
p>2.

Proposition 8.4.8. Let p > 2. Let x,y € K. Then there exist v, v, u, ii, vy,
Dy, uy, 0 € Kands,r, j,ry, j1 €N such that
{E(u,ft, v,0,X,y, j,1,S),

- 5 . (8.4.9)
E(u, iy, v, 0, x+1,y+1, j1,71,5)
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hold ifand only if y = x”". (Each expression in (8.4.9) corresponds to a system
of equations, as defined in Notation and Assumptions 8.2.9.)

Proof. Suppose that (8.4.9) is satisfied over K. Then, using the fact that
E(u,ii,v,v,x,y, j,r s)holds, from (8.2.11), (8.2.13), and (8.2.15), we obtain

xpr+l

xpr+l +tpr - yp—i—lpx’

— yP — 7

and so
s—1 r—1

y = xP P

Similarly, from (8.2.12), (8.2.14), and (8.2.16),

y=xl

Thus, x?' =7 = 27"~ =r/" =

we similarly conclude that

.From E(uy, iy, vy, 01, x + 1,y +1, ji,r1,5)

O+ D=+

and so
(x + 1)[,/1_[{1 — tzpsfl_[,jlfl_p"hl.

If on the one hand x is a constant then s =r =s = j; =r; and y = x”".
Suppose, however, that x is not a constant. If 2p*~! — p/=! — p"~!1 > 0 then
x has a zero at p and a pole at q. Further, we also conclude that x + 1 has
a pole at q, 2p*~! — p/=! — p"=1 > 0, and x + 1 has a zero at p, which is
impossible. We can similarly rule out the case 2p*~! — p/=! — p"~! < 0. Thus
2p L —piTl—pr~l =0, s=r=s5s=j, =r, and y = x”". On the other
hand, if y = x”" and then we set s = r = s = j; = r; then we can certainly
find v, D, u, i, vy, 01, uy, i) € K to satisfy (8.4.9). O

s—1

The following propositions treat the characteristic-2 case.
Lemma 8.4.9. Let p =2. Then for x,y =35> € K, j,r,s € N\ {0}, and
u,it € K there exist v, v € K such that
E2(u,it,v,0,x,y,j,1,5) (8.4.10)
holds if and only if there exist v, U € K such that
E2(uy, ity, vy, 0y, x, 9, j—Lr—1,s = 1) (8.4.11)
holds.
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Proof. Suppose that, on the one hand, for some x, y = > € K, j,r,s € N\
{0}, and u, it € K, we have that (8.4.10) holds. Then from (8.2.21) we derive

-4 st 25 -2 s a1\ 2
+1t5 4t +1t5 4+t
=2 AT s (y g ) . (8.4.12)
Thus, if we set
~2 s 9s—1
o+t 4+t
V= — 8.4.13
1 5)2 +t2x—l ( )
we conclude that v = u? . Similarly, if we set
5)2 + tizs + tizx—]
U = 8.4.14
1 5}2 +t_2x—l ( )

then ¥, = @ . Thus (8.4.11) holds. On the other hand, itis clear that if for some
x,y=3%>€K,jrseN\{0}, andu, it € K thereexistv;, #; € K such that
(8.4.11) holds, then by setting v = v?, ¥ = 97 we will ensure that (8.4.10)
holds. O

Proposition 8.4.10. Let p = 2. Thenforx,y € K, s € Nthereexist j,r € N,
and u, ii, v, v € K such that (8.4.10) holds if and only if y = x*.

Proof. Since E2(u,ii,v, v, x,y, j,r,s) holds, from (8.2.17), (8.2.19), and
(8.2.21) we conclude that

y2 _ (x2r+1t2;+1 + t2r+2x+l 4 tz,-+2ﬁ+1)t_2r+1 ‘ (8.4.15)
Similarly, from the same three equations we conclude that
G i e e R b PR (8.4.16)

Thus to show that (8.4.10) implies y = x> we simply need to show that s = r
ors = j.

By Lemma 8.4.9 it is enough to consider two cases: the case where one of
r, j, s is equal to zero and the case where y is not a square. First suppose that
s = 0. Then

yE4+12 4t
V=T ——
y -+t
and v is not a square, since
dv B 12 £0
dt — y*+12

But v = u? and therefore r = 0 = s.
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Suppose now that r = 0. Then v = u and therefore v is not a square by an
argument similar to the one above. However, if s > 0 then v is a square. Thus
to avoid contradiction we must conclude that s = 0.

Finally, if j = O then ¥ = i is not a square and s = 0 again. Thus we have
reduced the problem to the case where y is not a square and r, s, j are positive.
In this case, from (8.4.15), taking the square root of both sides of the equation
we obtain

y= (22 T ) (8.4.17)

implying that, unless either r = 1,5 > 1 or s = 1,r > 1, we have that y is a
square.
Similarly, from (8.4.16), taking the square root we obtain

y = (xzjz‘” 4 t_2j_2k])t2j, (8.4.18)

implying that, unless either j = 1,5 > 1 ors = 1, j > 1, y is again a square.

Thus we have s =1,r > 1,j > 1l,orr=j=1,5 > 1, or y is a square.
First, suppose that s = 1. Then eliminating y from (8.4.17) and (8.4.18) and
substituting 1 for s yields

r r—1 r r j i—1 i i
(xz 22 +1)t—2 _ (xzft—z 4P 2y t—zf—l)tz-f’
r r r—1 i 9J —1
X2 T2 (PP
Then ¢ + 1/¢ is a square in K. This is impossible, since this element is not a
square in Ck (¢) and the extension K /Ck(¢) is separable.

Suppose now that r = j = 1,s > 1. Eliminating y from (8.4.17) and
(8.4.18) and substituting 1 for j and r produces

R e L (8.4.19)
This equation implies that > ~! 4+ ¢#!=2" is a square in K. But
ordy (1* ' +1'"7F) =ordyt' T =1 -2
is odd and p is not ramified in the extension K /Ck (). Thus we have a contra-
diction again.
Hence, if y is not a square, then » = s = j = 0. Thus we have shown that

(8.4.10) implies y = x*'. Conversely, if y = x*' then we canset j = r = s and
(8.4.10) will be satisfied. O

8.4.11. The proof of Theorem 8.2.1 completed To complete the proof of
Theorem 8.2.1 we note the following. Let M be any function field over a finite
field of constants. Let K be a finite constant extension of M satisfying the
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conditions listed in 8.2.9. Such an extension exists by Theorem 8.2.3. Then the
set P(K) is Diophantine over K. However, P(M) = P(K)N K 2 and therefore,
by the “going up and then down” method, P(M) is Diophantine over M.

We end this section with two corollaries that we will use in Chapter 10, on
the Diophantine classes of function fields.

Lemma 8.4.12. Let t € K \ {0}. Let a be a fixed natural number different
from zero. Let VV be any set of primes of K. Then the set
{(x, ) € Ogkw2|Ir e N:x = " Ay = t”m}
is Diophantine over Ok .
Proof. 'We will proceed by induction. Suppose that we can write down a set of

polynomial equations specifying that x = ¢” and y,_; = 7“""" Next consider
the following set of equations:

Wg = t(tys—1 + 1), (8.4.20)
IeN, z,=uw’, (8.4.21)
ordyz, = ordyx, (8.4.22)
1 sz,
Yo = — (— - 1) : (8.4.23)
X X

It is clear, given our inductive assumptions, that equations (8.4.20)—(8.4.23)
will have solutions in K if and only if y, = " . Furthermore, by the discussion
above and Theorem 4.2.4, equations (8.4.21) and (8.4.22) can be rewritten in a
polynomial form. g

Corollary 8.4.13. Let x,t € K. Then the set
[y, w) ek |FreNy=x" w=1"}

is Diophantine over K . (The proof is similar to the proof of Lemma 8.4.12.)

8.5 Diophantine model of Z over function fields over
finite fields of constants

Using pth power equations and the fact that we can assert integrality at finitely
many primes using polynomial equations, we now show the Diophantine unde-
cidability of algebraic function fields over finite fields of constants, by construct-
ing a Diophantine model of Z over such fields. The construction we present here
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is based on the results by Cornelissen and Zahidi from [6]. We also remind the
reader that a definition of Diophantine models and their relation to Diophantine
undecidability can be found in Definition 3.4.3 and Proposition 3.4.4. We start
by introducing the notation for this section.

Notation 8.5.1.

e Let M be a function field over a finite field of constants of characteristic
p > 0.

e Let P((M)={(x,y):IseN, y=x"}.

¢ Let p be any prime of M.

* Let INT(p) = {x € M : ordyx > 0}.

e Let DIV(p) = {(x,y) € K*: ordpx|,ord,y}

* Let MULT(M) = {(x, y,z) € M* : (ordyx)(ord,y) = ord,z}.

e Let ADD(M) = {(x,y,2) € M>: ordyx + ord,y = ordyz}.

Proposition 8.5.2. DIV (p) is Diophantine over M.

Proof. For any (x, y) € M?> we have (x, y) € DIV(p) if and only if there
exists z € M such that (x,z) € P(M) and {y/z, z/y} C INT(p). Now P(M)
is Diophantine over M by Theorem 8.2.1. I NT (p) is Diophantine over M by
Theorem 4.3.4. Thus the proposition holds. O

Proposition 8.5.3. MULT(M) and AD D(M) are Diophantine over M.

Proof. Notethat (x, y,z) € ADD(M)ifandonlyif{xy/z, z/xy} C INT(p).
Thus ADD(M) is Diophantine over M. Now by Theorem 8.1.9 the fact that
ADD(M), INT (p), and DIV (p) are Diophantine over M implies that

MULT*(M)= MULT(M)N INT(p)’

is Diophantine over M. We need to take care of elements which have nega-
tive orders at p. Observe that for any (x, y,z) € M 3, we have that (x, y, 7) €
MULT (M) if and only if one of the following statements is true: (x, y, z) €
MULTT(M);(1/x, y, 1/z2) € MULT™(M); (x, 1/y, 1/z) € MULT(M);
(1/x, 1)y, z) € MULTT(M). O

Corollary 8.54. Let A CZ' be a Diophantine subset of ZF. Then
{(z1,...,z1) € M*: (ordpzy, ..., ordyzi) € A}is a Diophantine subset of MF.
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Proof. The inductive argument necessary to prove this corollary is similar to
the argument used to prove Proposition 3.4.7 and Lemma 3.2.2. O

Theorem 8.5.5. M has a Diophantine model of 7.

Proof. First of all we observe that by Corollary A.7.8 it is the case that M
is recursive. Therefore, by Proposition 3.4.7 it is enough to construct a map
from Z into M making the image of the graph of multiplication and addition
Diophantine. Consider a map ¢ : Z — M defined by ¢(k) = 17" if k > 0 and
¢(k) = =" otherwise. From Section 8.3, we know that ¢(Z) is a Diophantine
subset of M. Next consider a subset of Z consisting of the pairs of integers A =
{(k, pY) 1 k= 0} U{k, —p~) 1 k < 0}. By Corollary A.1.6, A is recursive and
therefore it is r.e. by Lemma A.2.2. Thus by Theorem 1.2.2 we have that A is
Diophantine. Hence by Corollary 8.5.4 the set

M(A) = {(u,v) € M* : (ordyu, ordyv) € A}
is Diophantine over M. Next consider the following sets:
By ={(x,y,2) € (Z) : Ix1, y1, 21, {(x1, %), (1, ¥), (21, 2)} C M(A),
(x1,y1,21) € MULT (M)},
and

By ={(x,y,2) € ¢(Z)* : Ixy, y1, 21, {(x1, X), (1, ¥), (21, 2)} C M(A),
(x1,¥1,21) € ADD(M)}.
Observe that the sets B, and B, are both Diophantine subsets of M 3 B being

the ¢-image of the graph of multiplication while B is the ¢-image of the graph
of addition. O
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Bounds for function fields

In this chapter we will discuss some bound equations specialized for function
fields. These bounds will be used in the next chapter in our discussion of
Diophantine classes of function fields. Some methods used below should be
familiar to the reader from Chapter 5.

9.1 Height bounds

In this section we will consider how to obtain information about the height of
a function, given information on the height of a polynomial evaluated at this
function. We also compare the height of the coordinates of a field element with
respect to a chosen basis and the height of the element itself. (The reader is
reminded that the definition of the height of a function field element can be
found in B.1.25.)

Lemma9.1.1. Let K be a function field and let F(T) € K|[T] be a polynomial
of degree greater than or equal to 1. Let Hg(x) denote the height of x in K.
Then there exists a positive constant Cp, depending on F(T) only, such that for
all x € K we have that Hx(x) < Cr - (Hgx(F(x)).

Proof. Since the case where the degree of F(T) is equal to 1 is obvious, we
will assume that the degree of F(T') is greater than 1. Let
F(T)= Ao+ AT +---+A,T", n> 1.

Let Cyr be the maximum of the heights of the coefficients of F(T). Let p be
a pole of x such that either p is not a zero or a pole of any coefficient of F or
lordp x| > 2Cy . Then |ordp F(x)| > |ordp x|, where p is the pole of both x
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and F(x). Indeed, in this case, forany i = 1,...,n — 1 we have that
lord, A,x"| > |ordy A,_;x" 7|
This is true because
lord, A,x"| > n |ord, x| — |ord, A,| > n |ord, x| — CiF,
while
|ord, A,,_ix”_i| <(m—1)lordy x| + |ordy, A,_;| < (n — i) |ordy x| + CF.
Thus
lord, A,x"| — |ord, Ap_ix"7 > lord, x| — 2Cfr > 0.
Therefore
lord, F(x)| > |nord, x| — Cir > |ord, x|.

Let P be the set of primes of K satisfying the conditions described above. That
is, if p € P then p is a pole of x such that either it is not a zero or a pole of any
coefficient of F(T') or the absolute value of the order of the pole is greater than
2Cr. Note that the number of primes of K which are not in P but are poles of
x is less or equal to 2(n + 1)C;r and their degrees are also bounded by C|F.
Then we have the following inequality:

Hg(x) = Z degpord, x

p is a pole of x,

+ Z deg pord, x

p is a pole of x, pgp

+ Z 2(Cir)?

pisapoleof x,pyp

= Z deg pord, x
peP

< Zdeg pord, F(x)
peP

< Hg(F(x)) +4(n + 1)(Cir)?
< 4(n+ 1)(Cir)’ Hg(F(x)) = Cp Hg (F(x)).

O

Lemma 9.1.2. Let C(t)/ Cx(t) be a constant field extension of rational func-
tion fields over finite fields of constants. Let r = [C(t) : Ca(t)]. Let w € C(t)
be of Ci(t)-height h. Then w = f/g, where g € Cy(t), He,((f) < rh, and
He,)(8) = He (1) (g) < rh.
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Proof. First of all, we note that since the constant extension is separable, by
Lemma B.4.21, the C;(¢)-height and C;(#)-height of an element of the smaller
field will be the same. Next write w = u/v, where u and v are relatively prime
polynomials in #. Then

max (He, (), He,1y(v)) < Heyo(w) = h.

Letv = vy, ..., v, be all the conjugates of v over C,(¢). Then, on the one hand,
]_[f=1 v; € C(¢) and for all i we have that He,)(v) = Hc, (1 (vi). On the other
hand, He, i (uvs - - - v.) < rh and He,(nh(vvy -+ - v,) < rh. O

The following lemma is quite similar to Corollary 5.2.2. We leave the proof
to the reader.

Lemma 9.1.3. Let K /L be a finite separable extension of function fields. Let
K be the Galois closure of K over L. Leth € K andleth = hy, ..., h; € Ky
be all the conjugates of h over L. Let 2 = {wy, ..., wi} be a basis of K over
L and assume that h = Zf;& fiw;, where f; € L fori =0,...,k— 1. Then
Hg,(fi) < kaHg,(h), where a = a(S2) is a positive constant depending on the
basis elements only.

9.2 Using pth powers to bound the height

Lemma 9.2.1. Let W be a collection of primes of a function field K such
that in some finite extension M of K only finitely many primes of VW have
relative-degree-1 factors. Let F(T) be a polynomial over K as described in
Lemma B.4.19. Let t € K be such that all the poles of t are among the primes
of W. Letx € K. Letk, m be arbitrary non-negative integers. Then the following
statements are true.

1. (7" —1)”" JF(x) € Ok implies that all the poles of (17" — t)/F(x) are
poles of t and all the zeros of F(x) are among the zeros oft”k —t.
2. For every x € K there exist k, m € N such that (t"k — t)p /F(x) € Og.w.

3. 0f (17" —1)" JF(x) € Oy then H(x) < Crp®™ H(1).

Proof.

1. Any pole of (tpk — t)Pm/F(x) is either a pole of ¢ or a zero of F(x). But
by Lemma B.4.18 none of the zeros of F(x) is in W, while the quotient
(tpk — t)pm/F(x) € Ok, and thus must have poles at primes of WV only.
Therefore all the poles of the quotient must come from poles of 7.
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2. If p is a prime of K which is not a pole of ¢ then for some k € N it is the
case that p is a zero of 7 — 1.
3. By Lemma9.1.1,

m

Hi(x) < CrHK(F(x)) < CrHy (17 — 1) = Crp™ ™ Hy ().

O

Corollary 9.2.2. Let K be a function field over a finite field of constants of
characteristic p > 0. Let Wy be a set of primes of K without relative-degree-1
factors in some finite separable extension of K. Let a, b € N and assume that
t € Ok, wy. Then there exists a set A C Ok w x Ok w such that the following
statements are true.

1. A is Diophantine over Ok yy, .
2. (x,y)e A=3Ir e N,y =1" and Hx(y) > aHy(x) + b.
3. For every x € Ok, there exists y € Ok yy such that (x, y) € A.

Proof. Letp e Wk beapoleoft. Lets € Nbesuchthat p* > CrHg(t), where
F(T)is as defined in Lemma B.4.19 and Cp is as defined in Lemma 9.1.1. Next
let A be a set of pairs (x, y) € 012<,w such that there exist k,m € Z.g, z €
Ok yy satisfying the following equations:

(i ="
= W, (9.2.1)
y =" 9.2.2)

Suppose that (9.2.1) and (9.2.2) are satisfied over Ok yy. Then
i (F(x4)) = e (7 =1)'") = He (")
and, by Lemma 9.1.1,
aHg(x) +b < (a +b)Hg(x) = Hg (x“™)
< CpHy (1"™") = Crp" ™™ Hi (1) < p*™™p" < Hi(y).

Finally we note that A is Diophantine over Ok )y, by Lemma 8.4.13. ([
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Diophantine classes over function fields

Having resolved the issues of Diophantine decidability over global function
fields, we turn our attention to Diophantine definability over these fields. Our
goal for this chapter is to produce vertical and horizontal definability results
for “large” rings of functions, as we did for “large” number rings. The original
results discussed in this chapter can be found in [93], [100] and [103].

We start with a function field version of the weak vertical method.

10.1 The weak vertical method revisited

In this section we revisit the weak vertical method and adjust it for function
fields. As will be seen below, very little “adjusting” will be required.

Theorem 10.1.1. The weak vertical method for function fields Ler K /L be
a finite separable extension of function fields over finite fields of constants and
let Ky be the normal closure of K over L. Let {wy = 1, ..., wi} be a basis of
K over L. Let 7 € K. Further, let V be a finite set of primes of K satisfying the
following conditions.

1. Each prime of V is unramified over L and is the only K -factor of the prime
below itin L.

2. z is integral at all the primes of V.

3. Foreach p €V there exists b(p) € Cy, (the constant field of L) such that

z — b(p) = 0 mod p.

4. {wy, ..., w} is a local integral basis with respect to every prime of V.
5.1V |> ka(Q)Hk, (z), where a(R2) is a constant defined as in Lemma 9.1.3.

Then z € L.
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Proof. Write z = Zle fiw;, where foralli =1, ...,k we have that f; € L.
By assumption, {1, ..., w} is a local integral basis for all the primes in V.
By the strong approximation theorem B.2.1 there exists f € L such that, for
every p € V, we have that f = b(p) mod p. Thus z — f will be zero modulo
every prime of V. At the same time, z — f = (fi — f) + fowor + - + frox.
By Lemma B.4.12 and an argument similar to the one used in Corollary 6.1.5,
fori =2,...,k and for all p € V, we have that ord, f; > 0. Furthermore, by
Lemma 9.1.3 we have that

Hy(fi) < Hk,(f;) < akHg,(z) < |V|.

Thus, unless f>, = --- = fi = 0, we have a contradiction. But if f, =--- =
fr=0thenz € L. UJ

Using the weak vertical method we will prove the following theorem con-
cerning vertical Diophantine definability.

Theorem 10.1.2. Let K/L be a finite separable extension of global fields.
Then the following statements are true.

1. For any ¢ > 0 there exists a set Wy of primes of K of density greater than
1 — & such that L N OK,WK =Dioph OK,WK-

2. For any € > 0 there exists a set Wy of primes of L of density greater than
1 — € such that Oy, w, has a Diophantine definition in its integral closure
in K.

The proof of the theorem is contained in Sections 10.2-10.4. The overall plan

for the proof is very similar to the plan we used for number fields. Essentially,

as over number fields, it is enough to take care of the cyclic case. The only

difference here is that we will have two kinds of cyclic extensions: non-constant

cyclic extensions (with no change in the constant field) and constant extensions

(which will automatically be cyclic).

10.2 The weak vertical method applied to non-constant
cyclic extensions

In this section we will consider a cyclic extension of global function fields over
the same field of constants. We will start by fixing the notation for this section.

Notation 10.2.1.

¢ Let G denote an algebraic function field of positive characteristic p > 0.
¢ Let P(G) be the set of all primes of G.
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e Let Ws C P(G) be such that, in some finite separable extension of G, all but
possibly finitely many primes of WWs have no factors of relative degree 1.

¢ Let F be a subfield of G such that
(a) both G and F have the same field constant C, which is of size p” for

some positive integer r;

(b) G/F is acyclic extension.

¢ Let ¢ denote a non-constant element of F such that 7 is not a pth power and
t e OG,WG-

* Let Z(t) be the set of all G-primes occurring in the divisor of 7.

e Letd =[G : CQ@)l.

eLetQ={1,a,...,a" '} be abasis of G over F.

* Letg # p be arational prime and assume thatg > d, (¢, r) = 1, (¢, m) = 1.

* Let B be an element of the algebraic closure of C such that [C(8) : C] = q.

¢ Let n(«) be the constant defined in Lemma B.4.34. This constant depends on
a and K only.

* Leta(S2) be as in Lemma 9.1.3. This constant depends on the power basis of
a only.

* Let g, gg be the genuses of F and G respectively.

* Let b be a fixed positive integer such that

b > 2log,2(m + 4gG + 3mgr + 1 + 2dm).

Next we prove an easy lemma which makes the construction work.

Lemma10.2.2. Let f € C[t]. Letl be apositive integer such thatl = 0 mod r.
Then

P = f

P —¢

e CJt].

Proof. Let f(t) = Z _oait',a; € C. Then, since [ =0mod r = a/ = a;,
we have

k k
Z“ ' Za,t =Za,(r”’ —1')
i=0 i=0

L)
(7 t)Zai Py

Thus the lemma holds. O
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Lemma 10.2.3. Suppose that the following equations and inequalities are
satisfied for some x € G and some u € N\ {0}:

X;j = tx? —}—xj, j=0,1, (10.2.1)

Hg(t"") > max {2m Hg(1)(ma(Q)(q Hg(x) + Hg(t))  (10.2.2)
+2d + n(e)), Hg (tpb)}

[ =(qu+ Dr, (10.2.3)
and either
)C][?’ — .Xj
ordyp R = O mod ¢, (10.2.4)
or
X x;
j
ordy pr— >0, (10.2.5)

for all G-primes B not splitting in the extension G(8)/G. Then x € F.

Proof. Supposethat (10.2.1)—(10.2.5) are satisfied, as indicated in the statement
of the lemma. Then from (10.2.1) we conclude that for all p € P(G) \ Z(¢) such
that ordpx; < 0 we have that ordyx; = 0 mod g. Further, observe that in G all
the zeros of 7' — ¢ are of order at most d < q by Proposition B.1.11. Similarly,
|Z(¢)] < 2d by Lemma B.4.21, taking into account that in C(¢) both the zero
and the pole divisors of ¢ have degree 1.

Next consider a prime p € P(G) \ Z(¢) such that it does not split in the
extension G(B)/G and is a zero of 7 —1. If p is a pole of x; or if x}”l —Xxjis
a unit at p then

)C;?I —Xj /
P = —ord,(t” —1)# O0modgq.

ord,

Therefore from (10.2.4) and (10.2.5) we can conclude that x]’? L x; has a zero
at every p such that p & Z(7), ordp(tpl —1)> 0, and p does not split in the
extension G(B)/G.

Next let C; be the splitting field of the polynomial X »' — X. Note that by
(10.2.3) we have that [ = 0 mod r and therefore C C C;. Let Z(t) be the set
of C;G primes lying above the primes of Z(¢). Observe that | Z;(t)| < 2d also,
by Lemma B.4.21. Further, (/, ¢) = 1 and, since p* > pb by (10.2.2), we also
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have that
[ >u> logp (210gp 2(m +4gc +3mgr + 1+ de)).
Therefore the following statements are true.

1. There are more than p'/2m degree-1 primes of C;F which do not split in
the extension C;(8)G/C; F, by Proposition B.4.31.

2. For any prime pc,¢ of C;G, itis the case that pc, lies above a degree-1 C; F
prime which is not a pole of ¢ if and only if ordelG(t”' —1)>0.

3. Let pc, be a prime of C;G lying above a degree-1 C; F prime not splitting
in the extension C;(B)G/C, F. Let ps be the G-prime below p¢, . Then pg
does not split in the extension C(8)G/ G, by Proposition B.4.31.

Therefore in C;G we have that x]’.’ o x ; has a zero at every prime p¢,g such
that pc,g & Zi1(2), ordp(ﬂ’l — 1) > 0, and pc,g lies above a degree-1 prime of
C| F that does not split in the extension C;(8)G/C, F . But this means that, for
at least p' /2m — 2d distinct primes p of C;G lying above non-splitting primes
of C[ F,

ordy(x; —a(p)) >0

for some constant a(p) € C; C C;F. Now going back to (10.2.2) and (10.2.3)
we observe that

p'/2m > p*/2m > a(Qm(qHe(x) + Ho(t)) + 2d + n(e)
> a(QmHg(x;) + n(a) + 2d,

so that, by the weak vertical method for function fields (Theorem 10.1.1), we
have that x; € C;F. Since x; € G, we must conclude thatx; € C;F NG = F,
since in the extension F/G the constant field remains the same. Finally, if
x9t,x9t 4+ x € Fthenx € F. O

Theorem 10.2.4.  Og w, N F <pioph O, ;-

Proof. First of all we observe the following. Let x € Cp[¢]. Then, by Corol-
lary 9.2.2, for some u we have that (10.2.2) is satisfied. Now, by Lemma
10.2.2, it is the case that (xfl —xj)/(tpl — 1) is a polynomial of degree
pl(q degx +1)— pl= plq deg x. Therefore, (10.2.4) and (10.2.5) are satis-
fied. Next, let y be a generator of F over Cr(¢). Then x € Og, N F if and
only if x € Og,w, and x = thol (zi/vi)y', where z;, v; € Cp(¢) and v; # 0.

The only remaining task is to rewrite (10.2.1)—(10.2.5) in a Diophantine
fashion. We can rewrite (10.2.2) using Corollary 9.2.2. Next, given x, by
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Lemma 8.4.12 and Corollary 8.4.13 the set {(", t”I, xf[), l=(@u+r,ue
N} is Diophantine over G. Finally, (10.2.4) and (10.2.5) can be transformed
using Theorem 4.5.2. U

10.3 The weak vertical method applied to constant
field extensions

In this section we will consider finite constant extensions of rational function
fields. We will again start by describing the notation for the section.

Notation 10.3.1.

e Let C be a finite field of characteristic p.

* Let ¢ be transcendental over C.

* Let Wc() be asetof primes of C(¢) such that in some finite separable extension
M of C(t) only finitely many primes of Wc () have relative-degree-1 factors.
Assume also that the prime which is the pole of ¢ is included in Wey).

* Let g # p be arational prime.

* Letr =[C:F,]

e Let 8 be an element of the algebraic closure of C such that [C(8) : C] = q.

* Let p, be the zero of 7 in C(2).

Lemma 10.3.2. Suppose that the equations and inequalities below are sat-
isfied over Oc)wy, for some x € Ocq)we, and some u € N. Then x €
Octy Wew N, (1),

ord,, x > 0, (10.3.1)
xj=tx? +x7, j=0,1, (10.3.2)
Hew(t”") > 2(r + 1) - Hep)(x)), (10.3.3)
I =2qru+1, (10.3.4)
and either
dxf[_xj—o d 10.3.5
orptp,_t:moq, (10.3.5)
or
xf’ — X,
ordp f > O, (1036)
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for all zeros p of " —tin C[t] such that p does not split in the extension

C(B, 0/ C).

Proof.  Suppose that the equations and inequalities above have a solution with
! € Nand all the other variables in O¢() w,,- Then by Lemma9.1.2 we have that
xj = f/g,whereg € F,(t)and Hc(,y(f) < r He(x ;). From (10.3.5), (10.3.6),
angi Lemma B.4.32 we conclude in the same fashion as in Lemma 10.2.3 that
xf — x; has zeros at all the primes which are zeros of 7' — 1. Thus
frg— fe”

is divisible by t? —tin C[t]. Since g € IFp[t], we have on the one hand that
g” —g=0mod (¢” —r)in C[r], and thus g(f” — f) = 0mod (” —r). On
the other hand, let f; be the polynomial obtained from f v by replacing 7 by
t. Clearly, fy is of the same degree as f, and fy = f P mod (t”’ — t) and thus
g(fo— f)=0mod tf"[. Therefore, unless fy = f, the degree of fg is greater
than or equal to p'. But by (10.3.3) we know that deg fg < p'. Thus fy = f.
This means that every coefficient of f raised to the power p' is equal to itself.
At the same time, since C is of degree r over I ,, every coefficient of f raised
to the power p?"™ is equal to itself. Thus every coefficient of f raised to the pth
power is equal to itself and therefore belongs to ¥ ,. O

We can now prove the theorem below, following the same plan as in the
proof of Theorem 10.2.4.

Theorem 10.3.3. Fp(f) N OC(t),WC(,) fDiuph OC(I),WC(I)'

10.4 Vertical definability for large subrings of global
function fields

In this section we put together Theorems 10.2.4 and 10.3.3 to obtain vertical
definability for large subrings of function fields and so complete the proof of
Theorem 10.1.2. As in the case of number fields, these vertical results will later
lead to a way to define integrality at infinitely many primes in the function field
case. We start as usual with a notation list for the section.

Notation 10.4.1.

* Let K /L be a separable extension of global function fields.
* Let Sk be a finite set of primes of K.
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e Let Ck, Cy. be the constant fields of K and L respectively.

* Lett € L be such that it is not a pth power in K.

e Let N be the Galois closure of K over Cg(t) and let C be the constant field
of N.

e Let P(K) be the set of all the primes of K.

* Let Wx C P(K)be suchthatt € Og w, N Ok s,-

e Let Wy be the set of primes of N lying above Wk . (We remind the reader
that this assumption implies that Oy yy, is the integral closure of Ok yy, in
N, by Proposition B.1.22.)

* Let We, ) be the set of primes of Cy(¢) all of whose N-factors are in
WN.

* Let W, be the set of primes of L all of whose N-factors are in Wy .

¢ Assume that in some finite separable extension F' of N all but finitely many
primes of Wy have no factors of relative degree 1.

e Let{E;,i =1,...,1}be the set of fields satisfying the following conditions:
Cn(t) C E; C N; N/E; is a cyclic extension.

We now prove a more general vertical definability result. A reader might rec-
ognize the similarities with the number field case.

Theorem 10.4.2. Og w, N L <piopn Ok wy-

Proof. First of all we observe the following. Since N/ Ck (¢) is Galois, we also
have that N/Cy(?) is Galois. Next let ¢ € Gal(N/Cy(¢)) and observe that the
fixed field of o is one of finitely many cyclic subextensions of N containing
Cy(t). Thus, if x € ﬂﬁzl E; then we have that x is fixed by all the elements of
the Galois group and therefore must be in Cy(¢). Further, since for all i it is
the case that Cy(#) C E; and Cy is the constant field of N, it follows that the
constant field of E; is also Cy. Thus, by Theorem 10.2.4, foralli =1, ...,!
we have that Oy yy, N E; <pjopn N.

Using the intersection property of Diophantine generation, we immedi-
ately conclude that Oy y, N Cn(?) <piopn On,w,- Next, note that Oy yy, N
Cy() = OC(,),WCN(”. Furthermore, in the extension FN/C(t) none of the
primes of Wc, ) has a relative-degree-1 factor. Thus by Theorem 10.3.3 we
have that Oy, N F,(t) <piopn Owr,,- Using the transitivity of generation,
we now conclude that

Onwy NF (1) Zpioph Onwy-
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Since t € Ok w, C Oy, using Diophantine generation of the fraction field
and its extensions, we now have

L =<piopn Fp(t) <pioph On,wy NFp(t) <piopn On Wy -

Using the fact that Oy )y, <piopr On,w, and the intersection property again,
we get

LN Onwy Zpioph ON,Wy-
Finally, by the Diophantine generation of integral closure,

LN Ogw, =LNONwW, <pioph Ok, wy- O

As before we can give an estimate of the “size” of the rings to which our results
are applicable.

Theorem 10.4.3. Let G/F,(t) be a cyclic extension of prime degree q such
that (q, [N : F,(t)]) = 1. Let Wy, be the set of all L-primes not splitting in the
extension LG /L. Let Wy be the set of all K -primes lying above the primes of
W;. Then

Orw, = Og.wy N L Zpioph Ok, wy

and the Dirichlet density of both prime setsis 1 — 1/q.

Proof. Let Wy be the set of N-primes above the primes of ;. On the one
hand, by Lemmas B.4.7 and B.4.8 we have that Wy and Wy consist of all
the primes of N and K respectively not splitting in the extensions GN /N and
K G/K, plus or minus a finite set of primes. Therefore we can apply Theorem
10.4.2 to conclude that Oy, N L <piopn Ok, w,- On the other hand, by the
Chebotarev density theorem the density of K-primes and the density of L-
primes not splitting in the extensions KG/K and LG/Lis 1 —1/q. O

Remark 10.4.4. Since g canbe made arbitrarily large, Theorem 10.4.2 implies
Theorem 10.1.2.

Finally we note that the vertical definability results certainly apply to rings of
S-integers since the conditions on the prime sets in Theorem 10.4.2 must hold

up to a finite set of primes. Thus we also have the following result.

Theorem 10.4.5. Ok s, N L <pjopn Ok s¢-
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10.5 Integrality at infinitely many primes over global
function fields

In this section we convert our vertical definability results into horizontal defin-
ability results using the same methods as over the number fields. The main
result which will be proved in this section is stated below.

Theorem 10.5.1. Let K be a function field over a finite field of constants. Let
S be a finite collection of primes of K. Then for any ¢ > 0 there exists a set of
K-primes W, containing S and of Dirichlet density greater than 1 — g, such
that Ok s has a Diophantine definition over Ok .

The proof of this theorem is derived from a technical result contained in Propo-
sition B.5.6, which is the function field analog of Lemma B.5.5, and Proposi-
tion 10.5.3 below. Before we proceed, as usual we need to describe the objects
under consideration.

Notation 10.5.2.

e Let K be a function field of characteristic p > 0 over a finite field of con-
stants C.

e Let Sk be a finite collection of primes of K.

* Let t € K be such that ¢ has poles at all the elements of Sk, has no other
poles, and is not a pth power. (Such a 7 exists by the strong approximation
theorem B.2.1.)

* Let ¢ be a positive real number.

e Let s be a natural number not divisible by p and such that s > 2/e.

e Let E = C(t).

* Let M be a constant extension of E of prime degree r > 2/¢ and such that r
does not divide [K : C(#%)]!.

* Let K be the Galois closure of K over E.

* Let Vg, be the set of primes of K splitting completely in the extension
MKg/K.

* Let Wk 1 be the set of all the K -primes lying above E-primes splitting com-
pletely in the extension K/ E.

* Let Zx 1 = Wk, \ Vk.1-

* Let Zg ) be the set of E-primes below the primes Zk ;.

* Let Gk 1 be a set of K-primes such that it contains exactly one prime above
each prime in Zg ;.

* Let Vg, be the set of all the primes of K of relative degrees greater than or
equal to 2 over E.



176 Diophantine classes over function fields

e Let Vk = Vg1 UGk 1 UVkos.
e Let Wg = P(K) \ Vk.
o LetWKzVVK U Sk.

The diagram below shows all the fields under consideration.

Kg MKg
K MK
E=C(#) M

Proposition 10.5.3. Ok s, <pioph Ok, and S(OWx) > 1 —¢.

Proof. First of all we observe the following. Since ¢ is not a pth power in K and
s #% 0 mod p, we have that #* is not a pth power in K. Therefore the extension
K/C(t%) is separable by Lemma B.1.32. Next, by Proposition B.5.6 and by
construction, we know that WK satisfies the requirements of Theorem 10.4.2.
Further, again by Proposition B.5.6 and the construction of Wy, O ko NE =
C[#*]. Thus by Theorem 10.4.2 we have that C[#*] has a Diophantine definition
over Ok yy,» Of C[t°] <pigpn Ok wy- At the same time, since Ok s, is the
integral closure of C[#°] in K, by Proposition 2.2.1 we have that Ok s, <pigph
C[#*]. Thus by the transitivity of Dioph-generation we have that Ok s, <piopn
Ok i, - Finally, by Theorem B.5.6,

1 1
[K:E] [M:E]

SOWVK) =8(Wk) > 1 — >1—c¢. O

10.6 The big picture for function fields revisited

In this section we go back to the Diophantine family of a polynomial ring over
a finite field of constants to review what we have learned about Diophantine
generation and Diophantine classes within the family. With this plan in mind,
consider Figure 10.1.fig 1 It illustrates the facts listed in Proposition 10.6.2
below, most of which we have already established. As before, the arrows signify
Diophantine generation. In our cataloging of facts we will proceed from left to
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Oy, N Fp(1) = Op (0, W
Wy contains primes of K without

Vi contains factor  relative-degree-1 factors in some O s the integral
of primes in V finite and separable extension closure of IF,[#] in K
K Ok, v, Ok, wy Ok wy Ok
finitely many primes finitely many primes
P P

almost all primes of W excluding
poles of ¢ are missing a conjugate

over some separable subextension

Y

almost all primes of W’ excluding
poles of ¢ are missing a conjugate

over some separable subextension

finitely many primes finitely mpny primes
P -
Fp(f) OF, 1), v OF,(n, w OF, ), W' Fp[f]
Vis an arbitrary W contains primes of F), is a finite field of
set of primes of F,, () [F,(¢) without relative-degree-1 characteristic p > 0.

factors in some finite
and separable extension

Figure 10.1 Horizontal and vertical problems for the Diophantine family of I, [¢]
revisited.

right, starting with the lower level. First, however, we review the notation and
assumptions.

10.6.1. Notation and assumptions

* Let F, be a finite field of p elements.

* Let ¢ be transcendental over IF,.

* Let K be a finite separable extension of I ,(¢).

* Let P(K), P(IF,()) be the sets of all the primes of K and IF,(¢) respectively.

e Let Wy C P(K), W C P(IF,(¢)) be prime sets containing all the poles of ¢
in K and IF,(¢) respectively. Assume further that, for some separable subex-
tension Uy of K, every element of Wy has a conjugate over Ux which is not
in Wy. Similarly, for some separable subextension U of F ,(¢), every element
of W' has a conjugate over U which is not in W'. We should note that by
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the Riemann—Hurwitz formula (Theorem 3.6.1 of [33]), U must be a rational
function field.

* Let Wx C P(K), W C P(F,(t)) be such that Wj, C Wand W C W. Fur-
ther, for some finite separable extension Mg of K, all but finitely many
primes of Wk have no relative-degree-1 factors in M. Similarly, for some
finite separable extension M of I ,(¢), all but finitely many primes of V) have
no relative-degree-1 factors in M. Finally, Ok yy, NF,(#) = Op, ) w-

* Let V € P(IF,(1)) be such that P(F,(t)) \ V is a finite set. Similarly, let
Vk € P(K) be such that P(K) \ Vg is a finite set.

Proposition 10.6.2. The following statements are true.

* Ok =Zpioph Fplt](and Ok vy <piopn OF ), v)- This follows from the Diophan-
tine generation of integral closure. (See Proposition 2.2.1.)

Fplt] <pioph OF, ) - (10.6.1)

This assertion “almost” follows from Theorem 10.4.2. Indeed, let N be the
Galois closure of F,(t) over U. To apply Theorem 10.4.2 we need to know that
all the N-factors of primes in ¥/’ have no relative-degree-1 factors in some
finite separable extension of N. This in fact is implied by the assumption that
in some finite separable extension of F,(¢) no prime in JV’ has a relative-
degree-1 factor. Unfortunately, the proof of this fact is outside the scope of
this book, but it can be found in [112]. Now, Theorem 10.4.2 gives us the fact
that

Or,cow NU Zpiopn OF, )W

Let Wy be the set of all primes of U with all their F,(¢)-factors in W'. Then
by assumption Wy is a finite set and Or, v NU = Oy w,. Let Or, ).
be the integral closure of Oy yy, in F,(¢). Then S’ is a finite set and contains
the pole of ¢. Thus using the Diophantine generation of integral closure and
the fact that we can define integrality at finitely many primes, we can conclude
that (10.6.1) holds.

* The Diophantine class of OF,q)w (or Ok wy ) does not change if we add or
remove finitely many primes from VW ( orWk ).

This assertion is new and requires an (easy) argument. It is enough to carry
out the argument for the case where we remove or add one prime. We will
describe the argument for V. An identical argument will also work for Wk.
Soletq € Wandletld = W \ {q}. Since we know how to define integrality
at finitely many primes in any global function field (see Theorem 4.3.4), and
holomorphy rings of global function fields are Dioph-regular (see Note 2.2.5),
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Or,u <pioph OF,r),w- Thus, the only assertion that requires proof is the
assertion that

OF,t)w <Dioph OF,w)u- (10.6.2)

By the strong approximation theorem B.2.1 there exists an element x €
Or,(nu such that x has only one zero at q. Let y € Or,),v- Then, for some
k € N, we have that z = xpky € O,y andy = z/x”k. Thus

O, = {% 2w € OppundkeN,w=x"}.
Since by Theorem 8.2.1 we can rewrite 3k € N, w = x" ina Diophantine
fashion, we can conclude that in fact (10.6.2) holds.
F,[t] <pioph Ok-
This follows from Theorem 10.4.5.
Ok <pioph Ok W -
Here we can use an argument similar to the argument used to show (10.6.1).
OF, ) w Zpioph Ok Wy -

This assertion follows by Theorem 10.4.2 again with the same caveat as for
(10.6.1).
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Mazur’s conjectures and their consequences

In this chapter we explore two conjectures due to Barry Mazur. These conjec-
tures, which are a part of a series of conjectures made by Mazur concerning
topology of rational points, have had a very important influence on the devel-
opment of the subject. The conjectures first appeared in [55], and later in [56],
[57], and [58]. They were explored further by among others, Colliot-Thélene,
Skorobogatov, and Swinnerton-Dyer in [4], Cornelissen and Zahidi in [6],
Pheidas in [70], and the present author in [108]. Perhaps the most spectac-
ular result which has come out of attempts to prove or disprove the conjectures
is a theorem of Poonen, which will be discussed in detail in the next chapter.
Unfortunately, up to the time of writing, the conjectures are still unresolved.

11.1 The two conjectures

The first conjecture that we are going to discuss states the following.

Conjecture 11.1.1. Let V be any variety over Q. Then the topological closure
of V(Q) in V(R) possesses at most a finite number of connected components.
(Conjecture 2 of [58].)

Remark 11.1.2. Let W be an algebraic set defined over a number field. Then
W=V,U---UV,, k eN, where V; is a variety and W = V; U --- U V;, and
where W, Vi, ..., V} denote the topological closures of W, Vi, ..., Vj respec-
tively in R if K is a real field and C otherwise. Further, if ny, ny, .. ., ny are the
numbers of connected components of W, Vi, ..., V; respectively and n; < 0o
foralli =1,...,kthenny < n; + --- + ng. Thus, without changing its scope
we can apply Conjecture 11.1.1 to algebraic sets instead of varieties.

180
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This conjecture has an implication (the second Mazur conjecture) whose
importance should be clear to a reader of this book.

Conjecture 11.1.3. There is no Diophantine definition of Z over Q.

Instead of proving this implication right away, we will restate the first con-
jecture for a wider variety of objects and consider its implication in an extended
setting.

11.2 A ring version of Mazur’s first conjecture

Notation 11.2.1.

¢ For a number field K, let P(K) denote the set of all finite primes of K.
e Let V C C”" be an affine algebraic set defined over a field K. Let A C K.
Thenlet V(A) ={x = (x1,...,x,) € VN A"}

Question 11.2.2. Let K be a number field and let Wy be a set of primes of
K. Let V be any affine algebraic set defined over K. Let V(Ok ) be the
topological closure of V(Ok w,) in Rif K C R or in C otherwise. Then how
many connected components does V(O yy, ) have?

We start with the following simple observations.

Proposition 11.2.3. Let T}, T, be topological spaces. Consider T =Ty x T,
under the product topology. Let w : T — T be a projection. Let S C T be such
that the topological closure 7 (S) of 7 (S) has infinitely many components. Then
the topological closure S of S also has infinitely many components.

Proof. First of all, observe that 7(S) C 7(S), since a projection maps limit
points to limit points. Thus § < a7 (S)). By assumption, 7(S) = U; <1 Cis
where I is infinite and the C; are closed and pairwise disjoint. Further, infinitely
many C; will contain points of 7 (S). Indeed, suppose not. Let Cy, ..., C; be all
the C;’s containing points of 7(S). Let C; ¢ C;UC,U---UC;. Leta € C;.
Then a € 7(S) C Cy U--- Uy, but every neighborhood of a has a point of
C; forsomei =1, ..., 1. Therefore, forsomei = 1, ...,/ we have that a is a
limit point of C;. Indeed, suppose not. Then for each i there is a neighborhood
of a where C; has no points. The intersection of all such neighborhoods is a
neighborhood where C; U C, U - - - U C; has no points, and we have a contra-
diction. Since the C; are closed, a € C; for some i = 1, ..., [. Thus we have
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another contradiction. Consequently § = U; c I(S' N ~1(C;)), where infinitely
many elements of the union are non-empty and all elements are closed. Hence
§ is a union of infinitely many pairwise-disjoint closed sets. U

From this observation we immediately derive several easy but useful corol-
laries concerning connected components.

Corollary 11.2.4. Suppose that for some ring R contained in a number field
and for some affine algebraic set 'V defined over the fraction field of R we have
that V(R) has infinitely many connected components. Assume also that R has
a Diophantine definition over a ring R O R, where the fraction field of R is a
number field K. Then for some affine algebraic set W defined over K, we have
that W(R) has infinitely many connected components.

Proof. Let V be an algebraic set with, as described in the statement of the

proposition, infinitely many components of V(R). Let g(¢, y) be a Diophantine

definition of R over R. Let { fi(X), ¥ = (X1, ..., X,),i = 1, ..., m} be polyno-
mials defining V. Then consider the following system:

{g(xi,)_’i)=0, i=1,....n,

fix) =0, j=1...,m.

Let W be the algebraic set defined by this system in K. Note that the projection

of W(R) on the ¥-coordinates is precisely V(R) and therefore the topological
closure of W(R)in R or C will have infinitely many connected components. [

(11.2.1)

Corollary 11.2.5. Let W, S be finite sets of primes of Q, with S = P(Q) \ W.
Suppose that Conjecture 11.1.1 holds over Q. Let V be any variety defined over
Q. Then the real topological closure of V(Oq,w) has finitely many connected
components.

Proof.  Since by Theorem 4.2.4 we know how to define integrality at finitely
many primes over number fields, Og v has a Diophantine definition over Q.
Therefore we can apply Corollary 11.2.4 to reach the desired conclusion. [

We can specialize Corollary 11.2.4 to obtain the following proposition, which
will account for Mazur’s second conjecture.

Proposition 11.2.6. Let R be a subring of a number field K such that, for
any affine algebraic set V defined over K, the topological closure of V(R) has
finitely many connected components. Then no infinite discrete (in archimedean
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topology) subset of R has a Diophantine definition over R. In particular, no
infinite subset of 2", where n is a positive integer, has a Diophantine definition
over R.

Using the definability of integrality at finitely many primes we can obtain
another easy consequence of Corollary 11.2.4 and Proposition 11.2.6.

Corollary 11.2.7. Let S be defined as in Corollary 11.2.5. Then there exists an
affine algebraic set U such that the real closure of U(QOgq,s) will have infinitely
many components.

Proof. By Theorem 4.2.4, Z has a Diophantine definition over Og s. Therefore
we can apply Proposition 11.2.6 to reach the desired conclusion. O

Thus if we allow finitely many primes in the denominator in the closure, we
will have algebraic sets over the resulting ring with infinitely many connected
components. Similarly, if Conjecture 11.1.1 is true and we remove a finite
number of primes from the denominator, all the varieties over the resulting rings
will have finitely many components only, in the closure. The natural question
is then how many primes we can remove from the denominator before we see
algebraic sets with infinitely many components in the topological closure over
the resulting rings. We will answer this question partially in this chapter. A more
comprehensive answer will be provided in the next chapter, on Poonen’s results.

11.3 First counterexamples

In this section we will describe some counterexamples to the ring version of
Mazur’s conjecture using norm equations. First we state a lemma whose proof
follows from Part 5 of Proposition 6.2.1.

Lemma 11.3.1. Let K be a number field. Let Wx C P(K) be such that for
some finite extension M of K all the primes of Wy remain prime in the extension
M/K. Let Wy be the set of all the M-primes above the primes of Wy. Then
all the solutions x € Oy w,, to the equation

Nyrg(x) =1 (11.3.1)

are integral units.

Equipped with the lemma above, we can now produce an equation with an
infinite set of integer solutions over a “large” subring of Q.
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Lemma 11.3.2. Let M be any finite extension of Q of degree n > 2. Let
Wo C P(Q) be a set of Q-primes not splitting in the extension M /Q.

Let {wi, ..., ®,} C Oy be an integral basis of M over Q. Let {w; j, j =
1,...,n}, w1 = w; be all the conjugates of w; over Q. Then all the solutions
(a1, ...,a,) € Oq,ny, to the equation

]‘[Zaiwi,j =1 (11.3.2)

are actually in 7. Furthermore the set of these solutions is infinite.

Proof. Let W)y, contain all the M-primes lying above primes of Wg. Then
x=>1 ,a;0; € Oy, Further, the set {x; =) " jajw;;,j=1,...,n}
contains all the conjugates of x = x; over Q. Thus equation (11.3.2) is equiva-
lent to equation (11.3.1), with K = Q. Therefore, if x = ) "_, a;w; isasolution
to (11.3.2) then x is an integral unit of M. Since {wy, ..., ®,} is an integral
basis, we must conclude that a; € Z.

Conversely, if x = ) _,a;w; is a square of any integral unit of M then
(ai, ..., ay) are solutions to this equation. Since we have assumed the degree
of the extension to be greater than 2, we can conclude that by the Dirichlet unit
theorem (see Theorem 11.19, Chapter 1 of [37]), the unit group of M is of rank
at least 1 and the solution set of (11.3.2) is infinite in Z". [l

We can now state our first counterexample for a subring of Q.

Proposition 11.3.3.  For any ¢ > 0 there exists a set of rational primes Wg
such that the Dirichlet density of Wy is greater than 1 — ¢ and there exists a
variety V defined over Q such that the topological closure of V(Oq,w,) in R
has infinitely many connected components.

Proof. 1t is enough to take M to be a cyclic extension of prime degree greater
than e ~!. Then by Lemma B.5.2 the set of primes splitting in the extension M /Q
has density less than ¢ and we can apply Lemma 11.3.2 and Proposition 11.2.6.

O

We will now prove analogous results for totally real number fields and their
totally complex extensions of degree 2 using what we know about vertical
Diophantine definability for these extensions.

Theorem 11.3.4. Let K be a totally real field or a totally complex extension
of degree 2 of a totally real field. Then for any € > O there exists a set of primes
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Wk C P(K) such that the Dirichlet density of Wy is greater than 1 — ¢ and
there exists an affine algebraic set V defined over K such that V(O yy, ) has
infinitely many connected components.

Proof. Since we have dealt with the case K = Q already, we can assume that
K is anon-trivial extension of Q. We consider the case of totally real fields first.
Firstlet E, K¢ be as described in Corollary 7.6.3 with the additional assumption
that

and Wk contains all the primes of K not splitting in the extension EK /K.
Observe that, under this assumption, by Lemma B.5.2 the density of the set
of all K primes not splitting in the extension EK /K is greater than 1 — ¢.
Adding finitely many primes to W to form Wk, as in Corollary 7.6.3, will not
change the density. Let Wg be the set of all the rational primes below the primes
of Wk such that for every g € Wg we have that Wy contains all the factors
of ¢ in K, and note that, owing to our assumption on p, by Lemmas B.4.7
and B.4.8 primes of Wg do not split in the extension E/Q. Note also that
OK,WK N Q ? OQ,W@' B

Now let Wy be the set of all the rational primes below the primes of Wk
such that, for every ¢ € Wy, we have that W contains all the factors of ¢ in K .
Again we observe that Q N O yy, = Oq,yy,- By construction, Wy can differ
from Wg by finitely many primes only. Therefore we claim that the following
statements are true by Corollary 7.6.3, the definability of integrality at finitely
many primes, and the transitivity of Dioph-generation:

Oq Wy Zpioph Ok Yy »
OQ,W@ =Dioph OQ,WQy
OQ,WQ SDioph OK,WK-

Also, by Corollary 7.5.4 there exists an infinite set of rational integers Diophan-
tine over Oq, ), and thus over O yy, - |

The case where K is a totally complex extension of degree 2 of a totally real
field is handled in a similar manner using Theorem 7.8.7.

We now turn our attention to extensions with one pair of non-real conjugate
embeddings. There we do not have results analogous to Corollary 7.6.3 and The-
orem 7.8.7, but we do know that rational integers have a Diophantine definition
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over the rings of integers of these fields (see Section 7.2). We will use an
approach utilized in the result cited above to prove the following theorem.

Theorem 11.3.5. Let K be a non-real number field with exactly one pair of
non-real conjugate embeddings. Then there exists a set Wx C P(K) such that
the Dirichlet density of Wk is 1/2 and for some affine variety V defined over
K we have that V(Ok yy, ) has infinitely many connected components.

Proof. Leta € Ok be as described in Notation 6.3.3 for the case where K has
exactly one pair of conjugate non-real embeddings. Let M = K («/a% — 1) be
a totally complex extension of degree 2 of K. Note that the density of the set of
K -primes not splitting in the extension M /K is exactly 1/2 by Lemma B.5.2.
So let Wk C P(K) be the set of primes not splitting in the extension M /K.
Let Wy, be the set of M-primes above the primes of Wx and observe that by
Proposition 11.3.1 all the solutions to Ny /x(z) = 1 in Oyp,yy,, are algebraic
integers. However, in this case we can say a little bit more. By Lemma 6.3.5,
we know that solutions to this norm equation form a multiplicative group of
rank 1 and, modulo roots of unity, are powers of ;1 = a — +/a% — 1. Note that
either 1 or ™! is of absolute value greater than 1 by Lemma 6.3.4.

Assume without loss of generality that |u|> 1 and let w'* =x; —
v/a® — 1y, for some sufficiently large r such that |u"™*| > 2K, Then |x;| =
(™ + %) /2| > (2¥ — 1)/2. Therefore, for any [ € N and any neighbor-
hood U of x;, there exist only finitely many m € N such that x,, € U. In other
words, the set

{x € Ok, | 3x0, Yo, ¥ € Ok .,
X—\/tﬁyZ(x()—\/tﬁyo)r, xg—(az—l)y(%:l}

is discrete and the assertion of the theorem follows from Corollary 11.2.7. [

11.4 Consequences for Diophantine models

As we have seen in the first section of this chapter, the truth of the first Mazur
conjecture implies that there is no Diophantine definition of Z over Q. However,
we know that Diophantine definitions are only one type of element in a large
class of objects called Diophantine models. From Corollary 3.4.6 we also know
that it would be enough to show that Q has a Diophantine model of Z to assert the
Diophantine undecidability of Q. Therefore, we would like to know whether the
above-mentioned Mazur’s conjecture precludes the existence of a Diophantine
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model of Q over Z. Cornelissen and Zahidi showed that this was indeed the
case in [6] using a more restrictive definition of a Diophantine model. Under
their assumptions the image of a Diophantine set was a Diophantine set in the
target ring. We could call this kind of Diophantine model tight. We reproduce
below a slightly generalized version of their proof.

Proposition 11.4.1. Let K be a number field and let Wy be a recursive
(computable) set of primes of K and assume that for any affine algebraic
set 'V defined over K we have that V(O yy,) has finitely many connected
components. Then Ok y, does not have a tight Diophantine model of 7. (We
remind the reader that a definition of a recursive set of primes can be found in
Section A.8.)

Proof. Let P(xy,..., Xk, t1,...,t,) be a Diophantine definition of a set D =
&(Z) over (O ., )X. Let

k
V={(X1,...,xk,t1,...,tm)€OK-S%KZP(X1,...,xk,l1,...,lm)ZO}

and consider the map

I V(Okwy) = (O )

implemented by projection on the first k coordinates. Note that f(V) = D. By
assumption and by Proposition 11.2.3 we have that D, the closure of D in R
if K is a real field or in C otherwise, will have finitely many connected com-
ponents. Since ¢(Z) = D has infinitely many points, for at least one connected
component C of D it is the case that C N ¢(Z) must have more than one point,
and the projection of C onto one of the coordinates, if K is real, or onto the
imaginary or real part of one of the coordinates, if K is not real, will contain a
non-trivial interval whose end points are rational numbers. (This is so because
the only connected subsets of the real line containing more than one point are
intervals.) Let a be the left-hand endpoint of this interval and let / be its length.
Letd, = s o ¢(n), where s is either the projection onto the coordinate described
above or the real part or the imaginary part of the projection, as necessary, and
let
7= neZ’a+#<d <a+L j € Z
2j+1 - m=AT g JER0f

Since ¢ is computable and by Proposition A.8.8 we can compute effec-
tively decimal expansions for real and (if necessary) imaginary parts of all
the elements of K, we conclude that Z is recursively enumerable and there-
fore Z is a Diophantine subset of Z by the result of Matiyasevich, Robinson,
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Davis, and Putnam. Further, s(¢(Z)) N [a, a + [] is dense in [a, a + []. Indeed,
la,a +1] € s(C) C s(¢(Z)) = s(D). Since D is dense in D and projection
maps dense subsets into dense subsets, our claim is true. Thus, any interval
[a+1/2j+1),a+1/2j] will have infinitely many points from s(D) and
therefore elements d,,, withn € Z by the definition of Z. Let D = {¢(n)|n € Z}.
Then D has a Diophantine definition over (O x)F as the ¢-image of a Diophan-
tine subset of Z. Let f’(xl, ey Xy 1, ..., ty) be a Diophantine definition of
D =¢(Z), andlet V be the algebraic set defined byP(x] ey Xis Hy ooy 1) =0.
Then s o f, the projection from V onto the first k coordinates, combined with
the projection onto a real or imaginary part of a coordinate chosen as above, will
produce a projection of V onto a set whose closure has infinitely many compo-
nents. Thus V would have to have infinitely many components, in contradiction
of our assumptions for this proposition. O
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Results of Poonen

Poonen’s theorem is arguably the most important development in the subject
since Matiyasevich completed the proof of the original HTP in the late 1960s.
One could say that for the first time the solution of HTP for Q has become
visible over the distant horizon, though we still have to traverse an “infinite”
distance, as will be explained below.

The result came out of the attempts to falsify the ring version of Mazur’s
conjecture (Conjecture 11.1.1) for a ring of rational S-integers where S has
natural density equal to 1. In the process of constructing a counterexample to
the conjecture, Poonen constructed a (tight) Diophantine model of Z over such
a ring. This result has moved us “infinitely” far away from where we started
(Z and rings of rational S-integers with finite S), but since the set of allowed
denominators in Poonen’s theorem still misses being an infinite set of primes
(though of natural density zero), we still have “infinitely” far to go.

In this chapter we will go over Poonen’s proof, which appeared originally
in [74], in some detail. We will start with the overall plan and then will try to
sort out the rather challenging technical details.

12.1 A statement of the main theorem and
an overview of the proof

A good place to start is a precise statement of the theorem, which is presented
below.

Theorem 12.1.1. There exist recursive sets of rational primes 1| and T, both
of natural density zero and with an empty intersection, such that for any set S
of rational primes containing Ty and disjoint from I, the following hold:

189
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1. There exists an affine curve E over Ogq s such that the topological closure
of E(Oq,s) in E(R) is an infinite discrete set.

2. Z has a (tight) Diophantine model over Og s.

3. Hilbert’s Tenth Problem is undecidable over Og s. (The computability
(recursiveness) of 7, implies that S = P(Q) \ 7, is computable, and there-
fore by Proposition A.8.6 we have that Og s is computable. Thus over such
aring it makes sense to talk about the undecidability of HTP.)

In proving the theorem we will rely on the existence of an elliptic curve E
defined over Q such that the following conditions are satisfied.

1. E(Q)is of rank 1.
2. E(R) = R/Z as topological groups.
3. E does not have complex multiplication.

(An example of such a curve is given in Proposition B.6.2.)

Denote an infinite-order point of E(Q) by P. For a non-zero integer n, let
(x,(P), y,(P)) be the affine coordinates of [1] P given by a Weierstrass equation
of E (from now on fixed) of the form y? = x3 4 a,x? 4+ a4x + as (see Section
1, Chapter III of [113]) where [n] denotes the nth multiple of P under the
addition on E. We note for future reference that, given this form of Weierstrass
equation, for a non-zero point Q € E with affine coordinates (x, y) we have
that (x, —y) are the affine coordinates of — Q. (See Section 2, Chapter III of
[113] for more details on group law.)

The proof of the theorem will consist of the following steps:

1. showing that there exists a computable sequence of rational primes /; <
-« <l, <--- such that [[;]P = (x;;, y;;) and for all j € N we have that

Iy, — JI < 1

2. proving the existence of infinite sets 7; and 75, as described in the statement
of the theorem, such that for any set S of rational primes containing 77 and
disjoint from 7, we have that E(Og s) = {[/;]1P}U (finite set);

3. noting that {y;,} is an infinite discrete set and thus is a counterexample to
Mazur’s conjecture for the ring; Og s;

4. showing that {y;, } is a (tight) Diophantine model of Z over Q.

To carry out the steps outlined above and, especially, to show that the sets 7;
and 7; have the required densities, we will have to use a fair amount of material
concerning elliptic curves. We have tried to separate out general properties
(which can be found in the number theory appendix, Section B.6) from
properties more or less unique to the situation at hand (which are discussed in
this chapter). We will use the notation from Notation B.6.1 with Q replacing
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the arbitrary number field K. We will also use additional notation described
below.

An attentive reader will note that the statement of the theorem refers to
the natural density of the prime sets. The density that we have used so far is
the Dirichlet density, however. For a definition of the natural density and its
relation to the Dirichlet density, we refer the reader to Definition B.5.9 and
Proposition B.5.10.

Finally, before taking the plunge, we remind the reader that everything we
need to know about elliptic curves (and much more, of course) can be found in
[113] and [114].

Notation 12.1.2.

¢ For each prime number /, let a;(P) be the smallest positive integer such that
Sy (P) \ S1(P) # . Such an a;(P) exists for every [ and is equal to 1 for
all but finitely many /’s by Siegel’s theorem, since Sp(Q) U S1(P) is a finite
set. (S;(P) and Sp(Q) are defined in Notation B.6.1.)

e Let L(P) ={l € P(K) : ¢2(P) > 1}.

e Let p;(P) = max S (P) \ Si1(P).

* For rational prime numbers /, p, let p;, = max(S;, \ (5 U S))) if the set
difference is not empty. By Proposition 12.2.2 below, for sufficiently large
max(l, p) the set difference will be non-empty.

e Let

WPy = sup #HpeSP):p <X}
xez.x=2 #{p € P(Q): p < X}

* For X e Rlet mp(X) =#{p € P(Q): p < X}.

12.2 Properties of elliptic curves I: Factors of
denominators of points

By the denominators of points we mean the denominators of the affine coordi-
nates of non-zero multiples of P under our fixed Weierstrass equation, where
the numerator and the denominator of the coordinates are relatively prime. We
should note here that since the affine Weierstrass equation is monic in x and
v, the set of primes which occur in the denominator of x is the same as the set
of primes occurring in the denominator of y. The goal is to understand which
primes to ban from denominators to eliminate the “extraneous” points from the
solution set in the constructed ring.
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The primes are divided into sets S; as mentioned above. One can think of S
as a set of generally inconvenient primes, such as primes where E does not have
a good reduction, and S;(P) for i > 0 can be thought of as the set of “relevant”
primes appearing in the denominator of [£i]P.

The first proposition below deals with the primes that two different point
denominators can have in common.

Proposition 12.2.1. For any m,n € Z \ {0}, we have that 5,,(P) N S,,(P) =
Sin.my(P), where (m, n) is the GCD of m and n.

Proof. Letq e S,(P)NS,(P). Then
{m,n} € G, = {non-zerol € Z : q|0,;(P)} U {0},

asubgroup of Z by Corollary B.6.5. Thus on the one hand (i, n) € G, or in other
words q € Sgu.n)- Hence (S, N'S,) € Sin.ny- On the other hand, by Corollary
B.6.7 we have that S, ) € Sy N S,,. Thus, the proposition holds. O

The next proposition shows when we can expect new primes to appear in a
point denominator.

Proposition 12.2.2. Ifl, m € P(Q) then for sufficiently large max(l, m) we
have that

Slm \(S/ U Sm) 7é @.

(The subscript Im refers to the product of / and m.)

Proof. First of all we note that without loss of generality we can assume
that [ > 2, m > 2. Next suppose that S;,, \ (S5 U S,,,) = . We want to eval-
vate ordqd;, for e §US,, =S8;y. (“dyy” is defined in Notation B.6.1.)
Without loss of generality assume that q € S;. Then by Proposition B.6.6 we
have that ordyd;,, = ordqd; if q{m and ordyd;, = ordyd; + 2 if q|m. Thus,
dim | did,y1?m? and by Lemma B.6.9 it follows that

ho(dim) < ho(d)) + ho(dyw) + 21 + 2m. (12.2.1)

(hg is defined in Notation B.6.1 also.)
Together, Lemma B.6.8 and (12.2.1) imply that for some positive constant
¢ we have that
ho(dim) = (¢ = o(1)*m?,
ho(dp) = (¢ — o(1)I,
ho(dy) = (c — o(1))m?. (12.2.2)
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Given ¢ > 0, let C(¢) be such that for any n > C(¢) it is the case that hy(d,) =
(¢ — o(1))n? with |o(1)| < €. Also let C € R be such that hy(d,) < Cn? for all
n € N\ {0}. Choose ¢ small enough that

c > 3e.

Next consider two cases, m > C(¢) and m < C(g). In the first case choose
! > C(e) and large enough that

c>3e+ ;
Then our assumptions and (12.2.2) imply that
(c —o(1)*m?* < (¢ — o(1)I* + (¢ — o(1))m? + 21 +2m
and
(c —&)Pm* < (c + &> + (c + e)m® + 20 + 2m,

which after division by />m? becomes

2 2 2
(C_S)S(C+€)m_2+(c+8)l_2+lm_2+% < C;‘8+7’

contradicting the choice of / and m.
Suppose now that m < C(e). Next choose [ > C(¢) and large enough that

I~ CC(e)* +2C(e) +2
(3c — 5¢)
Finally, (12.2.1), (12.2.2), and our assumptions imply that

4c—e)®> < (c+e)l* 4+ CC(e)* +2C(e) + 2L,
(3c — 5¢)l < CC(e)* +2C(e) + 2,

and we have a contradiction with our choice of /. O

Remark 12.2.3. The denominators of the affine coordinates of the points
of E form what is called an “elliptic divisibility sequence,” and the properties
listed above are characteristic of such sequences. For more information on these
sequences we refer the reader to [31].

12.3 Properties of elliptic curves II:
The density of the set of ‘“largest” primes

In this section we will discuss probably the most difficult part of the proof
of Theorem 12.1.1 — the part which will be crucial in showing that 7, can
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have natural density zero. As we have observed from the section above, except
possibly for finitely many primes / it is the case that S; contains a prime which
is not in any S, with g prime and ¢ # [. Further, from Proposition 12.2.1 we
know that §; C &, for any k € Z \ {0}. Thus, if we banned a prime unique to
S, from the denominators of the points in our ring, we would eliminate all the
multiples of [/]P from the solution set over the ring. Therefore it is important
to know the density of the set of the largest primes “unique to S;.” Our first
task is to establish the relationship between a prime p; € §; \ S and a prime
[. Our hope is that p; is going to be “on average” large compared with /. (This
will help to make the density of the p; small.) We start with the following
observation.

Lemma 12.3.1. Let [ € P(Q) and suppose that p € Sjq»(P) \ S1(P). Then
L#E),).

Proof. If p € Sjun(P)\ S1(P) then p does not divide the discriminant of
our Weierstrass equation and E has a good reduction at p (and thus E is non-
singular) with all the coefficients of our chosen affine Weierstrass equation inte-
gral at p. Further, x;(P) and y;(P) are integral at p, while ord,, x;([[“P']P) <
0, ord, y([{")]P) < 0. Therefore, under reduction mod p, the image of P is
not O, the image of O, while [[“")]P = 0. By the definition of a;( P), we must
conclude that E(F ) has an element of order /") and therefore [ | #E(F,). [

The lemma provides us with some information about the relationship of /
and py, but to estimate the density of the set { p;} we need more. From a theorem
of Hasse we know that #E(IF,,) < Cp, where C is a constant independent of
p (see Theorem 1.1, Chapter V of [113]). Thus we could hope that “on aver-
age” #E(IF,) has many small factors and therefore that / is “much” smaller
than #E(IF,). The next two propositions will show just that. They are based
on two results: the natural density version of the Chebotarev density theorem
(Theorem 1 of [88]) and a result on the relationship between the action of the
Galois group and the automorphism groups of torsion elements of the curve
(Proposition B.6.14). The first of these propositions relates whether E(IF,,) has
a point of order / to the action of the Frobenius automorphism of p.

Proposition 12.3.2. Let p # [ be rational prime numbers. Let I, be a field
of p elements. Let M be a Galois extension of Q containing all the elements
of E(Q)[11, where Q is the algebraic closure of Q. Let G(M Q) be the Galois
group of M over Q. Assume that p & So(M) (see Notation B.6.1). Then E(F )
has an element of order | if and only if, for some o € Gal(M/Q) and some
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0 € E(Q)II1\ {0}, we have that 6(Q) = Q and o is the Frobenius automor-
phism for some factor of p in M.

Proof. Letp,, be afactor of p in M and let I, | be the residue field of p,,. Let
& be the Frobenius automorphism of ¥, i.e. 6(x) = x? for all x € F,,. Then,
on the one hand, for any point O € E (IF,,,) of order [ we have that 5(0)=0
if and only if O € E(F »). On the other hand, let Q € E(M) \ {O} be of order
[ with

o(Q)# 0, (12.3.1)

where o is the Frobenius automorphism of p,, over Q. If we reduce (12.3.1)
modulo p,,, we will obtain 5(Q) # O by Corollary B.6.12. Further, since by
Corollary B.6.12 reduction modulo p,, is an isomorphism of E(M)[/] onto
EF,, )], every Pe E(F,,,) of order [ is the image of an order-/ point in
E(M)[I]. Thus & fixes an element of order / if and only if o fixes an element
of order /, and the assertion of the proposition follows. O

Remark 12.3.3. If / = p and the Frobenius automorphism of a factor of p
fixes some point of order p then, under reduction modulo the factor of p, the
image of this point will remain fixed. However, we are no longer assured of the
converse. That is, even if a point is fixed after the reduction we do not know
whether it was fixed before the reduction.

In the next proposition we will examine directly the set of p’s for which
#E(F,) has “few” factors.

Proposition 12.3.4. For a prime p & So(Q) and a positive constant C, define
Alp, ) ={l e P\ S(Q), L |#E(F)), | < C},
f(p.C)=|A(p, O)l.

Then, for any t > 1, the upper natural density of

B(C.t)={p e PQ: f(p,C) =1t}
tends to 0 as C — o0. (See Proposition B.6.14 for the definition of S(Q).)
Proof. Fix t, C. Let M be any Galois extension of QQ such that M contains

E(@)[1] for all | < C. Next consider the natural homomorphism

Ay.c : Gal(M/Q) — I Aut(E(Q)II])
lePQ\S(Q),I<C
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and note that by Proposition B.6.14 this map is onto. Let 0 € Gal(M/Q) and
let Ay.c(o) = (o4, ...,0,), where {I1, ..., [,} is the set of prime numbers less
than C and not in S(Q). Let X(C, t) denote the set

{(7 € Gal(M/Q), Ay .c(o) has at most # components with a fixed point Q # 0}.

We want to determine

|2(C, 1)l
R(C,t) = —————. (12.3.2)
|Gal(M /Q)|
Denote (o4, ...,0,) : 0; € Aut(EQ)[1;] by &. Since Ay ¢ iS a surjective

homomorphism, the ratio in (12.3.2) is equal to

#{& : at most t components have a fixed point Q # O}

12.3.3
#{5} ( )
The ratio in (12.3.3) in turn gives us
i #{6 : exactly j components have a fixed point Q # O} (12.3.4)
= #{5}
Giveni, j € {1,...,n}and a j-element subset /; C {1, ..., n}, let
Fp, = {06 :Viel;,30 € EQIL]\ {0}, 0:(Q) = 0}
and let
Gii, =1{6 :Vi ¢ 1;,Y0 € E(QI]1\ {0}, 0:(Q) # 0}.
Then the sum in (12.3.4) is equal to
Fi1, NG,
ZZ L ul (12.3.5)
#o}
where /; ranges over all the j-elementsubsets of {1, ..., n}. Continuing further,

we observe that the sum from (12.3.5) is equal to

35 ([T ) (I -o0) = 52 (1124 ) ({10 - 0)

I, \iel il I;
(12.3.6)
where for eachi = 1, ..., n we have that
o — #{t € Aw(E(Q)I;]1:30 € EQIL1\ {0}, 1(Q) = 0}
’ | Aut(E(Q)[1;]]

(]
TN i)’
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by Proposition B.6.13. Now, by Proposition B.10.2, if we fix ¢t and let C — o0
(or, alternatively, let n — oo) then R(C, t) — 0.

Next we observe that X(C, t) is closed under conjugation. In other words, if
o € X(C,t) then all the conjugates of o in Gal(M/Q) are also in X(C,t)
since, for any point P € E(M) and any 1,0 € Gal(M/Q), we have that
t'or(t7'(P)) = 7' (P) & o(P) = P. Thus, since the order of the point
is preserved by any action of the Galois group, for any natural number r we
have that Ay (o) has exactly r components with non-O fixed points if and
only if the same is true of A(M, C)(tot!). Therefore by the natural density
version of the Chebotarev density theorem (see Theorem 1 of [88]), the density
of primes of Q whose factors have a Frobenius automorphism in X(C, t) is
R(C,1).

Next suppose that p € B(C, t) and no factor of p is in So(M). (We remind
the reader that So(M), defined in Notation B.6.1, contains all the factors of
primes in So(Q) together with primes ramifying in the extension M/Q.) Then
we consider two cases: p { #E(F,) and p | #E(FF,). In the first case, exactly
to <t primes [ ¢ S(Q),! # p,! < C, divide E(F,). Therefore by the Sylow
theorem, for exactly #, < ¢ primes ! ¢ S(Q), ! # p, we have that E(F ) has an
element of order / and therefore, by Proposition 12.3.2, for at exactly 7y < ¢
primes [ € S(Q), ! # p,l < C, a Frobenius automorphism o of a factor of p
fixes a point, of order /, not equal to O. Therefore p has a factor in M with a
Frobenius automorphism o such that A s (o) has exactly o < ¢ components
o; with fixed points different from O. Thus p € X(C, 1).

Similarly, if p | #E£(F,) then we have exactly #, < ¢ primes [ ¢ S(Q), [ #
p, 1 < C, that divide E(F ). Since Proposition 12.3.2 does not cover the case
| = p (see Remark 12.3.3), it is possible that p € X(C, t — 1). However, since
Y(C,t —1) C X(C,1t), we reach the same conclusion in both cases. Thus in
any case p belongs to the set whose natural density is R(C, t).

Finally, let ¢ be given and choose C large enough that R(C, ) < €. Note
that we can do this before we choose the field M by using (12.3.6). We just
need to arrange that n, which is the number of primes not in S(Q) and less than
C, is large enough. Then we can choose M as above and conclude that the set
B(C, t) minus primes having factors in So(M) has upper density less than .
Since Sy(M) is finite, we conclude that B(C, ¢) has upper density lessthane. [

Proposition 12.3.5. The set U(P) = {p;(P),l € P(Q)} has natural density
zero.

Proof. We will show that for every ¢ > 0 the set/(P) has upper natural density
less than e. So let & be given. Choose an integer ¢ such that 2>~ < g/2. Choose
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C > Osuch that the set B(C, t) (defined in Proposition 12.3.4) has upper natural
density less than € /2. Such a C exists, by Proposition 12.3.4. It remains to show
that the set

UNBC, 1) ={p:1 e P@Q A f(p1,C) > 1}

has upper natural density less than or equal to £/2. Suppose that p; € B(C, 1).
Then by Lemma 12.3.1 we have that [ [#E(IF),) and #E(IF,) is divisible by
at least ¢ other primes. Hence 2'/ < #E(IF,). Further, by a theorem of Hasse
mentioned above,

#EF,) < pr+1+2p <4p:.

Thus [ < 22”p, < ep;/2. Consequently, for each p; € B(C, t) there exists a
distinct/ € P(Q) such that! < gp,;/2. Therefore, by the prime number theorem
(Theorem 4, Section 5, Chapter XV of [46]),

___ eX X
#HpeBC,t):pp<Xi<nm lsti—i—o< )
{pl ©0:p= } =70 (2 ) 2log %&‘X log X
as X — o00. Therefore the upper natural density of &/ N B(C, t) is less than or
equal to /2. Consequently, the natural density of I/ is 0. O

12.4 Properties of elliptic curves III: Finite
sets looking big

In this section we will prove a technical proposition which will allow us to
make sure that 7; is of natural density zero. The proposition considers certain
properties of the “denominator” sets S;. Since these sets are finite, their natural
density is, of course, zero. We are, however, interested in how large the ratio
computing the density gets for most primes. It turns out, not very surprisingly,
that “on average” this ratio is always arbitrarily close to zero.

Proposition 12.4.1. For any € > 0, the natural density of the set {l:
wi(P,€) > &} is zero.

Proof. 1f I € P(Q) and w;(P) > ¢ then there exists X;(P, &) > 2 in Z such
that
#{p e SI(P)\Si1(P): p < Xi(P,¢)} -
no(Xi(P, &)
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ForM € Z, M > 2, let
Up(P,e) ={l € P(Q) : u(P) > e AXi(P,e) € [M,2M)}.
Then, if I € Uy (P, ¢) we have that

#Hp e S(PY\SI(P): p <2M} > #{p e S(P)\S1(P): p < Xi(P,¢))}
> eng(X;(P, €)) = emg(M).

Since by Proposition 12.2.1, for ! # p € P(Q), we have that 5, N S, = Sy,
it is also the case that

meM) = Y #{p e S(P)\Si(P): p < 2M}
leUy(P,e)

> emo(M)#{l € Uy (P, &)}

Thus, by the prime number theorem, #{I/ € Uy(e, P)} = O(1) as M — oo.
Next, suppose that N is an integer such that 2¥~! < N < 2*. Then on the one
hand

#l e P(Q): m(P) >eNX|(P,g) <N}
—1

<Z#1e7>(@) > en2 < X(Pe) <2t}
=1

k—
Z #{l € Uyi(e, P)} = O(k) = O(log N). (12.4.1)
On the other hand, if u;(P) > ¢ then by the definition of X;(P, ¢) we have
that

no(Xi(P, ¢)) < = 0(1%),

#peS\S) _log,d
& &

by Lemma B.6.8, as [ — oo. By the prime number theorem, 7g(X;(P, €)) =

O(X;/log X;) as | — oo. Further, by Lemma B.10.1,

X; < Cl?logl (12.4.2)

for some positive constant C as [ — oco. Combining (12.4.1) and (12.4.2), we
obtain the following inequality for ¥ € R:

# e PQ): (I <Y)A(u(P) > &)}
<#{ e P(Q): (w(P) > &) A(Xi(P, &) < CY*logY)}
< Clog(Y?logY) = o(mg(Y)),

where C is a positive constant and ¥ — oo. ([
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Remark 12.4.2. Note that the supremum p;(P) is attained for some X <
max S;(P), and therefore w;(P) is computable (recursive) for each I, given
P.

12.5 Properties of elliptic curves I'V: Consequences of a
result of Vinogradov

Below we state a result of Vinogradov which allows the y-coordinates of certain
multiples of a chosen point of infinite order to get arbitrarily close to integers.

Proposition 12.5.1. Let @« € R\ Q. Let J C [0, 1] be an interval. Then the
natural density of the set of primes {l € P(Q) : (la mod 1) € J} is equal to the
length of J. (See Chapter XI of [118].)

From this result we derive the following corollary for our elliptic curve.

Corollary 12.5.2. Let E be an elliptic curve defined over Q such that E(R) =
R/Z as topological groups. Let P be any point of infinite order. Then for any
interval J C R whose interior is non-empty, the set {Il € P(Q)|y([/1P) € J}
has positive density.

Proof.  Under our assumptions we have an isomorphism E(R) — R/Z as
topological groups. Under this isomorphism a point of infinite order must be
mapped into an irrational number. Since every real number occurs as a y-
coordinate of some point in E(R), the set of all points of E(R) projecting
y-coordinates onto J is non-empty and open. Finally, this open subset of E(R)
will correspond under the above-mentioned isomorphism to a non-empty open
subset of R/Z. O

12.6 Construction of the sets 7;(P) and 7,(P)
and their properties

In this section we construct (in an effective manner) the sets 7; and 7, and make
sure that they live up to expectations.

Lemma 12.6.1. Construction of the sequence {/;(P)} We define a sequence
of rational prime numbers {l;} = {[;(P)} in the following inductive manner.
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Assume that 1, ..., l;_; have already been defined. Then define l; to be the
smallest rational prime number satisfying the following conditions:

1. I; & L(P);

2.Vj=1,...,i — 1 wehavethatl; > I;;

3. w,(P)<27';

4.Vj=1,...,iwehavethat p;, > 2! (this condition includes the requirement

that l; is large enough that py; is defined forall j =1, ...,i);
5.Vl € L(P) it is the case that p;; > 2 (this condition also includes the
requirement that l; is large enough that py, is defined for all | € L(P));

6. yi1([l;1P) = y;,(P) is such that |y, (P) —i| < 1/10i.

Then {I;} is well defined and computable (recursive).

Proof. To prove the lemma, it is enough to show that /; exists and can be found
effectively for each i. For requirements 1-6 let

Ci,j(P) = {l € P(Q) : [ satisfies requirement j at stage i.}.

First of all, we note that by Proposition 12.5.1 we have that C; ¢(P) has a pos-
itive natural density. Second, we note that C; 3(P) has natural density equal to
1 by Proposition 12.4.1. Thus C; ¢(P) N C; 3(P) has the same natural density as
Ci 6(P), by Proposition B.5.11, and therefore C; ¢(P) N C; 3(P) is an infinite set.
Next, the sets C; 4(P) and C; 5( P) contain all sufficiently large prime numbers by
Proposition 12.2.2. This is also obviously true for the sets C; 1(P) and C; »(P).
Therefore the intersectionC; 4(P) N C; s(P) N C;.1(P) N C; »(P) contains all suf-
ficiently large prime numbers. Thus m3:1 Ci j(P) # @ forall positive integers i.

Finally, we observe that C; ;(P) is recursive for all j =1, ..., 6. First we
note that, given the finite set £(P) U Sy(Q) and affine coordinates of P cor-
responding to our chosen Weierstrass equation, we can compute S,(P) as a
recursive function of n. Thus we can effectively compute p;(P), p;.(P) for
any prime numbers / and m. Further, for each prime number [ it is the case that
Wi (P) can also be computed effectively, by Remark 12.4.2. U

We are now ready to define 7; and 7.

12.6.2. Definition of 7,(P) and 7;(P)

o Let Ti(P) = U2, Si,(P) U So(Q). (Note that Sy is automatically included in
the union as a subset of every S;,.)
e Let Tr(P) = Tr, U Top, U Tse, where
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(@) Toa(P) ={pi : 1 e P\ {l;,i € Z-0}},
(®) Ton(P) = {pii; 11, j € Zoo, 1 < j < i},
(c) Toe(P) = {puy, : 1 € L(P),i € Zo).

The next three propositions will describe the important properties of the sets
71(P) and 7,(P): the sets are disjoint, computable (recursive), and have natural
density 0.

Proposition 12.6.3. 7;(P) and T,(P) are disjoint.
Proof. Letq € T,(P). Then for some positive integer i we have g € S;,(P) or

q € So(Q). Next we consider three cases
* g € T5,(P) Then g = p; € Su» \ S1(P) for some prime number [ # I;.
Since, for any i > 1 by definition S;(P) N Sp(Q) = ¥ and
81, (P) N S (P) = Sq.1y(P) = Si1(P),

this case cannot occur.
* g € T),(P) Then for some positive integers k, j we have on the one hand
that

q = pu; € Sy, (P)\ (S, (P)U S, (P)).
Thus i # j and i # k. On the other hand,
S, (PYN S, (P) = Sgyi;.1H(P) = Si(P),

as l;, lj, Iy are distinct prime numbers. However, since S1(P) C &, (P), this
case cannot occur.

* q € T(P) Inthiscase,q = py; € Sy,(P)\ &), (P)forsomel € L(P)and
some positive integer j. Thus i # j. By construction, /; # [. Next observe
that since /, [; are prime numbers distinct from the prime number /;, it is also
the case that

S, (PYNS;,(P) = Sqi,.1H(P) = S1(P) C S;(P). .
Therefore this case cannot occur.

Proposition 12.6.4. 7;(P) and T,(P) are computable (recursive).

Proof. Observe that p € 71(P) if and only if p e So(Q)VvIi €Z-g:p €
S, (P). Since Sp(Q) U S (P) is finite, it is enough to produce an effective pro-
cedure to decide whether 3i € Z.( : p € §;,(P) \ Si(P). However,

JieZy:peS,(P)\S(P) < [L;]P=0modp
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or, in other words, the order of P mod p is [;. Thus, since the set {/;} is com-

putable, it is enough to compute the order of P mod p and ascertain whether

this order belongs to {/;}.
As before we need to consider separately the computability of the three sets

comprising 7,(P).

* T5.(P) is computable. If p € T,,(P) then p = p; for some [ & {I;}. Thus
as above it is enough to compute the order of P mod p and establish that
I {l;}.

* Ton(P) is computable. If p € Tp,(P) then p = py,;, where i, j are positive
integers and 1 < j <i < log, p, by requirement 4 of Lemma 12.6.1. Thus
it is enough to determine the largest element of each set S;,;; \ (S, U ;) for
1 <j<i<log,p.

* T,.(P) is computable. The proof of this assertion is similar to the proof
above but uses requirement 5 of Lemma 12.6.1. O

Proposition 12.6.5. Both 7\(P) and T,(P) are of natural density 0.

Proof. We start with 7;(P). The upper natural density of this set is equal to

s #p e SQU (U2 S(P) : p < X}
X»oop #HpePQ:p<X)

(#{p €S@:p <X} +i#{p €S, (P):p< x})

< lim sup
X—00

#HpePQ:p=<X} #HpePQ:p=<X}

i=I

o0 o0
—i —r+1
SE m,sE 27 =27,
i=r i=r

where r is any positive integer. Thus the density must be zero.

Next we consider the upper natural density of 75, (P). Note that, by require-
ment 4 of Lemma 12.6.1, for each ¢ € 75,(P) we can find a distinct pair of
natural numbers (i, j) with j <i <log, g. Thus for any positive real number
X’

#qgeTp: g <X} <#G, j) i,jeN, 1=i,j=<logX}
Consequently, the upper natural density of 75,(P) is equal to
i #q €Ty :q <X}
im sup
x—o0c #pePQ:p =X}
< limsup
) O(log* X)
=limsup ————~ =
X—o00 O(X/ lOgX)
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By requirement 5 of Lemma 12.6.1, the upper natural density of 7,.(P) is
similarly equal to

. #Hpy, <X, i €N, i>1,1¢€L(P)}
lim sup
. IL(P)[#{i e N,1 <i <log X}
< lim sup
. O(log X)
=limsup ——F—— =
Finally, 75,(P) C U(P), where U(P) was defined in Proposition 12.3.5. Since

by this proposition the natural density of U/(P) is zero, the natural density of
T5.(P) is also zero. O

The next two propositions will show that if we exclude all primes from 7,
and allow all primes from 7 in the denominators, the only points of E which
will “survive” will be points of the form [+/;]P together with a finite set of
points.

Proposition 12.6.6. Let VW C P(Q) be such that Ty(P) € W and T,(P) N
W = (). Then there exists a finite set A of natural numbers such that for any
m € Z we have [m]P € E(Oqw)onlyif3di € Z.o:m = £l; orm € A.

Proof. Let

m==4 PO,
lelP_([@)
where b(/) = 0 for all but finitely many primes. Suppose that [m]P € E(Og,w)
and for some i € Z. it is the case that b(l;) # 0. We claim that in this case
b(l;) = 1, and for all j # i we have that b(/;) = 0. Indeed, suppose that b(/;) >
1. Then pe | d,, and by Corollary B.6.7 and the construction of {/;}, 7;(P), and
7>(P), we have to conclude that

P € (3,,//_2 \Sl> < (8n\S) C WNTo(P) = 0.

Thus, if b(l;) # O then b(l;) = 1. Next we note that a similar argument excludes
the case of b(l;) = b(l;) = 1 simultaneously, for some i, j € Z..

Suppose now that for some [ € P(Q) \ {l;,i € Z~(} we have that b(l) # 0.
‘We claim that in this case b(l) < q;(P) — 1. Indeed, if b(l) > a;(P) then

P € (S \ 81) S (Sn \ S1)) CWNT(P)=0.
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Since Notation 12.1.2 tells us that ¢;(P) > 1for/ € L only, from the discussion
above we can now conclude that m = I/ [T, I"®, where i € Z, b(l;) =
Oorl,and b(l) < a(l) — 1 forl € L. Now it suffices to show that if b(I) > 0 for
some [ € L then b(l;) = 0. Suppose not; then, just as above, we have

Pt € (Sp, \S1) S (Su \S)) CWNT(P) = 0.

Now the assertion of the proposition follows from the fact that £ is a finite
set. O

Itis also clear from the definition of YW and 77 (P) that the following statement
is true.

Proposition 12.6.7. Foralli € Z- we have that [£l;]1P € E(Og ), where
W is defined as in Proposition 12.6.6.

We are almost ready to proceed with the final part of the proof of Theo-
rem 12.1.1. We need just one more proposition and corollary to deal with the
torsion elements of E.

Proposition 12.6.8. Let E/Q be a curve as in Proposition B.6.2. Let r > 1
be the size of the torsion group of E. Let Q € E(Q) be a generator of E(Q)
modulo the torsion group. Let P = [r]Q. Let WV be defined as in Proposition
12.6.6. Then the set {y+;, (P)|i € N, i > 1} is Diophantine over E(Og,w).

Proof. Firstof all we note that {(x, y) € [r]E(Q)} is a Diophantine subset of Q.
Second, let T € [r1E(Q). Then T = [r]T’, where T’ = [k]Q +f V and where
k € Z, “+g” is addition on E, V is an element of the torsion group, and Q is
a generator of E(Q) modulo the torsion group. Then 7' = [k]([r]Q) = [k]P.
At the same time, it is clear that every multiple of P is in [r]E(Q). Next
we observe that, since Oq,yy is Dioph-regular, Q <p;o,n Og,»v and therefore
[r1E(Q) N Og, is Diophantine over Og )y, by the “going up and then down”
method. Finally, by Propositions 12.6.6 and 12.6.7 it follows that [r]E(Q) N
Oqw = {£[l;1P, i € Z.(}U (finite set). Since we can eliminate the points from
the finite set by explicitly listing several “not equalities,” we conclude that the
assertion of the proposition is true. U

Corollary 12.6.9. Let P, E be as in Proposition 12.6.8. Then the set
{y;,(P)li € Z~o} is Diophantine over E(Og,w).
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Proof. To show that the corollary is true, it is enough to note that we just need
to select positive elements of the sets {y+;, (P)|i € N, i > 1}. As before this can
be done in a Diophantine manner, by Corollary 5.1.2. O

12.7 Proof of Poonen’s theorem

Let WV again be defined as in Proposition 12.6.6. We will show that the condi-
tions of Theorem 12.1.1 are satisfied over Og,y.

1.

Since |y, (P) —i| < 1/10i, the set D = {y;,(P), i € Z-} is clearly discrete
and therefore provides a counterexample for the first Mazur conjecture for
the ring Og, .

. By Proposition 3.4.7, to show that Og )y has a Diophantine model of Z

it is enough to show that, under the proposed computable mapping of Z
into the ring, the graphs of addition and multiplication are Diophantine. To
accomplish this, we will first show that the sets

D+={(y,. v, ) € D* 1k =i+j, ki, j€Zo)
and
D, = {(yl,s)’lk) e D?: k =i2,i c Z>O}

are Diophantine over Ogq,)y. To see that D+ is a Diophantine subset of Og,yy
observe that for i, j, k € Z- it is true that

1
k=i+j & |w+w—n <3

Indeed, suppose that k =i + j; then

oy, =y =|w—i+y — -y +k|

<y, —il+ 1y — jl+ 1k =yl
1 n 1 4 1 1

<-—+—+ <=
10i 10 10k 3

Conversely, suppose that
1
[yt + 3 = | < 3 (12.7.1)
Then

S L 1
|y11—l+l+y1,-+]—1—k+k—ylk}<51

L 1 . ) 2
li+Jj —kl <§+|yz,-—l|+|yz,-—JI+|k—y/k|< 3
Since i, j, k € Z, we must conclude thati + j — k = 0.
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Next, we want to show that for i € Z. it is the case that

. 2
k=i* & ‘yf—y;k|<§.
So, suppose that k = i%. Then
1 1 2 1 1 2

%t — | — <= — <=,
il Tk =10 100 10 5

1
2 _ 2 _ -
|yl; ! +k ylk| < 10i

Conversely, suppose that

2

5

Then, by an argument similar to the one used above,

v = | < (12.7.2)

li* — k|

IA

2

2wk
1

10k

5

2 (e L) L
5 " 0i ) 100 T 10k
2

< = <

-5 5 5 5
Thus, we conclude that i2 — k = 0. Finally, we note that, by Corollary 5.1.2,
the inequalities (12.7.1) and (12.7.2) are Diophantine over Q and conse-
quently over Ogq,y. Thus both D+ and D, are Diophantine. As in the case
of function fields, if squares and sums form Diophantine sets then so do
products, since xy = 1((x + y)* — x% — y?).

A

2 1
+|y1,-+l|1—0i+

IA

What we have constructed so far is really a Diophantine model of (Z.q, +, )
over Og,y. To obtain a Diophantine model of (Z, 4, -) we can adopt one of the
following two strategies.

L.

Extend the model of Z.( to a model of Z. Here we need to select images
for 0 and negative integers. Note that y_;, = —y;,, given the form of our
Weierstrass equation. Therefore it is natural to send —i to —y;, and O to 0.

. Constructamodel of (Z, +, -) over (Z~¢, +, -) by, for example, using pairs of

positive integers to represent arbitrary integers: fora > 0, let (1, a) represent
a, let (2, a) represent —a, and let (3, 1) represent 0.

We leave the details of these constructions to the reader.

Remark 12.7.1. We finish our discussion by mentioning two papers which
attempt different approaches to the Diophantine problem of Q. The first paper,
[70], is by Pheidas and attempts to use points on an elliptic curve to construct
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a Diophantine model of Z, but in a manner different from Poonen’s. Given
a rank-1 elliptic curve over Q and a generator P, Pheidas proposes to map
n to [n]P. Here the difficulty lies in showing that such a map will make the
image of the multiplication graph Diophantine. In fact it is not at all clear that it
does.

Taking a different route, Cornelissen and Zahidi in [7] revisit first-order
definability results by Julia Robinson and attempt to update them.



13
Beyond global fields

The questions and problems raised by the solution of Hilbert’s Tenth Problem
extend to many other objects besides the global fields which are the subject of
this book. In particular, the questions we have raised are just as relevant for
infinite algebraic extensions of global fields, for fields of positive characteristic
and of transcendence degree greater than 1, and for function fields of charac-
teristic 0. A detailed and substantial discussion of existential definability and
decidability over these objects is beyond the scope of this book, but in this
chapter we will briefly survey extensions of Hilbert’s Tenth Problem to some
objects mentioned above, so that an interested reader can be directed to the
original sources. Before proceeding, we would like to note that many detailed
surveys of the subjects discussed in this chapter can be found in [20].

13.1 Function fields of positive characteristic and of
higher transcendence degree or over
infinite fields of constants

The most general result concerning rational function fields of positive charac-
teristic was obtained by H. K. Kim and F. W. Roush in [42]. They proved the
following proposition.

Theorem 13.1.1. Let K be a rational function field over a field C of constants
of characteristic p > 0. Assume that C does not contain the algebraic closure
of a finite field. Then HTP is undecidable over K.

The proof of the theorem followed essentially the same line as the proof of
the Diophantine undecidability of function fields over finite fields of constants
described in Chapter 10. Thus its two main ingredients were the Diophantine

209
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definability of pth power equations and the Diophantine definability of inte-
grality at a single prime. The proof of the existential definability of pth power
equations in the paper [69] by Pheidas applies to any rational function field, but
Kim and Roush had to come up with a new existential definition of integrality
at a single prime. For that proof they used the strong Hasse norm principle and
a function field version of Hilbert’s class field. While the original idea of using
the strong Hasse norm principle to define integrality at finitely many primes
probably belongs to Rumely, who used it in [85] in the context of first-order
definability questions, Kim and Roush were the first to use the strong Hasse
norm principle explicitly for Diophantine definability.

The result of Kim and Roush was partially lifted to non-rational function
fields by Eisentriager and the present author in [22], [102], [104], and [109]. It
should be mentioned here that ideas in Prunescu from [77] played an important
role in the proofs in [104]. Perhaps the most general results concerning non-
rational function fields are in [109] and can be stated in the following manner.

Theorem 13.1.2. Let M be any function field of characteristic p > 0 such
that the algebraic closure C of a finite field in M has an extension of degree p.
Let L be any field finitely generated over C and linearly disjoint from M over
C. Let K = M L. Then the Diophantine problem of K is undecidable.

This theorem has an important corollary.

Corollary 13.1.3. Let M be a field finitely generated over a finite field. Then
HTP is undecidable over M.

Let us finish this section with two related questions, which so far have eluded
researchers in the area.

Question 13.1.4. s it possible to give a Diophantine definition of order at
a single prime over a function field of positive characteristic over a field of
constants which is algebraically closed?

Question 13.1.5. Is HTP undecidable over a function field of positive char-
acteristic over a field of constants which is algebraically closed?

If we are to pursue the second question along the road we have traveled
before, with respect to function fields of positive characteristic, then we will have
to answer Question 13.1.4 first. However, it is quite conceivable that Question
13.1.4 has a negative answer, while HTP is still undecidable over function fields
over algebraically closed fields of constants. So perhaps a different approach is
warranted here.
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13.2 Algebraic extensions of global fields of
infinite degree

Since HTP clearly becomes decidable over the field of all algebraic numbers
(the algebraic closure of Q), when we consider infinite algebraic extensions we
might expect the situation to change, as indeed it does. We do have decidability
in some sufficiently large extensions. First, however, we describe the few Dio-
phantine undecidability results that we have for infinite algebraic extensions
of Q.

Perhaps the first person to consider in print the problem of showing that
HTP is undecidable in some rings whose quotient fields are infinite extensions
of @ was Denef in [18]. He pointed out that if one could find an elliptic curve
defined over QQ such that it had the same positive rank over QQ as over some
infinite totally real extension of QQ, then one could use such a curve to give a
definition of Z over the ring of algebraic integers of this totally real infinite
extension. We do have examples of such elliptic curves, though the complete
picture concerning the phenomenon according to which elliptic curves keep the
same rank under infinite extensions is far from clear. For more information on
the subject see, for example, [59] and [54].

Using arefinement of the methods developed for finite extensions, the present
author constructed Diophantine definitions of Z in “small” and “large” rings of
algebraic numbers whose fraction fields were totally real infinite extensions of
Q. (See [102] and [110] for more details.)

When one considers HTP as a problem of determining the decidability of
some existential theory, it is clear that proving the existential undecidabil-
ity of some ring implies that the full theory of this ring is also undecidable.
Of course the reverse happens in the case of decidability. There, clearly one
gets a stronger result by showing that the full theory of a ring is decidable.
Thus in many cases, some of them listed below, the decidability of HTP over
a ring is a consequence of the fact that the ring’s full first-order theory is
decidable.

Perhaps the most famous decidability result concerning HTP is due to
Rumely. In [86], he showed that HTP was decidable in the ring of all algebraic
integers. The proof relied on what became known as Rumely’s local-global
principle, stating that a variety has a smooth integral point in the algebraic clo-
sure of Q if and only if it has a smooth point in every localization of the ring
of all algebraic integers. This result was a generalization of a more restricted
version of the local-global principle obtained by Cantor and Roquette in [2].
A similar result was obtained by Moret-Bailly in [61] but using completely
different methods.
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Rumely’s results were later strengthened in different ways. In particular, van
den Dries showed in [115] that the first-order theory of the ring of all algebraic
integers is decidable. Van den Dries and Macintyre extended this decidability
result to many localizations of the ring of all algebraic integers and the ring
of all integral functions in [116]. A similar result was obtained by Prestel and
Schmid in [75].

In [61] Moret-Bailly, and in [35] Green, Pop, and Roquette, showed that
Rumely’s results apply to smaller (though still large) fields. Additional versions
of both the local—global principle and the decidability results were later obtained
by Moret-Bailly (see [62] and [63]), by Jarden and Razon (see [38], [39]), by
Darniere (see [11] and [10]), by Prestel and Schmid (see [76]), and by Ershov
(see, for example, [27], [28], [29], [30]).

Using different methods, Fried, Haran, and Vo6lklein showed in [32] that
the field of totally real numbers has a decidable first-order theory. This result is
made more remarkable by the fact that Julia Robinson proved that the first-order
theory of the ring of the totally real integers is not decidable (see [83]).

As we said above, this list of results is far from being exhaustive and is
intended just to serve as a guide for further reading. We also would like to
mention a very nice survey article on the subject by Darniere (see [9]), which
we recommend to the interested reader.

13.3 Function fields of characteristic 0

The issues of existential definability prove to be much harder to understand
over function fields of characteristic 0 than over function fields of posi-
tive characteristic. One problem which has been solved over large classes of
function fields of positive characteristic but which remains elusive for many
function fields is the problem of the Diophantine definability of order at
finitely many primes. Before we state the main results concerning Diophan-
tine undecidability over function fields of characteristic 0, we need to state a
definition.

Definition 13.3.1. Let K be afield of characteristic 0. Then itis called formally
real if —1 is not a sum of squares. If it is also the case that every odd-degree
polynomial has a root in K, then K is called real closed.

The first result concerning function fields was due to Denef, who proved in
[16] that HTP is undecidable over rational function fields over formally real
fields of constants. Note that this result covers rational function fields of any



13.3 Function fields of characteristic 0 213

finite transcendence degree over any real subfield of R since a rational function
field over a formally real field of constants is itself formally real. This result
was important not only for what it said about the Diophantine problem of a
large class of rational function fields but also because its proof introduced an
elliptic curve,

(T? +aT +b)Y* = X> +aX + b, a,beQ,

(later named the Manin—Denef curve) as a tool for constructing Diophantine
models of integers. The proof used the fact that, assuming that the elliptic curve
y? = x3 4 ax + b has no complex multiplication, the Manin-Denef curve was
of rank 1 over K (T') for any field K of characteristic 0. The other part necessary,
under Denef’s method, for the construction of a Diophantine model was the
existential definition of order at any one prime. (This was where the “formally
real” condition was used.)

The results of Denef were extended by Kim and Roush, who showed in [44]
the Diophantine unsolvability of any rational function field whose constant field
could be embedded in a p-adic field. As Denef, Kim, and Roush constructed
a Diophantine model of integers over the fields in question using the Manin—
Denef elliptic curve, they devised a different method for defining existentially
integrality at a single prime using quadratic forms. Kim and Roush also proved,
in [41], that HTP was undecidable over C(¢;, t;). This proof again constructed
a Diophantine model of Z with the help of an elliptic curve of rank 1. A very
nice exposition of their method can be found in [71].

The next step was taken by Karim Zahidi who showed in [120] that integers
have a Diophantine definition in hyperelliptic function fields over real closed
fields of constants. The proof of this result was obtained via a sophisticated
refinement of the argument used by Denef. For a while, further progress over
function fields was stalled by the lack of knowledge concerning elliptic curves
of rank 1 over function fields which are not rational. This obstacle has been
surmounted by Moret-Bailly, who has shown in [60] that every function field of
characteristic 0 has an elliptic curve of rank 1. This result allowed Moret-Bailly
to show that HTP is undecidable over any function field over a formally real
field of constants or over a constant field which is a subfield of a p-adic field.
(The last result was obtained independently by Kirsten Eisentriger in [25].)
Finally, Moret-Bailly’s result on elliptic curves has also served as a foundation
for the proof by Eisentriger in [23] extending the Kim and Roush results on
C(ty, 1) to any function field over C in two or more variables.

The case of an arbitrary function field of transcendence degree 1 over Q
remains open, the difficulty being centered on the existential definition of
the order. In particular, we still do not know the Diophantine status of C(z)
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and its algebraic extensions. (As a matter of fact, the status of the first-order
theory is unknown for these fields.)

When it comes to rings of functions of characteristic O the situation is better,
since over these rings there is a natural way to define order using primes which
are not inverted. In particular, Moret-Bailly has shown in [60] that HTP is
undecidable in any semilocal holomorphy ring of functions of characteristic
0. (Zahidi proved the analogous result in [121] for rational function fields.)
The present author proved that Z has a Diophantine definition in any ring of
S-integers of a function field of characteristic 0 in [92] and also in bigger rings
in [96] and [105].



Appendix A: Recursion (computability) theory

This appendix contains some basic information on recursive functions, recur-
sive sets, recursively enumerable sets, and relativized versions of these concepts.
We also discuss briefly the recursiveness of some algebraic objects. We use [84]
and [33] as our main references for the material below.

Terminology. Before proceeding we would like to note the following, con-
cerning the terminology in this appendix. During the past ten years the terms
“recursion theory,” “recursive functions,” “recursive sets,” and “recursively enu-
merable sets” have fallen out of fashion and have been partially supplanted by
“computability theory,” “computable functions,” “computable sets,” and “com-
putably enumerable sets” respectively. We will use both types of term in what
follows, in Section A.1 the latter and in the remaining short Sections A.2—-A.8

the former.

9% ¢,

99

A.1 Computable (recursive) functions

We will use the definition of computable or recursive functions from [33]. First,
however, we need to define the “least” operator (L.

Definition A.1.1. Let R(xy, ..., x,,, y) be arelation on N such that, for each
m-tuple

x=(xg,...,x,) € N",

there exists y € N for which R(xy, ..., X, y) is true. Then, for any X € N,
define (Ly)R(x1, ..., Xy, y) to be the smallest natural number y such that
R(xy, ..., Xy, y)is true.

215
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Definition A.1.2. Let 7, be the set of all functions from N” to N. Let F =
(U2, . Then the set of computable or recursive functions is the smallest
subset of F that contains the following functions, which we will call the basic
functions.

1. f(x)=0.
2. the successor function f(x) = x + 1.
3. the projection function m;(xy, ..., x,) = x;, where n e N,i € {1,...,n},

which is closed under the following operations.
1. Composition. For computable functions g € F,,, hy, ..., h, € F,,
the function & € F,, defined by

h(xr, .o x0) = g (xns ooy X)), oo (X1, oo X))

is also computable.
2. Inductive definition. For computable functions fy € F,,, g € F,42,the
function f € F,4 defined by

f(xh"'axl’ho)Zf()(xl7""xn)7
FOu o x y+ D =g, .o X, s S, X0, Y)

is also computable.

3. Minimization. Let R(xy,...,x,,y) be a relation with a computable
characteristic function and such that for all (x,..., x,) € N” there
exists y € N with R(xy, ..., Xy, y). Then the function f € F,, defined
by f(x1, ..., xm) = (Wy)R(x1, ..., X, y) is also computable.

There are other equivalent definitions of computable or recursive func-
tions using Turing machines and rudimentary programming languages. (See
for example [13].) In practice, however, the definition given above as well as
alternative definitions are cumbersome to use. For that reason a proof that a
given function or set is computable or recursive is often rendered informally by
appealing to Church’s thesis, which states that the set of recursive functions is
precisely the set of functions whose values can be computed algorithmically.
For a discussion of Church’s thesis see Section 1.7 of [84], among other texts.
In this book we have attempted to provide wherever feasible formal proofs of
computability using our definition of computable functions. We have produced
informal versions of the argument along the lines of Church’s thesis where
formalization of the proof is straightforward but would be labor intensive.

Definition A.1.3. Let A C N be a set whose characteristic function is com-
putable. Then A will be called computable.
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Lemma A.1.4. The following functions from the natural numbers to the nat-
ural numbers or to subsets of the natural numbers are computable:

10.

NI R N N T N

. addition f(x,y) = x 4+ y and multiplication f(x,y) = xy;
. the minimum function min(x, y);

the maximum function max(x, y);
. the exponential function H(x, x2) = xfz;
. the sign function, sgn(0) = 0 and sgn(x + 1) = 1;
. the absolute-value function |x — y|;
. the predecessor function Pr(x) = max(0, x — 1);
. the truncated difference TD(x, y) = max(0, x — y);
. Summation

y
FOut ooy X, @, y) = 1,y X, 0)
i=a
and product
y
H(xy,...,xpn,a,y) = Hf(xl, ey Xy 1),
i=a

assuming that f(xi, ..., Xp, 1) is computable;

bounded minimization, defined as follows. Let R(xi,...,Xy,y) be a

relation with a computable characteristic function. Then the function

S, oo X, a,2) = facy<R(X1, ..., Xy, ) is defined to be equal to the

smallest y such thata <y < zand R(x1, ..., Xy, y) = lifsuchay exists

and to z otherwise.

See Sections 8.3 and 8.4 of [33] for a proof.

Remark A.1.5. We will also use bounded minimization witha <y <z, a <
y < z,and a <y < z. It is not hard to show that the slightly different bounds
for the variable do not change the computable status of bounded minimization.

Using closure under composition, one can easily show that the following

functions are computable.

Corollary A.1.6.

1.

The sum and product of two computable functions are computable.

2. All polynomial functions are computable.
3. If f, g are computable functions then

FQxp, ooy Xy) = fx1, .., x,) 800

is computable.
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With a slight effort we also obtain the following corollary of Lemma A.1.4.

Corollary A.1.7.
1. Let f(x1,...,x,) be a computable function. Then the relation
Rixt, ..., %, )=1% f(x1,...,x)) =y
is computable.

2. Let {Ri(z1,...,21),i = 1,...,k} be a finite collection of computable rela-
tions. Then the relation R(zy,...,z;) = /\f.;l Ri(z1,...,20) is also com-
putable.

Proof.

1. Define the characteristic function x(xi,...,x,, y) for R in the following
manner. Let y(x,...,x,,y) =1—sgn|f(xy,...,x,)— y|. This function

is computable by Lemma A.1.4 and by Corollary A.1.6.
2. This part follows from the fact that a product of computable functions is
computable from Corollary A.1.6. O

The next lemma tells us that computable sets are closed under simple set
operations.

Lemma A.1.8. The unions, intersections, cartesian products, and comple-
ments of computable sets are computable.

Proof. Let A, B be computable sets with characteristic functions x4 and xp
respectively. Then xanp(n) = xa(n)xp(n) is the characteristic function of the
intersection of A and B, while yaup(n) = xa(n) + (1 — xa(n))xp(n) is the
characteristic function of the union. Both functions are computable by Corollary
A.1.6.Further,if (x, y) € A x Bthenwecandefine xaxp(x, y) = xa(x)xs(y).
Thus xaxp(x, y) is computable by Corollary A.1.6 also. Finally, if y4(n) is a
characteristic function of A then 1 — y4(n) is the characteristic function of the
complement. O

Next we observe that functions defined by computable clauses are
computable.

Lemma A.1.9. Let Ay, ..., A, C N" be computable sets constituting a par-
tition of N". Let f1, ..., fu € F™ be computable functions. Then the function
h(.XI, ... 7-xm) == f‘i(-xlv AR a-xm)a if‘(-xla AR 7-xm) E Ai5

is computable.
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Proof. Let x4, be the characteristic function of A; and define
n
h(xr o xm) = ) X Gt s Xn) fi(X1 o X
i=1

Next we note that the function i(x1, . . ., x,,) is computable by Corollary A.1.6.
O

Lemma A.1.10. Finite sets are computable.

Proof. First we show that the set consisting of one element is computable. Let
A = {a}. Then ya(x) = 1 — sgn(|Jx — a|), which is clearly computable by Def-
inition A.1.2 and Lemma A.1.4. Next we proceed by induction. Let ... 4, |}
be a computable characteristic function of a set of n — 1 elements and let
X{a,) be the characteristic function of {a, }. Then max(x(q,,....a, ,}(*); X{a,} (X)) =
X{a1,....a,}(x) 1s computable, also by Lemma A.1.4. O

It is a bit more difficult to show that the following proposition holds.

Proposition A.1.11. The following sets and functions are computable:

1. the set of pairs of positive integers (m, n) such that m | n;

2. the set of prime numbers;

3. the function ¢(n) computing the nth prime number in the ascending list of
all prime numbers. We set ¢(0) = 0;

4. the function p(n, m) computing the exponent of the nth prime number in
the prime factorization of a given positive integer m. We set p(n,0) =
p(0, m) = 0;

5. the function u(n) computing the largest prime dividing a given integer
n > 2. We set £(0) = 0 and (1) = 1.

6. the function v(n) computing the number of distinct prime factors of a pos-
itive integer. We set v(0) = v(1) = 0.

7. the function g(n) defined as follows: g(n) = 0 if n is not a prime number;
g(n) is the sequence number of n in the ascending sequence of all prime
numbers if n is a prime number;

8. the function computing (m, n), the GCD of m and n form > 1, n > 1. We
set (m,0) =0, (0,n) =0,

9. the set {(m,n)|m < n};

10. the function computing the result of integer division, n —m = q, where
m#Qn=mqg+r, 0<r <m. Wesetn+-0=0.
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Proof.

1. Assuming thatm > 1,n > 1, we can let

x(m,n) =sgn(n + 1 = pi<ycns1(my = n)).

Then x(m,n) =1 if and only if m | n. By Lemmas A.1.4, A.1.8, A.1.9,
A.1.10, and Remark A.1.7, x (m, n) is computable.

2. Let Xprimes(n) =1—sgn(n — M2§y<n(y | n)) for n > 2. Set Xprimes(o) =
Xprimes(1) = 0. Then x (n) is computable, by Lemmas A.1.4, A.1.8, A.1.9,
A.1.10, and Part 1 of this lemma.

3. We construct an inductive definition for ¢: let ¢(1) = 2 and let

¢(n) = (um)(max(m, ¢(n — 1)+ 1) =m A mis aprime number).

Note that ¢(n) is computable by Definition A.1.2, Lemma A.1.4, Corollary
A.1.7, and Part 2 of this lemma.

4. Define p(n, m) = w1<<m(@(m)™ = | m), where ¢(n), as above, is the
nth prime in the ascending sequence of primes. Observe that p(n, m) is
computable by Lemmas A.1.4, A.1.8, A.1.9, A.1.10, and Parts 1 and 3 of
this lemma.

5. For n > 1 define

u(n) =n — fo<z<n+1(m — z is a prime number A (n — z) | n).

As above, u(n) is computable by Lemmas A.1.4, A.1.8, A.1.9, A.1.10,
Corollary A.1.7, and Parts 1 and 3 of this lemma.

6. For n > 1 define v(n) = Z?:z Xprimes(i) X (i, n) where, for i > 1, we have
that (i, n) = 1ifi | n and x (i, n) = 0 otherwise. Now v(n) is computable
by Lemmas A.1.4, A.1.8, A.1.9, A.1.10, and Parts 1 and 2 of this lemma.

7. Let g(n) = Xprimes(M)1<k<n(n = ¢(k)). Then g(n) is computable by
Lemma A.1.4 and Part 2 of this lemma.

8. For m # 0, n # 0 define

(m.n) = (m + 1) = pizeemen (((n +n — k) | m) A ((m +n — k) | n)).

Then (m, n) is computable by Lemmas A.1.4, A.1.8, A.1.9, A.1.10, Corol-
lary A.1.7, and Part 1 of this lemma.

9. Since m < n is equivalent to m = min(m, Pr(n)), the computability of this
relation follows from Lemma A.1.4.

10. For m #0 let n+m :,u(q)((mq <nVmg :n) A (n—mq < m))

Then n + m is computable by Lemmas A.1.4, A.1.8, A.1.9, A.1.10, Corol-

lary A.1.7, and Part 9 of this lemma. O
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Lemma A.1.12. Let G(Xy, ..., X,;) be a computable function. Then, for any
AeN,

G(le"'aXi—17A7Xi+|7-"7Xm)

is computable.

Proof. This lemma is easily proved by induction starting with basic functions.
|

Next we expand the definition of computable functions to functions whose
range is the set of all the finite sequences of non-negative integers. To be more
formal, let V' = [ J2, N’ and consider the following definition.

Definition A.1.13. Let g : N — A be such that the following conditions are
satisfied.

e Let 7: N — N be defined by h(n) = (um)(g(n) € N"). Then h is com-
putable.

e Forn e N, for 1 <i < h(n) let f(i,n) be the ith coordinate of g(n). For
i > h(n)define f(i,n) = f(ip, n),wherel < iy < h(n)andi = iy mod h(n).
Then f(i, n) is computable.

Then call g computable.

Given this expanded definition of computable functions, one can now state
the following lemma, whose proof we leave to the reader.

Lemma A.1.14.

1. Forn > 1let F(n,m) = (ai, ..., ay), where a; >0, n = p‘f‘ -~-pf’, and
p1 =2 <--- < p;is the listing of the first | prime numbers ordered so that
| > m and is as small as possible subject to this condition. Set F(0, m) =
0, F(1,m) = 1.

2. Let G, : N™ — N be defined by G(ay, ..., an) = [, p{", where p; =
2, ..., pm are the first m prime numbers in order.

Then F and G,,, for all m, are computable. Further,
F(Gm(alv ceey am)a m) = (alv ey am)
and
GpoFn,m)=n,

for all n whose largest prime factor is less than or equal to p,,.
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A.2 Recursively enumerable sets

We now define recursively or computably enumerable sets, abbreviated as r.e.
or c.e. sets.

Definition A.2.1. Let A € N*, k € Z-. Then we will call A recursively or
computably enumerable if A is empty or the range of some recursive function.

Next we observe that it is not hard to show the following.

Lemma A.2.2. A recursive set is an r.e. set. Further, in the case of an infinite
set it can be enumerated in strictly ascending order.

Proof. If A is an empty recursive set then it is an r.e. set by the definition of
r.e. sets. Now let A be a finite recursive set {a; < --- < a,}.Fori € {1, ..., n},
let x; be the characteristic function of the set {m € N : m =i mod n}. Then
i is recursive by Proposition A.1.11. Next let £4(m) = Y _ a; x;(m + 1). Then
&4 (m) is recursive by Corollary A.1.6 and lists the members of A.

Suppose now that A is an infinite recursive set with a recursive characteristic
function y4(n). We construct inductively a recursive function £4(n) to list the
members of A in ascending order. Let £4(0) = (uk)(xa(k) = 1). Let

Ea(n) = (Wo)(k > Ex(n — D) A xa(k) = 1).

Thus £4(n) is recursive by Corollary A.1.7 and lists the members of A in
ascending order. U

The converse of Lemma A.2.2 is not true and its negation is the logical
foundation for proving the unsolvability of Hilbert’s Tenth Problem.

Proposition A.2.3. There exist re. sets which are not recursive. (See
Section 1.9 of [84] for the proof.)

Further, we have the following property of r.e. sets.

Lemma A.24. Let A C N¥ beanre. set. Letay, ...,a; € N. Letiy, ..., i €
{1,....k}. Then B ={(x1,...,x) € A:x;, =ai AN--- ANx;, =a} is also an
re. set.

Proof. We have to consider two cases: B is finite, possibly empty, and B is
infinite. In the former case B is recursive and therefore r.e. by Lemma A.2.2.
In the latter case let £4 : N — A be a recursive function listing the members of
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A. Then define £ : N — B in the following manner:

£5(0) = Ea(us)(m;, (a(s)) = ar, ..., m;,(a(s)) = ar),
Ep(n) = Ea(us)(s = n AT, (Ea(9)) = a1 A -+ AT, (Ea(s)) = ap),

where m;, the projection onto the ith coordinate, is one of the basic
functions from Definition A.1.2. As in many cases above, &g is recursive by
Corollary A.1.7. U

A.3 Turing and partial degrees

We will now relativize the notions of recursiveness and enumerability.

Definition A.3.1. Let A ¢ N”, B ¢ N for some positive integers m and [.
Let xp be the characteristic function of B. Suppose that x4, the characteristic
function of A, can be constructed from the basic functions and yp by a finite
number of applications of composition, induction, and minimization. Then we
will say that A is Turing reducible to B and write A <7 B.

Definition A.3.2. Let A ¢ N”, B ¢ N for some positive integers m and [.
Suppose also that, for any function f : N — B enumerating B, there exists a
function g : N — A enumerating A, constructed from the basic functions and f
by a finite number of applications of composition, induction, and minimization.
Then we say that A is enumerably reducible to B and write A <, B.

It is clear that both Turing reducibility and enumeration reducibility are
transitive and reflexive and therefore can be used to form equivalence relations.
The equivalence classes corresponding to Turing reducibility are called Turing
degrees while the classes corresponding to enumeration reducibility are called
partial degrees. We should also note here that neither type of reducibility implies
the other. See Section 9.7 of [84] for more information on the matter.

Proposition A.3.3. There exist infinitely many partial degrees.

Proof. Suppose that on the contrary there are only finitely many partial degrees.

Let Ay, ..., A, be sets representing each of these degrees and let &y, ..., &, be
functions listing Ay, ..., A, respectively. Consider all the functions that can be
constructed from &, .. ., &, using the rules described in Definition A.1.2. Then

there are only countably many of these functions. Let { f;, i € N} be a listing of
all such functions. Let £(n) = f,(n) 4+ 1. Then &(n) is not on the list and thus
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cannot be constructed from &, ..., &, using the rules from Definition A.1.2.
Thus &(n) lists a set that is not relatively enumerable with respect to any of the
A;. Consequently, this set cannot belong to the same partial degree as any of
the A;. O

A.4 Degrees of sets of indices, primes, and products

Given the above definitions of Turing and enumeration reducibilities we now
make the following proposition.

Proposition A.4.1. Let A C Z-( and let p; be the ith prime number in the
ascending list of all prime numbers. Finally, let

P={neN|Fie A, n=p;}.

Then A and P are Turing and enumeration equivalent.

Proof. Without loss of generality we can assume that neither set is empty.
Next let g(n) be the recursive function defined in Proposition A.1.11, Part 7.
Then we can set xp(m) = ya(g(m)), since 0 ¢ A. Further, ya(n) = xp(¢d(n)),
where ¢(n) = p, is also a recursive function defined in Proposition A.1.11.
Thus P =7 A.

Now let £4(n) be the function enumerating A. Then ¢(€4(n)) will produce
an effective listing of P. Conversely, let £&p(n) be a function listing P. Then
g(&€p(n)) will list A. Consequently, P =, A. O

We will now relate sets of primes to sets of their products.

Proposition A.4.2. Let P be a set of prime numbers. Let U consist of all the
finite products of elements of P. Then U =7y P and U =, P.

Proof. First of all, without loss of generality we can assume that neither set is
empty. Next let the functions ¢(m), p(m), u(n, m), v(n), and g(m) be defined
as in Proposition A.1.11, and let the function sgn(x) be defined as in Proposi-
tion A.1.4. Now consider the following function:

&(p(m))
xu(m) = l_[ (xP(@(D)) sgn(oGi, m) + (1 — sgn(p(i, m))). (A4.1)
i=1
Suppose that all the factors of m are elements of P. Then for each term in the
product one of the following statements will be true.
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1. ¢(i) occurs in the factorization of m with a non-zero exponent and
therefore, by assumption, ¢(i) € P. Then p(i,m) > 0, sgn(p(i, m)) =
L, xp(¢(i)) sgn(p(i, m)) = 1, and 1 — sgn(p(i, m)) = 0.

2. ¢(i) does not occur in the factorization of m. Then p(i,m) =0,
sgn(p(i, m)) = 0, xp(¢(i)) sgn(p(i, m)) = 0, and 1 — sgn(p(i, m)) = 1.

Thus in either case each term in the product is equal to unity and so yy(m) = 1.
Suppose now that, for some j € N, the prime p; occurs with a non-zero expo-
nent in the factorization of m, while xp(p;) = 0. In this case j < g(u(m))
and thus the product contains a term with i = j. Note that in this case
p(j,m) >0, sgn(p(j,m))=1,and xp(p;)sgn(p(j, m)) =0, while at the
same time 1 — sgn(p(j, m)) = 0. Thus the jth term in the product is equal to
zero and therefore the product is equal to zero. Hence the function x (m) defined
in (A.4.1) is actually the characteristic function of U and we conclude that
U <7 A.

Conversely, let xprimes(112) be, as before, the characteristic function of the set
of all prime numbers. Then, by Proposition A.1.11, Xprimes(7) is a recursive
function. Hence, it is not difficult to see that y 4 (m) = xu(m) Xprimes (M).

Now let £&p(n) be any function listing P. Then let

p(1,m)

gym)= [ &p@yem.
i=1

As m runs through N, we have that (p(2,m), ..., p(o(1, m) + 1, m)) runs
through all the finite sequences of natural numbers. Indeed, let (ay, ..., a;)

be a finite sequence. Then if we let m = 2! ]_[fié pi", we see that

(p@2,m), ..., p(p(L,m)+1,m)) = (ai, ..., a).

Thus, &y (m) will run through all the elements of U. Consequently, U <, P.
Conversely, let £&y(n) be any function listing the elements of U and let

po € P. Then let &p(m) = sU(m)Xprimes(m) + po(l — Xprimes(m)) and we can
conclude that P <, U. O

A.5 Recursive algebra

In this section we will extend the notions of recursive sets and functions to
algebraic objects.

Definition A.5.1. Let R be a countable ring or a field. Let J : R — N be
an injective function such that J(R) is recursive and the functions translating
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addition, multiplication, and subtraction are recursive (in the case of a field,
division is also translated by a recursive function). Then J will be called a
recursive presentation of R.

Let A C R. Then A will be called recursive (r.e) if J(A) is recursive (r.e.)
under some recursive presentation of R. Similarly for A, B € R we will say
that A =7 B(A =, B)if J(A) =7 J(B) (J(A) =, J(B))under some recursive
presentation J of R.

Let f : R" — Rbeafunction. Then f will be called recursive if under some
recursive presentation of R, the translation of f is recursive.

Proposition A.5.2. Let R, J be as in Definition A.5.1. Then translations of all
polynomial functions, if R is a ring, and the translation of all rational functions,
if R is a field, are recursive.

Proof. The proof of this proposition is analogous to the proof of Lemma 3.2.2.
O

A.6 Recursive presentation of Q

In this section we will describe a recursive presentation of Q in some detail.
We will start, though, with a presentation of Z.

Proposition A.6.1. Consider the map J : 7. — N defined by J(m) = 23",
where a = 0if m > 0 and a = 1 otherwise. Then the following statements are
true.

1. J is a recursive presentation of 7.

2. For any A C N we have that J(A) =1 A and J(A) =, A.

3. The absolute-value function is a recursive function on 7.

4. Let A C N. Let B C 7Z be defined by B = {x € Z||x| € A}. Then J(B) =71
J(A) and J(B) =, J(A).

Proof.
1. First of all, the unique factorization theorem assures us that J is injective.
To see that J(Z) is a recursive subset of N, note that

JZ)={meN:m=1v[@4tm)A@um =31},  (A6.1)

where p(m) is the function defined in Proposition A.1.11, Part 5. In other words
we can describe an element of J(Z) in the following manner: either it is equal to
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1 or it is a natural number not divisible by 4 and 3 is the largest prime dividing
it. Using Section A.1 we easily deduce that (A.6.1) is a recursive set.

Next we need to show that addition, subtraction, and multiplication are
recursive under J. Let

2
Ao,m Ao,ea Ae,m Ae,ea Aa,e,la Aa,e,Zs Ae,o,ls Ae,o,2 - N
be defined as follows:

Avo =1{m,n),24 m,24 n},

Ace ={(m,n),2|m,2|n},

Ape = {(m,n), 21 m,2|n},

Aco ={(m,n),2|m,21 n},
Ao ={(m,n) € Ay, 2m = n},
Aper=1{(m,n) e A,,, 2m < n},
Aco1 ={(m,n) € A, ., m > 2n},

A€.0,2 = {(ma n) e Ae,()v m S 2”}'

Using Section A.1 again, we conclude that these sets are recursive. Further, it
is easy to see that

{Ao,oa Ae,e’ Ao,e,l’ Ao,e$2a Ae,oﬁla Ae,o$2}

is a partition of N?. Therefore Lemma A.1.9 tells us that we can define the
following recursive (computable) function:

2 . 3(p2,m)+p2,n)) if m, n) € A,.,
3(02.m)+p(2.n)) if(m,n) € A, ,,

Pl m) =4 3102m-pem) i 0m, 1) € Aget U Aqoa,
2 . 31pZm=p.n) if (m,n) € Ay 1 UA,,2,

where p(2, n) is the exponent of 3 in the prime factorization of n. It is clear that
J(x +y) = PL(J(x), J(y)). Next let

2m if2+ m,

Minus(m) = {m/Z if2|m

Then Minus(m) is a recursive function by Section A.1. Also, by construction,
Minus(J(x)) = J(—x). Now define Py by

, [3le@mpm) if (1, 1) € Age U Ago,
)= 30@meea) i () € Ay U Ay
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By the same considerations as above, it is clear that Py is a recursive function
and, by construction,

P (J(x), J(y)) = J(xy)

for x, y € Z. Thus, the first assertion of the proposition holds.
2. Next we note that J(N) = {m e N: (m = 1) Vv (21 m) A (u(m) = 3))}
and, therefore, J(N) is recursive.

Now let A € N and let x4 be a characteristic function of A C N. Also let
X be the characteristic function of J(N) and observe that it is recursive by
the argument above. Then x j(4)(n) = xsmy()xa(p(2, n)). Conversely, if x j(a)
is the characteristic function of J(A) then x(A)(n) = x4)(3"). Further, let
£4(n) be a function listing A; then &;(4) = 3840 will list J(A). Conversely, let
&7(a)(n) be a function listing J(A); then p(2, &7(4)(n)) will list A.
3. Let J(x) = n. We set abs(n) = 37" _Note that abs(n) is a recursive func-
tion by Section A.1, and it is clear that abs(J(x)) = J(|x|).
4. Here we note that

X1 (1) = xsa)(abs(n))
and
Xs®M) = x5y M) xsan(n),

where x;c4), XsB), and x ) are the characteristic functions of J(A), J(B),
and J(N) respectively. Thus we have Turing equivalence.

Now let &;4)(n) be a function listing J(A). Then define &;5(2m) =
Eray(m) and &;5)(2m + 1) = 2&;4)(m). Using Section A.1 we can ascer-
tain that £;(py(n) can be constructed from &;4)(n) and basic functions, by the
rules stipulated in Definition A.1.2. Finally, given a function &;(z)(n) enumer-
ating J(B) we can obtain £;4)(n), a function enumerating J(A), by setting
§1a)(n) = abs(§,)(n)). O

We now expand our recursive presentation to Q.

Definition A.6.2. Define Jg : Q — N as follows. Form € Z \ {0}, n € N\
{0}, (m,n)=1,set Jo(m/n) = J(m)-5""". Also set Jg(0) = J(0) = 1.

Proposition A.6.3. Jy is a recursive presentation of Q extending the map
J : Z — N defined in Proposition A.6.1.
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Proof.  First of all we note that Jg is injective by the fundamental theorem
of arithmetic. The fact that Jg extends J from A.6.1 is clear since Jo(m /1) =
J(m). Next observe that

Jo@={meN:(m=DVI[BIm)A@Im)A(uim) < 5]}

and this set is recursive by Section A.1 as before.

Next we need to show that the field operations are also recursive. We will
start with functions that can produce the reduced numerator and denominator
of an element of Z. Define recursive functions

Num(n) = 2p(Ln)3p(2.n)
and
Denom(n) = 3°GM+!,
Note that the image of both functions is clearly in J(Z), and if n € Jg(Q) then
Jo(J7'(Num(n))/J~! (Denom(n))) = n.

Further, observe that for m € Jo(Q) we have that m < 2 - 5°&N+,2.D) 'where
N = Num(m) and D = Denom(m). Now given ny, n; let

Ny = Numy(ny, ny)
=P, (P>< (Num(n,), Denom(n,)), Px(Num(n,), Denom(n; ))) .

Let
D, = Denom,(n, ny) = Px(Denom(n,), Denom(n,)).
Here P, , P are translations of addition and multiplication under J. Next let

Py q(ny, n2) = picpersoenomenn (m € Jg(Q) A Py(N4, Denom(m))
= P« (D4, Num(m))).

Next let
Minusg(r) = 2°(Minus®Numm) 302.m5pGm)
Let
N>< = Numx(n] s n2) = P>< (Num(n])’ Num(nz))
and let

D, = Denomy (ny, ny) = Py (Denom(n;), Denom(n,)).
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Further, let

Py oy, ny) = MlSmSZ,Sp(Z,NX)+ﬂ(2,DX)(m € Jo(@Q) A Py (N, Denom(m))
= P, (Dx, Num(m)))

Our last task is to define the reciprocals. Define
Oneover(n) = 2°0:M3rGm+1502.m-1

and note that for n € Jg(Q) we always have that p(2, n) > 1 since 3|n. U

We can now continue the discussion we started with Propositions A.4.1 and
A4.2.

Proposition A.6.4. LetI C N. Let A; = {p;, i € I}. Let Uy be the set of natu-
ral numbers with prime factors in A;. Then Jo(Og.y,) =, I and Jg(Oq.u,) =7
1.

Proof. Since U; =7 A; =7 Iand U; =, A; =, I by Propositions A.4.1 and
A.4.2, it is enough to show that U; is Turing and enumeration equivalent
to Oq,u,. Let xy, be the characteristic function of U;. Then x40, (1) =
xu,(p(3, n) + 1) is the characteristic function of Jg(Ogq,y,). Conversely, let
X J@(OQUI)(n) be the characteristic function of Jg(Oq,y,). Then xy,(n) =
XJg(0qup(3 - 5"7h). O

One of the most important properties of the recursive presentation above is
that it preserves all the Turing and enumeration degrees of subsets of N. This
fact is not accidental. As a matter of fact, this will be true of any recursive
presentation of Z and Q. Since this fact will play an important role in our
discussion of the undecidability of HTP, we prove below that a general version
of this phenomenon holds.

Proposition A.6.5. Let R (F) be a finitely generated ring (or field). For i =
1,2, let J; : R —> N (J; : F — N) be two recursive presentations of R (F).
Then there exists a recursive function g : N — N such that g o J; = Js.

Proof. We will sketch a proof for the case of a finitely generated ring of
characteristic 0. The positive-characteristic case and the case of a finitely
generated field are similar. Let x; = 1, ..., x, be a set of generators of R.
Let m € J1(R) be given. Then by systematically iterating ring operations on
X1, ..., X, we will construct a polynomial f(xy,...,x,) € Z[x|, ..., x,] such
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that Ji(f)(J1(x1), ..., Ji(x,)) = m. Then we can set

gm) = L(f)(a(xD), ..., J2(xn)).
O

If we apply Proposition A.6.5to R = Z and F = Q, we obtain the following.

Corollary A.6.6. Let J : Z — N be a recursive presentation of Z.. Then for
any subset A CN, A =1 J(A) and A =, J(A). Further, under any recursive
presentation J of Q, we have that J(Z) is recursive.

A.7 Recursive presentation of other fields

Having dealt in great detail with a recursive presentation of Q we will present
a more abbreviated account of the construction of recursive presentations of
other fields.

Proposition A.7.1. Let F be a countable field and let j : F — N be a recur-
sive presentation of F. Lett be transcendental over F. Then there exists a recur-
sive presentation J : F[t] — N such that J|p = ¥ o j, where v : N — N is
recursive. Further, under J there exist the following recursive functions.

e deg : N — N such that for any P(t) € F[t] we have that degoJ(P(t)) =
deg(P(1)).

e C:NxN—N such that for any ay,...,a, € F we have that
CU ! _yait', m)) = J(ap), where a, = 0 form > deg(} " a;t").

* GCD :N x N — N, where for any Pi(t), P,(t) € F[t] we have that
GCD(J(P1(1)), J(P2(1))) = J((P1(2), P2(1))).

Proof. Let P(t) = YI_,a;t' € F[r]. Then define J(r) = []/_, p/\", where
p1=2< py <--- < pyy are the first n 4 1 rational primes. By Proposition
A.1.11, since j(F) is recursive, J(F[t]) is a recursive set and the functions deg
and C are recursive. Defining ring operations and the greatest common divisor
of two polynomials is a straightforward but rather tedious process requiring
the use of Proposition A.1.11 again and again. We will leave the details as an
exercise for the reader. O

Corollary A.7.2. Let F be a countable field and let j : F — N be a recur-
sive presentation of F. Let t be transcendental over F. Then there exists a
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recursive presentation J : F(t) — NsuchthatJ|p = ¥ o j, wherey : N — N
is recursive. Further, under J there exist the following recursive functions,
Num : N — Nand Denom : N — N, such that for any f € F(t) we have that

o J7'(Num(J(f))), J~'(Denom(J(f))) € Fr];

o J~l(Denom(J(f))) is monic;

o (7' Num(J(f)). T~ (Denom(J(f))) = 1 in Flt];
o f=J"'Num(J(f)))/J " (Denom(J(f))).

Proof. Let f € F(t); then f has a unique representation as P(z)/ Q(t), where
P(t), Q(t) € F[t] are relatively prime in the polynomial ring and Q(¢) # O is
monic. Thus we can define J(f) = 2/(P37(Q0) wwhere J is the presentation
of F[t] defined in Proposition A.7.1. Again, we leave the straightforward but
lengthy proof that the resulting presentation satisfies all the conditions stated
in the corollary to the interested reader. O

We will next prove a general proposition about constructing a recursive
presentation of a fraction field, given a recursive presentation of a ring. First
we need a new definition.

Definition A.7.3. Let R be a countable ring. We will call R strongly recursive
if R is recursive and under some recursive presentation of R we have that the
set D = {(x,y): 3z € R, x = yz} is recursive. Such a presentation of R will
also be called strongly recursive. (Observe that D is a Diophantine subset of
R?%)

By virtue of the division algorithm, it is clear that Z and any polynomial
ring over a recursive field are strongly recursive. This property is in general
enough for the construction of a recursive presentation of the fraction field
while preserving the recursive status of the ring.

Proposition A.7.4. Let R be a recursive ring under a presentation j. Let F
be its fraction field. Then there exists a recursive presentation J of F such that
J(R) is also recursive if and only if R is strongly recursive. Further, if R is
strongly recursive then under some recursive presentation J of its fraction field
F there exist recursive functions A1, Ay : N — N such that, for all x € F,

I ))

= my A(J(x)), Ax(J(x)) € J(R), Ar(J(x)) # 0.

Proof. We will first show that if R is strongly recursive then the required
presentation of F exists. The construction we present here is in some sense the
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usual construction of the fraction field of the ring using the equivalence classes of
fractions. To simplify the discussion, instead of constructingamap J : F — N,
we will constructamap J : F — N? satisfying all the requirements. We remind
the reader that we can always move back and forth from N¥ to N via recursive
functions with recursive inverses, using Lemma A.1.14.

Solet¢p : N — j (R)? be a recursive listing of j (R)?. (It exists by Lemma
A.2.2 and Lemma A.1.8.) We will denote ¢(n) by (a,, b,). Below we list steps
that will result in the construction of J. We will define a recursive function
H : N — j(R?), which essentially will be the presentation of F.

Assume that H(1), ..., H(n) have been defined already. (In the case n =
1 the list is empty.) If b,+; = j(0) then set H(n 4+ 1) = (j(0), j(0)). Oth-
erwise check whether for some i = 1,...,n we have that Py(a;, b,11) =
Py (ay+1, b;), where Py is, as usual, the translation of multiplication over R
under j. If such ani is found then set H(n + 1) = H(i). If such ani is not found
then check whether (a,, b,) € j(D). If this is the case, then find ¢ such that
Py (c,b,) =a, and set H(n + 1) = (c, j(1)). Finally, if (a,+1, byy1) & j(D)
set H(n + 1) = (an+1, byt1).

We claim that H is recursive (by the construction above) and that there exists
amap J: F — H(N) such that J is a recursive presentation of F. Let z €
F. Then z=x/y, y #0, x,y € R. Let (a,, b,) = (j(x), j()). Then define
J(z) = H(n). The construction above implies that J is well defined. (We leave
the details of the proof of the above claim to the reader.) Next observe that J(R)
is recursive. Indeed, given (m, k) € N? we can determine effectively whether
(m, k) € J(R). First of all we determine whether (m, k) € j(R)? and if so deter-
mine n € N such that (m, k) = (a,, b,). If (m, k) & j(R)? then (m, k) & J(F).
Next, assuming that (m, k) = (a,, b,), we compute H(n) and check whether
H(n) = (m, k). If the answer s “yes” and k # j(0)then (m, k) € J(F).If either
H(n) # (m, k) or k = j(0) then (m, k) & J(F). Further, note that J(R) is also
recursive. Indeed, given a pair (m, k) € J(F) it is enough to check whether
k = j(1) to determine whether (m, k) € J(R). Also, by construction, for each
z € F we have J(2) = (A1(J(2)), A2(J(2)).

Next we need to show that all the operations over F are recursive. We will
show that this is true for addition, and analogous proofs could be produced for
the remaining field operations. Given (my, k), (m», k»), do the following to
compute the sum. Let

l = P+(P><(mlﬂ kz)v Px(st kl))ﬂ u= Px(kh kz))7

where P, Py are the translation of addition and multiplication over R under
j. Note that (I, u) € j(R)*. So we can find n such that (a,, b,) = (I, u). Then
set the sum of (m 1, k1) and (m5, k;) equal to H(n).
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Suppose now that R is an arbitrary recursive ring and there exists a recursive
presentation J : F — N such that J(R) is recursive. Then let (m, k) € J (R)%.
We can determine whether (m, k) € J(D) by checking whether P,(m, k) €
J(R). O

Remark A.7.5. In the proof above we presented algorithms informally. We
remind the reader that informal descriptions of algorithms and their relation to
the formal descriptions were discussed immediately following Definition A.1.2.

Remark A.7.6. While the proposition above plays arole in tying together gen-
eration and Diophantine undecidability, in general it does not provide enough
information about the recursive presentation of the fraction field. For this reason
we have chosen to construct the recursive presentations of rational numbers and
rational functions directly.

Our next task is to discuss a presentation of finite field extensions.

Proposition A.7.7. Let F be a countable field and let j : F — N be a recur-
sive presentation of F. Let G be a finite extension of F of degree n. Let
Q ={wi,...,w,}beabasisof G over F. Then there exists a recursive presenta-
tion J : G — Nsuch that J restricted to F is equaltoy o j, wherey : N — N
is recursive, and there exist recursive coordinate functions Cy, ..., C, : N - N
such that for any element x € G we have that x = Z?:l JloCo J(x)w; with
CioJx)e J(F), foralli =1,...,n.

Proof. This proposition can be proved utilizing a construction that we used to
extend weak presentations in Proposition 3.2.4. |

As an immediate corollary of Proposition A.6.3, Corollary A.7.2, and Propo-
sition A.7.7 we get the following result.

Corollary A.7.8.  Global fields are recursive.

Remark A.7.9. From now on we will assume that number fields are given
under a recursive presentation J, as described in Proposition A.7.7, with respect
to some integral basis €2 of the field over Q. (Such a basis always exists. See
Definition B.1.29 and Proposition B.1.30.)

Proposition A.7.7 has another useful corollary.

Corollary A.7.10. Let F, G, J be as in Proposition A.7.7. Given x € F, let
Ao(x), ..., Ay(x) be the coefficients of the characteristic polynomial of x over
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G. Then each A;(x) is a recursive function under J, depending on the chosen
basis of F over G only.

Proof. Indeed, let x € G, x =) |_, ajw;, where Q = {w), ..., w,}. Then
for each i we have that A;(x) is a fixed polynomial in ay, ..., a,. Since
J(a;) = C;(J(x)), where the C; are the recursive functions defined in Proposi-
tion A.7.7 and all the polynomial functions are translated by recursive functions,
by Proposition A.5.2 the assertion holds. 4

We will now deal with a case of countable transcendence degree.

Proposition A.7.11. Let F be a countable field and let j : F — N be a recur-
sive presentation of F. Let {t;,i € N} be a set of variables algebraically inde-
pendent over F. Then F(t\, ..., 1, ...)also has a recursive presentation.

Proof. We will describe the encoding and leave it to the reader to prove that
the resulting presentation is recursive. Let f = P/Q, where

.....

s

I v
Q= > Ayt -1k,

where P, Q are relatively prime in the polynomial ring F[#}, . ..]. Assume that
if we sort the terms of Q into a lexicographical order using powers of the #; then
the first term has coefficient 1. Clearly, every element of the field has a unique
representation of this form. For a monomial A;, zﬂfl e t,i", let

.....

AU g (A )i ik
Wt tk)—2 Pl 3y

AAAAAA

For a polynomial P = Zle M,, where M, is a monomial, let J,(P) =
]_[f=1 p[‘(M"). Finally, let J(f) = 2/2(P)3/(Q), |

Proposition A.7.12. Let K be a recursive field. Then there exists an algebraic
closure of K which is recursive. (See Theorem 7 of [78].)

Proposition A.7.13. Let G be a countable field. Then G is a subfield of a
recursive field.

Proof. We have to consider two possibilities: G has characteristic 0 or G has a
positive characteristic. First assume that G has characteristic 0. Then G contains
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@ and consequently G is a subfield of the algebraic closure of Q(¢1, . ..), which
is computable by Propositions A.7.11 and A.7.12.

If G has characteristic p > 0 then the argument above applies with Q
replaced by a finite field of p elements. O

A.8 Representing sets of primes and rings of S-integers
in number fields

In this section we will address the issue of representing recursive prime sets in
number fields. We have already discussed these sets when the field in question
is Q. We will now do it for other number fields.

Let K be a number field. Let Q@ = {w, ..., w,} be an integral basis of K
over Q. (See Definition B.1.29 for a definition of integral basis.) Let

J:K—> N

be a presentation described in Proposition A.7.7 with respect to basis 2, Q
being the field below under presentation from Proposition A.6.3. Fix a recursive
enumeration of J(K), i.e. a recursive bijection ® : N — J(K). (For example,
using an ordering of integers 0, —1, 1, —2,2, ... one can order the elements
of K using the lexicographical ordering with respect to 2-coordinates of the
field elements.) For each prime p fix the smallest (under the chosen ordering)
element « of K satisfying the following conditions:

e ordya = 1;
* ordg @ = O for any conjugate q of p over Q;
LS Z?:] a;w;, a; €7, la;| < pz, where p is the rational prime below p.

Such an « exists for every p by Proposition B.2.4. We will represent each prime
p by a pair («x(p), p), where a(p) satisfies the conditions above and p is the
rational prime below p in Q. Now call a set of K-primes Wy recursive if the
corresponding set of pairs is recursive and call it r.e. if the corresponding set of
pairs is r.e. (These attributes are simultaneously possible.) This identification
has several desirable properties, described below.

Proposition A.8.1. Let K, J be as above. For a rational prime q let

S(q) = ol @@))z/(@@) , . p;(a(qk))

)

where q,, ..., q; are all the distinct factors of q in K and p; =2, ..., pi
are the first k rational primes. For n not equal to a prime, let S(n) = 1. Then
S : N — Nis a recursive function.
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Proof. 'We will present an informal algorithm to compute S(n). Letwy, ..., o,
be an integral basis of K over Q. For each expression of the form ) '_, a;w;,
with a; € Z and |a;| < p?, do the following.

1. Compute the Q-norm of this sum. (This a recursive operation by Corol-
lary A.7.10.)
2. If the norm is divisible by ¢, set the sum aside.

Now let B = {By, ..., B} be the set of all the elements set aside. Repeat the
following procedure until B is empty.

1. Choose elements of B whose norm has the lowest order at g. Among the
elements with norms of the lowest order, choose the element with the lowest
sequence number under the chosen ordering of K. Denote this element by y.

2. For every element ; # y currently in the set, compute the norm of y + ;.

. If the norm is divisible by g then remove §; from the set.

(O8]

4. Remove y from B and put it into a set which we will denote by F.

We claim that at the end of this process, F' will contain exactly

a(ql)7 a(q2)9 DRI a(qk)7

where q, ..., g, are all the factors of ¢ in K. Indeed, by Proposition B.2.4
we know that B contains «(q;) for each factor of ¢. Further, any element of
B which is divisible by at least two distinct factors of g or by the square of a
factor of ¢ will have a norm of order at g greater than that of at least one «/(q;)
at any stage of the process. Further, the norm of y + B; is divisible by ¢ if and
only if both y and B; are divisible by the same factor of ¢g. Thus elements of
B divisible by at least two distinct factors of g or by the square of a factor of
q will be removed from B at some point. Elements of B having exactly one
factor of ¢ in their divisors but not having the lowest sequence number will also
be removed from B when the element with a lower sequence number and the
same factor of ¢ in the divisor is chosen. O

As an immediate corollary of the proposition above we have the following
statement.

Corollary A.8.2. Let Wy be a set of rational primes, and let Wy be the set
of all K-primes above Wg. Then Wx =1 Wg and Wk =, Wo.

Remark A.8.3. In what follows we will continue to use the presentation J of
the number field K that we have discussed above.
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Proposition A.8.4. Let K be anumber field of degree n over Q. Let wy, . . ., w,
be an integral basis of K over Q. Let Wy be a recursive (r.e.) set of K -primes.
Then the following sets are also recursive (r.e.):

1. the set of K -integers whose divisors are a product of powers of elements of
Wk (we will denote this set by O(Wk)),
2. Co(OWk) ={(ar, ..., an) € Z'| }I_, ajw; € O(Wk)).

Proof. As above, we present an informal algorithm computing the listing or
characteristic function of the sets involved.

1. We will consider the case of recursive Wy first. Given a € Ok do the fol-

lowing.
(a) Compute the norm of «. Determine what primes divide the norm. Let
qi, - .., qm be the list of these primes.

(b) For each g; compute «(g; ;) for each factor q; ; of ¢; in K.

(c) Use the characteristic function of the set {(¢;, @(q; ;))} to determine for
each j whether q; ; € Wk.

(d) If, for some i, no factor of g; is in Wx then « ¢ O(Wk).

(e) Otherwise for each i, j compute the Q-norm of o + «(q; ;). If for some
i, j we have that q; ; ¢ Wg but the Q-norm of « + «(q; ;) is divisible
by g; then « & O(Wk).

(f) Conclude that « € O(Wk).

Now assume that Wk is r.e. and let f(n) be a recursive function listing

pairs (p, a(p)), where p € Wy . Given an element o € Ok use the procedure

described above to compute all pairs (g, @(q)) such that g occurs in the divisor
of . Next check whether all the pairs have been listed; if so then o should

be included in the listing of O(Wk). Otherwise, it should be stored in a

“waiting” list.

2. Given (ay, ..., a,), check to see whether ) ;_, a;w; € O(Wkg) when Wy
is recursive and check to see whether ) ;_, a;w; has been listed already if

OWkg)isre. O

Remark A.8.5. Using the same approach as in the proof above we can show
that O(Wk) and Cq(O(Wk)) are actually Turing and enumerably equivalent
to Wk.

We are now ready for the following assertions.

Proposition A.8.6. Letr K be a number field of degree n over Q. Let Wy be a
set of primes of K. Then Ok yy, is recursive (r.e.) if and only if Wy is recursive

(re.).
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Proof. Firstassume that Wy isrecursive (r.e.). Givena € K, compute the coef-
ficients A,(«),r =0, ...,n — 1, of the characteristic polynomial of o over Q
and determine the rational primes ¢, . . ., ¢; dividing the denominators of these
coefficients. (This can be done effectively by A.7.10.) For each prime ¢g; com-
pute a(q; ;) foreach K -factor q; ; of ;. (This part is recursive by A.8.1.) Further,
fori =1,...,[ compute q; = — ming<,.,(ord, A,(c)). For each pair (i, j), let
Bi.j(@) = [ 11, @(d; ). Next, forall i, j we compute the coefficients A,(ﬂ;’j"a)
of the characteristic polynomial of ,Bl.'f?" o over Q. Note that if ord,, o < 0 then
ord,, B;'{'@ < 0 and for some r we will have ord,, A, (8" @) < 0. Conversely,
for k # j we have that ord,,, @ > —na; and therefore ord,,, af;}" > 0. Thus
aﬂi’f ;’." is integral at ¢; if and only if « is integral at g; ;. Hence, by following
this effective procedure we will be able to establish which gq; ; occur in the
denominator of the divisor of «. Once this is done, if Wy is recursive then for
each (i, j) we can check to see whether the pair (¢;, @(q; ;)) € Wk. If Wk is
r.e. then we can wait for the pair to be listed.

Now suppose that Ok yy, is recursive (r.e.). Then given a prime p of K, we
can conduct a systematic search of the field until we find an integral element
B whose divisor is a power of p only. Such an element exists since the divisor
p’%, where h is the class number of K, is principal. We can recognize such an
element, since p, the prime below p, will be the only prime dividing its norm,
all the coefficients of the characteristic polynomial of 8 over Q will be integral,
and the Q-norm of B8 + «(q), where q is any other factor of p in K, will not
be divisible by p. Next we can check whether 1/ is in Ok )y, (or has already
been listed).

Finally, we note that as above one can adjust this proof to show that Ok v,
and Wy are Turing and enumerably equivalent. O

Proposition A.8.7. Let K be a number field. Let VW be a set of rational
primes with a factor of relative degree d in K and let Wy be the set of K
primes of relative degree d over Q. Then W and Wy are both recursive sets of
primes.

Proof. Given a rational prime p, do the following.

* Compute «(p;) for each factor p; of p.
* Compute Nk, g(c(p;)) and determine f; = ord, Nk o(c(p;)) = f(p;/p) for
all i. If for some i we have f; = d then p € W, otherwise p & W.

The procedure for determining whether a pair (p, a(p;)) is in the set representing
Wk is analogous. O
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Proposition A.8.8. Let K be a number field. Then, if K is real there exists
a recursive function f : K x N — N producing a decimal expansion of the
elements of the field. If K is not real, there are recursive functions f; : K x N —
N,i = 1,2, producing decimal expansions of the real and imaginary parts of
the elements of the break field.

Proof. Let w €  (an integral basis of K over Q). Let 4(T) be its monic
irreducible polynomial over Q. If w is real then let a; < b; € Q be such that
w € (ay, by) and [a, b] contains no other real root of 4. If w is not real, let a; <
bi,a; < b, e Qbesuchthatw € B={ze€ C| Nz € (al, b)), Iz € (az, b}
and the topological closure B of B contains no other root of /. Let r be a
positive rational number greater than the distance from any other root of i (x)
to the boundary of the region. Next let g(x) = h(x)/(x — w). Then, for any ¢
in the chosen region, |g(c)| > r?~! where d = deg f. Finally note that
h(c)
g(c)
Thus by a systematic search of the rational elements of the region, we can effec-
tively construct the decimal expansion of w if it is real, or decimal expansions
of its real and imaginary parts otherwise.

Since for every element of K we can produce effectively (i.e. there is a recur-
sive (algorithmic) procedure to compute) its rational coordinates with respect
to €2, this means that knowing the decimal expansions of the elements of the

basis is enough to produce the decimal expansions for all the elements of the
field. O

< f (o).

lo —c| =




Appendix B: Number theory

This appendix contains the algebraic and number-theoretic facts which we use
in this book.

B.1 Global fields, valuations, and rings of V-integers

We start with the definition of a global field.

Definition B.1.1. A global field is a finite extension of QQ (a number field) or
a finite extension of a rational function field over a finite field of constants.

We remind the reader that throughout the book we assume that all the number
fields are subfields of C, and for each p > 0 we have fixed an algebraic closure
for a rational function field over a constant field of p elements. Thus any two
global fields of the same characterstic in the book are assumed to be subfields
of the same algebraically closed field.

In the function field case we need a couple more definitions.

Definition B.1.2. Let C be a field, let ¢ be transcendental over C, and let K
be a finite extension of C(¢). Then the algebraic closure of C in K is called the
constant field of K or the field of constants of K.

Remark B.1.3. In general a function field is a finite extension of a rational
function field. What makes a function field “global” is the fact that the constant
field is finite.

We will distinguish a special class of function field extensions.

Definition B.1.4. Let K be a function field over a constant field C. Let C; be
an algebraic extension of C. Then the field K; = C; K will be called a constant
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field extension of K. (Here we again remind the reader that, as we stated in
Chapter 1, whenever we use a compositum of fields they are assumed to be
subfields of the same algebraically closed field. In this case the compositum is
simply the smallest field containing all the fields in the compositum.)

Next we define a non-archimedean valuation of a global field.

Definition B.1.5. Let K be a global field. Then let v: K — Z U {oo} be a
map satisfying the following properties.

1. v: K* — Z is a homomorphism from the multiplicative group of K into Z
as a group under addition.

. v(0) = oo.

. Forall x, y € K we have that v(x + y) > min(v(x), v(y)).

. If K is a function field then for any constant ¢ we have that v(c) = 0.

. There exists x € K such that v(x) # 0.

N W

Then v is called a (non-trivial) discrete or non-archimedean valuation of K
or a prime of K. If x € K then v(x) is also denoted by ord, x. For a general
discussion of valuations and primes of global fields the reader is referred to the
following: Chapters 1 and 2 of [37]; Chapters 1-3 of [47]; Chapters 2 and 3 of
[33]; and Chapter 1 of [3].

Next we list some important properties of valuations. We will leave their
proof to the reader.

Proposition B.1.6. Let K be a global field and let v be a valuation of K. Let
R(w) ={x € K, v(x) > 0}.

Then R(v) is a discrete valuation ring (i.e. a local principal ideal domain)
whose fraction field is K and whose unique maximal ideal is

M) = {x € R(v)|v(x) > 0}.

(The identification of v with M (v) explains the dual terminology.) R(v) is called
the valuation ring of v.

Conversely, let R C K be a ring such that for every x € K either x € R or
x~! € R. Then R is a discrete valuation ring such that for some valuation v of
K, we have that R(v) = R. (For a discussion of discrete valuation rings see,
for example, Section 3, Chapter 1 of [37].)

From this proposition we immediately derive the following property of non-
archimedean valuations.
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Corollary B.1.7. Let K be a global field and v a non-archimedean valuation.
Leta, b € K be such that v(a) < v(b). Then v(a + b) = v(a).

The definition below tells us when two valuations are essentially the same.

Definition B.1.8. Let K be a global field. Then two valuations v; and v, of
K will be called equivalent if M (v;) = M (v,). (Note that, since R(v) is a local
ring for all v, M(v;) = M(v;) & R(v)) = R(v2).)

The next definition introduces us to an important object associated with
valuations.

Definition B.1.9. Let K, v, M(v), R(v) be as in Proposition B.1.6. Then the
field F(v) = R(v)/M (v) is called the residue field of v.

The two propositions below constitute a starting point for our investigation of
extensions of valuations. The first tells us that every valuation above comes from
below. The second proposition lists several properties connecting valuations
above to valuations below.

Proposition B.1.10. Let M /K be a finite extension of global fields. Let w be
a non-archimedean valuation of M and let v be its restriction to K. Then v is
a valuation of K .

Proof. The only way v can fail to be a valuation, as defined above, is for v(x)
to be identically zero on K. This case is excluded by Statement C in Section 4.1
of [80]. O

Proposition B.1.11. Let M /K be a finite extension of global fields. Let v be
a valuation of K. Then there exists a valuation w of M extending a valuation
of K equivalent to v. Let v be the restriction of w to M. Then the following
statements are true.

1. F(v)isisomorphic to a subfield of F (w) and under this isomorphism [ F(w) :
F(v)] is finite. This degree is called the relative degree of w over v and is
denoted by f(w/v).

2. 9(K*) C w(M?*) and the index of v(K™*) in w(M?¥) is finite. This index is
called the ramification of w over v and is denoted by e(w/v).

3. For any valuation v there are only finitely many valuations w in M such that
the restriction of w to K is a valuation equivalent to v. Let wy, ..., w; be
all such valuations of M. Then Zle e(w; /v) f(w;/v) = [M : K. Further,
if the extension is Galois, for all i, j =1, ...,k we have that e(w;/v) =
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e(w;/v) and f(w;/v) = f(w;/v), implying that for all i it is the case that
f(wi/v)|[M : K], e(w;/v)|[M : K], and k| [M : K].

4. The integral closure Ry (v) of R(v) in M is equal to ﬂf.;l R(w;).

5. Ry(wyM®) = nizl(M(wi) N RM(U))e(w’/U),

For the proof of this proposition see Lemma 6.5 and Corollary 6.7 in Chapter 1
of [37], Theorem 2 in Chapter 4 of [80], and Theorem 1 in Section 1, Chapter
IV of [3].

It is not hard to show that relative degrees and ramification degrees also have
the following properties, whose proof we leave to the reader.

Proposition B.1.12. Let K C E C F be a finite extension of global fields. Let
wr be a non-archimedean valuation of F and let wg and wg be its restric-
tions to E and K respectively. Then e(wr/wg) = e(wr/wg)e(Wg /wg) and

fwr/wg) = fwr/we) f(wg/wk).

B.1.13. Alternative terminology The discussions above can be rephrased in
terms of ideals rather than valuations since we can “reconstruct” v from its ideal
M(v).Forany x € K* N M(v),sett(x) = {minn : x € M(v)" \ M(v)"*'}. For
all x € R(v) N K*\ M(v), set v(x) = 0. For any x € K \ R(v) define v(x) =
—9(x~"). Finally, let #(0) = oo. Then ¥ is equivalent to v. We will usually
denote M (v) by the characters “p,” ““P3,” “q,” or “Q.” Instead of writing “v(x)”
we will normally write “ord, x” (or “ordyp x,” ordg x” respectively).

Given an extension M /K of global fields, instead of saying that a valuation
w of M is an extension of a valuation v of K equivalent to a given valuation v
of K, we will say that a prime p,, of M is a factor or lies above a given prime
px of K. We will also say that py lies below p,, in K.

If an M-prime p,, lies above a K-prime pg and e(p,,/px) > 1 then we will
say that p;, is “ramified” over px or K, and we will say that p is “ramified” in
the extension M /K. If [M : K] > 1 and the ramification degree is equal to the
degree of the extension, we will say that py and p,, are “totally ramified” in
the extension. If a K-prime pg has only one prime p,, of M above it in M and
P,y 1s unramified over p g, we will say that px “does not split” in the extension
or that py “is inert” in the extension, otherwise we will say that p; “splits” in
the extension. Finally, if for every M-prime p,, lying above a K -prime py the
relative degree is 1 then we will say that p “splits completely.” If, furthermore,
px is unramified in the extension, we will say that pg “splits completely into
distinct factors.”

99 ¢

ordg x,

To facilitate further discussion we introduce several more terms.
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B.1.14. More terminology If K is a global field, v is a non-archimedean
valuation of K, and x € K then we will say that x has a zero at v if v(x) > 0.
We will say that x has a pole at v if v(x) < 0. Finally we will say that x is a
unit at v if v(x) = 0. If v(x) = {minn : x € M()" \ M(v)"*'} as above, and
v(x) = n > 0, we will say that x has a zero of order n. If v(x) = —n < 0, we
will say that x has a pole of order n at v.

This terminology is standard for function fields only but for the sake of
brevity we will use it for number fields also.

The next two propositions will identify all the discrete valuations of a global
field, starting with the case of rational numbers and rational functions.

Proposition B.1.15. Leta € Z,a # 0. Let p be a rational prime. Let b € 7
be such that a = p™b and (p, b) = 1. Then define v,(a) = ord, a = m. For
a non-zero rational number x = aj/ay, with a, # 0 and (a, ay) = 1, define
v,(x) = v,(a1) — vp(az). Then v, is a valuation of Q. Conversely, if v is a
discrete valuation of Q then v is equivalent to v,, for some p. (See Theorem 1
in Section 1.3 of [80].)

Proposition B.1.16. Let C be a field. Let t be transcendental over C.
Let h(t), g(t) € C[t]\ {0}, let P(t) € C[t] be a monic irreducible polyno-
mial of non-zero degree, and assume that h(t) = g(t)P()", (P(t), g(t)) =
1. Then define vp)(h(t)) = m. Further, define vo(h(t)) = —deg(h(z)). If
f(@) = hi(2)/hy(t), where hi(t), ho(t) € C[t] \ {0} and are relatively prime to
each other, then set vpu(f(t)) = vpry(h1(t)) — vpe)(ha(t)) and similarly set
Voo (f (1)) = Voo (h1(2)) — Voo (h2(2)). Then vp) and v are valuations of C(t).
Further, any valuation of C(t), trivial on C, is equivalent to vp) for some
monic irreducible polynomial P(t) or v. (See Section 3, Chapter 1 of [3] for
the proof of this proposition.)

Note that from Proposition B.1.10 we know that any non-archimedean
valuation of a global field must be an extension of a valuation on a ratio-
nal field. Thus, knowing all the non-archimedean valuations of rational fields
provides us with a lot of information about all the valuations of a generic
global field. Among other things one can now easily prove the following
results.

Proposition B.1.17. The residue field of any non-archimedean valuation of a
global field is finite. In the case of a global function field it is a finite extension
of the field of constants.
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Proposition B.1.18. Let x be an element of a global field K. Then for all but
Sfinitely many non-archimedean primes p of K we have that ord, x = 0.

Proposition B.1.17gives rise to the following definition.

Definition B.1.19. Let p be a prime of a global function field K over a field
of constants C. Let Ry, be the residue field of p. Then [R, : C] is called the
degree of p. (This degree should not be confused with the relative degree defined
earlier.)

The valuations of global fields form the rings which are the subject of dis-
cussion in this book.

Definition B.1.20. Let K be a global field and let WV be a set of its non-
archimedean valuations. Then set

Okxw={x € K|ordyx >0,Vp & W}.

If K is a number field then WV can be empty and in this case Ok yy = Ok is
the ring of algebraic integers of K. In the case of function fields, we will never
consider an empty WV because the resulting ring would contain constants only.
If W contains all non-archimedean valuations of K then the ring Ok 1y = K.
In general we will consider subsets VW which could be finite or infinite. In the
case of finite W the ring Ok yy is called a “ring of W-integers.” If WV is infinite
or finite and K is a function field then O )y is called a holomorphy ring, but
unfortunately there is no corresponding accepted term for the case of infinite VV
for number fields. Therefore we will extend the use of the term “VV-integers”
to rings with infinite W.

The following propositions will describe important properties of the rings
of W-integers.

Proposition B.1.21. Letr K be a global field. Let W be a set of primes of
K. Then Ok, is integrally closed. (See Section 2, Chapter 1 of [37] for a
definition of an integrally closed ring.)

Proof. Supposethatx € K \ Ok w, andisintegral over O yy, . Then for some
p & Wk we have that ord, x < 0. Since x is integral over Ok )y, , for some
ao, ..., an—1 € Ok w, C R(p) with ord,a; > 0 we have that x" + a,_x"~!
+ -+ 4+ ag = 0. Next observe that

ord, x" =nordy x < 0min 1(ordp aix’) < ordp(an,l)c”_l +---+agp)
i=0,..., n—
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and therefore, by Corollary B.1.7, ord, (x" + ay_1x" '+ - +ap) < 0, which
is impossible. Thus our assumption on the existence of x as described above is
incorrect. g

Then next proposition shows us that the integral closure of a ring of W-
integers in a finite extension is a ring of the same type.

Proposition B.1.22. Let M /K be an extension of global fields. Let Wy be
a subset of primes of K. Let Wy, be the set of all primes of M lying above
K -primes in Wg. Then the integral closure of Ok w, in M is Oy w,,.

Proof. 1In view of Proposition B.1.11, it is enough to show that being inte-
gral over Ok y, is equivalent to being integral over the valuation rings of
every prime p ¢ Wk. Indeed, let x be integral over Ok yy,. Then for some
ap, ..., an-1 € Og wy,

X" apx" 44 a9 =0. (B.1.1)

But for any prime p ¢ Wk, the valuation ring R(p) contains O yy, . Thus x is
integral over R(p).

Conversely, if x is integral over every R(p) with p € Wk then any conjugate
of x over K also has this property. Since the integral closure of aring in a bigger
ring (in this case the bigger ring is the Galois closure of M over K) is also a ring
(see the corollary to Proposition 2.2 in Chapter I of [37]), the coefficients of the
monic irreducible polynomial of x over K are also integral over O yy, and are
elements of K. Thus, x satisfies a polynomial equation of the form (B.1.1) with

ao, ..., an—1 € Ok w, and therefore is integral over Ok yy, . Consequently, the
integral closure of O yy, is mpgwk m‘BGP(M),%BIp R(PB) = On ., - Here P(M)
denotes the set of all (non-archimedean) primes of M.) O

Our next goal is to describe a notion of the divisor for an element of a global
field.

Definition B.1.23. Let K be a global field. Let x € K. Let P(K) denote the
set of all the non-archimedean primes of K. Then let D (x) = ]_[’J P(K) pordp
denote the K-divisor of x. (Note that by Proposition B.1.18, this product is
effectively finite.) In general, a formal product ® = ]_[f.‘=1 pi, where p; is a
prime of K and a; € Z, will be called a divisor of K. If all the a; are actually
positive then the divisor will be called integral. It is not hard to see that all

algebraic integers of K have integral divisors.
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For the case where K is a function field, this is a traditional definition of
divisors. (See for example Section 3.1 of [33].) In the case of a number field,
the usual terminology would refer to a fractional ideal of the field and to the
factorization of that fractional ideal into the product of prime ideals. (See Section
4, Chapter 1 of [37].) However, in our case there are advantages in using the
uniform terminology for both cases as in Definition 1, Chapter 10 [80]).

When ® is an integral divisor and W is a set of primes of the field not
containing the factors of ©, we can identify ® with a unique ideal of Ok )y,
i.e. the ideal of Ok )y which is the intersection ﬂle p{ Ok w.

In the case of function fields we can also define the degree of integral divisors.

Definition B.1.24. Let ® be an integral divisor of a function field K. Then
define the degree of ©, denoted by degy D, to be ZpeP(K),ordp®>0 degyp. (The
degree of a function field prime was defined in B.1.19.)

Using the notion of a divisor and its degree, we can define the notion of
height for elements of function fields.

Definition B.1.25. Let K be a global function field. Let x € K. Let

D= 1_[ pordpx.

peP(K),ordpx>0

Then define the height of x to be the degree of ©. We will refer to ® as the zero
divisor of x.

Remark B.1.26. The product formula (see Chapter 12 of [1]) implies that the
height can also be measured using the pole divisor of the element, i.e. we can
define the height of x to be deg ([ Tyep (k) ora, <0 porder),

The rings of W-integers are the only integrally closed subrings of global
fields. This follows from the following proposition.

Proposition B.1.27. Let K be a global field. Let R be an integrally closed
subring of K such that the fraction field of R is K. Then for some VW C P(K),
we have that R = Og .

Proof. Let W ={p e P(K):3x € R,ord, x < 0}. We will show that R =
Ok .w, treating the cases of number fields and function fields separately.
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First let K be a number field and observe that Og C R because Z C R and
Ok is the integral closure of Z in K. Next note that if p € P(K) and there exists
x € R with ord, x < O then there exists y € R such that y has a pole at p only
and no zeros. Indeed, first of all, by the Strong Approximation Theorem (see
Theorem B.2.1), there exists z € Ok such that forall q # p withord; x < 0, we
have that ord, z > —ord, x, while ord, z = 0. Note that xz € R, ord, xz < 0,
and xz has no other poles. Next consider (xz)", where h is the class number of
K, and observe that (xz)" = /8, where «, B are integers which are relatively
prime to each other, 8 having a zero at p only. (See Section 5, Chapter 1 of
[37] for a definition of class number.) By the Strong Approximation Theorem
again, there exist a, b € Ok such that ac 4+ b = 1. Now consider

aey +p=22TP _ 1 g
p B

If W = @ then R = Ok and we are done. If WV is not empty then R € Ok .
Next, for each p that can occur in the denominator of the divisor of an element
of R, let B, constructed as above, be called B(p). Now let w € O yy. Note that
for some positive natural number b, we have that w”" =y /8, § = [ B(p)*®,
where y € Ok, a(p) € N, and 1/8(p) € R. Thus, w”" € R and, since R is
integrally closed, w € R. Therefore Ok )y € R and consequently R = Ok yy.

We now consider the case where K is a function field. First of all we observe
that, given our assumptions on R, we cannot have an empty W. Indeed, since the
fraction field of R is K, it must contain a non-constant element . A non-constant
element must have at least one pole (and at least one zero) (see Corollary 3 in
Section 4, Chapter 1 of [3]). Next let C be the constant field of K and con-
sider C[7] C C(¢) C K. Let q¢(, be the degree valuation of C(¢) as described
in Proposition B.1.16. Then observe that C[t] = OC(t),{qcm% Indeed, any poly-
nomial has a pole at the degree valuation only. Next note that any rational
function which is not a polynomial will have a pole at some other valuation,
namely a valuation corresponding to an irreducible polynomial dividing the
reduced denominator of the rational function. Thus, C[¢] is integrally closed by
Proposition B.1.21 and its integral closure in R is a ring of S-integers where
S contains all the factors of g, in K by Proposition B.1.22. In this context
Ok s is often called a ring of integral functions, by analogy with the rings of
integers of number fields. From this point on, the proof proceeds exactly as in
the number field case; now Ok s plays the role that Ok plays in the number
field case. We will leave the remaining details to the reader and note only that
the proof will require the function field version of the Strong Approximation
Theorem (Theorem B.2.1). O
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Using Proposition B.1.11 and the Strong Approximation Theorem, one can
also show that the following proposition is true. We leave the details to the reader.

Proposition B.1.28. Let K be a number field and let VV be a set of its primes.
Let J be an integral divisor of K (i.e. J has a trivial denominator) and assume
that no factor of J is in W. Then Ok vy /73 is a finite ring. (We remind the reader
that we can consider integral divisors as ideals of Og and Ok yy as long as W
does not contain any factors of J.)

We will next discuss an important notion — that of an “integral basis.”

Definition B.1.29. Let M/K be a number field extension. Let Q =
{wi,...,w,} C Oy be a basis of M over K. Then Q2 is called an integral
basis of M over K if for every x € Oy itis the case thatx = ) ", a;w;, where
a; € Og.

The most important fact for us concerning integral bases is stated below.
Proposition B.1.30. Every number field K has an integral basis over Q.

Proof. This follows from Theorem 1 in Appendix B of [37].

We finish this section with two more technical observations concerning
extensions of global fields.

Lemma B.1.31. Ler E/F be a Galois extension of fields. Let M/ F be any
other extension of F. Then M E /M is also a Galois extension.

Proof. Let « be a generator of E over F. Then all the conjugates of o over F
are distinct and are in E. o will also be a generator of M E over M. Further,
a conjugate of o over M is also a conjugate of o over F' and therefore all the
conjugates of o over M are distinct and contained in M E. Hence ME /M is a
Galois extension. O

Lemma B.1.32. Let H be an algebraic function field over a perfect field of
constants C and let t be a non-constant element of H. Then the following
conditions are equivalent.

1. t is not a pth power in H.
2. The extension H/C(t) is finite and separable.

(See Chapter VI of [51].)
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B.2 Existence through approximation theorems

In this section we will list various propositions that are consequences of the
Strong Approximation Theorem. Before we proceed, we need to say a few
words about archimedean valuations. Non-archimedean or discrete valuations
give rise to non-archimedean absolute values over number fields. If K is a
number field and p is its prime then for x € K we can define

1 ordpx

where Np is the size of the residue field of p. It is not hard to verify that | |, is
in fact an absolute value. Not all absolute values of number fields are generated
by its primes. Some absolute values are extensions of the usual absolute value
on Q. These are the “archimedean” valuations. Each number field has a finite
number of archimedean valuations equal to the number of distinct non-conjugate
embeddings of the field into C. For more information on archimedean valuations
see, for example, Section 4, Chapter II of [37]. Finally, we note that function
fields do not have archimedean valuations.

We are now ready to state the Strong Approximation Theorem.

Theorem B.2.1. Let K be a global field. Let Mg be the set of all the
absolute values of K. Let Fx C Mg be a non-empty finite subset. Let
Fx={llty---, | li}. Let a1, ...,ai—1 € K. Then for any ¢ > 0 there exists
x € K such that the following conditions are satisfied.

1. Fori =1,...,1 — 1 we have that |x — a;|; < e.
2. Forany | | € Fx we have that |x| < 1.

A proof of this theorem can be found in the following: Theorem 33:11
Part I, Chapter III of [64], Proposition 3.3.1, Chapter 3 of [33], Proposition
3.6.4, Chapter 3 of [45].

In the following two propositions we will use the Strong Approximation
Theorem to show the existence of elements in a global field necessary for the
proofs in Chapter 4 on the definability of integrality at finitely many primes.

Proposition B.2.2. Let K be a number field. Then there exists g € Ok satis-
fving the conditions of Notation 4.2.1.

Proof. Let the divisor of ag® be of the form [ TTj , where each T is a prime
of K and each m; is a positive integer. For each i, let o; € K be such that
ordg, a; = 1 and let ¥ € K be such that orde ¥ = 1. (The existence of these
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elements follows from the fact that valuation rings are local PIDs.) Then, by
the strong approximation theorem, there exists gop € K such that

e ordp (g0 —o; ) > 1,

* orde(go —y) > I,

* ordg,(go — 1) > 3m;,

* go is integral at all the other primes.

Note that
ordy, go = ordy ((g0 — ;') + &) = min (ordg;, (g0 — & '), ordy, & ")
= ordy, o' = —1
and, similarly,

ordggo = orde((g — ¥) + y) = min(ordg, (go — ¥), orde; ¥)
=ordgy = 1.

Finally we note that for all i we have that ords, go = 0. Now let g = g, ! Then
we need to check only one condition: that
1—g

ordg, (g — 1) = ordg, 0 _ ordz, (1 — go) > 3m;.

80
O

Lemma B.2.3. Let K be a global function field. Let B be an integral divisor
of K and let a be a prime divisor of K not dividing *B. Then, for any sufficiently
large s, there existsu € K with apole of order s at a, and suchthatu = 1 mod ‘B
and u is integral at all the other primes of K.

Proof. By the strong approximation theorem, there exists u; € K such that
u = 1 mod ‘B and u is integral at all the primes of K except for a. Next, by a
consequence of the Riemann—Roch theorem (Corollary 5.5, Chapter [T of [113]),
we can show that for any natural number s with s > 2g — 2 4 deg B, where g
is the genus of K, there exists u, € K such that ord, uy = —s, u, = 0 mod ‘B,
and u, is integral at all the other primes of K. Indeed, for any s > 2g — 1 +
deg B the dimension of the space of functions with a pole of order at most
s and zero modulo ‘B is equal to sdega — degB — g + 1 as a vector space
over the field Ck of constants of K. Similarly, the dimension of the space of
functions with a pole of order at most s — 1 and zero modulo ‘B is equal to
(s —1)dega — deg®B® — g + 1 as a vector space over the field Cg. Thus, the
number of functions with a pole of order s at a and zero modulo ‘B is equal to

|CK|(s—l)dega—deg‘B—g+l(lCK|dega _ 1) 7& 0.
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Now assume that the order of the pole of u; isless than s and letu = u; + u5.
Observe now that u satisfies all the requirements. u

The nextlemma plays a role in our construction of the recursive presentations
of number fields.

Proposition B.2.4. Let K be a number field. Let Q = {wy, ..., w,} be an
integral basis of K over Q. Let p be a rational prime and let p be a factor of p
in K. Then there exists o € K satisfying the following requirements:

La=Y" au, a €Z, |a| < p*;
2. ordyx =1;
3. For all conjugates q # p of p over Q, ordq o = 0.

Proof. By the strong approximation theorem, there exists y € Ok such that
ord, y =1 and, for all conjugates q # p of p over Q, ord,y =0. Let y =
Z;’:l biw;, b; € Z. For each b; there exists a; € Z such that |a;| < p? and
a; = b; mod p*. Let o = Y ", a;w;. Then p*| (e — y) and ordga = ord, y
for every factor q of p in K. O

B.3 Linearly disjoint fields

In this section we explore some properties of linearly disjoint fields. Galois
groups of products of linearly disjoint Galois extensions can be decomposed into
the products of constituent Galois groups, allowing for a relatively easy analysis
of prime splitting. This property makes products of linearly disjoint fields very
attractive to us, and we use these fields extensively throughout the book.

A general discussion of linearly disjoint fields together with the definition
of linear disjointness can be found in Section 2.5 of [33].

LemmaB.3.1. Supposethat M/ F and L/ F are finite field extensions. Then M
and L are linearly disjoint over F if and only if [LM : M] = [L : F]. Further,
[LM : M]=|[L: F]ifand only if [LM : L] =[M : F]. (See Lemma 2.5.1
and Corollary 2.5.2 of [33].)

The following corollary is obvious but useful.

Corollary B.3.2. Let M and L be two fields linearly disjoint over a common
subfield F. Let Ly, My be fields such that F C My C M and F C L, C L.
Then M, and L are also linearly disjoint over F.
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Lemma B.3.3. Suppose that M/F and L/ F are finite field extensions, L/ F
being a Galois extension. Then M and L are linearly disjoint over F if and
onlyif MNL =F.

Proof. First of all, it is clear that if M N L # F then M and L are not linearly
disjoint. Suppose now that M and L are not linearly disjoint. Let « be a generator
of L over F. Then by Lemma B.3.1, the monic irreducible polynomial H(T')
of o over F will factor over M. Let H(T) be a factor of H(T) in M. Then the
coefficients of H,(T) are on the one hand elements of M and on the other hand
symmetric functions of some conjugates of « over F and thus contained in L,
the splitting field of H(T'). Hence the coefficients of H;(T') are contained in
M N L. However, since H(T) does not factor in F, at least one coefficient of
H((T)isnotin F. Thus M N L # F. [l

Lemma B.3.4. Let L be a function field over a finite field of constants C. Let
U be a finite extension of L such that the constant fields of U and L are the
same. Let C'/C be a finite extension. Then C'L and U are linearly disjoint
over L.

Proof. By Lemma B.3.1 it is enough to show that [C'U : U] = [C'L : L]. Let
a € C’ generate C’ over C. Then it is enough to note that by Theorem 11, Section
3, Chapter XV of [1] we have that [C(«) : C] = [L(«) : L] = [U(@) : U].

O

Lemma B.3.5. Let M, L, F be as in Lemma B.3.3. Then Gal(ML/M) =
Gal(L/F) and this isomorphism is realized by restriction.

Proof. Let o be a generator of L over F. Then « will generate ML over M.
Further, since M and L are linearly disjoint over F, o will have the same num-
ber of conjugates over M as over F. Leta = «, ..., oy, be all the conjugates
of @ over M and F, where [ = [L : F]. Since {¢;,i = 1,...,l} C L, we can
conclude that {e;,i = 1,...,1} C ML.Thus M L/M is Galois and of the same
degree as L/F. Next consider a map from Gal(M L/M) to Gal(L/F) imple-
mented by restriction. Let o, T € Gal(L M /M) restrict to the same map over F.
Then o and 7 send « to the same conjugate. Thus o = 7, since each element
of Gal(M L/M) is determined by its action on the generator of the extension.
Hence the restriction sends different maps to different maps. Since both groups
are of the same size, the image of the restriction contains all Gal(L/F). Finally,
restriction is certainly a group homomorphism. Thus the groups are isomorphic.

(]
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The next two lemmas will generalize Lemma B.3.5 to the situations where
we consider products of linearly disjoint fields.

Lemma B.3.6. Let N\/F, N/F be two Galois extensions, linearly disjoint
over F. Then
Gal(N{N,/Ny) = Gal(N,/ F),
Gal(N|N,/N;) = Gal(N,/F),
and
Gal(N| N,/ F) = Gal(N; N,/ Ny) x Gal(N,N1/Ny).

Proof. Fori =1,2, let o; be a generator of N; over F. Let n; =[N, : F].
Then by the definition of linear disjointness, «; has n; conjugates over N; for
j#iandi, je{l,2}.Leta; =a;,...,q, beall the conjugates of o; over
Fand Nj,for j #iand i, j € {1,2}. Leto; ; : NN, — NN, be defined by
oi,j(oei) = Oli,j,O'i,j(Olk) = O for k ;ﬁ l,] € {1, ey ni}, andi, k € {1, 2} Then
0;,j € Gal(N1N»/Ny) C Gal(N;N,/F). Further, 01 02, ; = 01,02, since both
mappings send «; to o and o to oy ;. Consider now the set of all products
{o1ko2j, i=1,...,n, j=1,...,n} € Gal(N;No/F). This set contains
nny distinct elements of Gal(N| N,/ F), since each automorphism of N; N, over
F is determined by its action on «; and «;. But |Gal(N|N,/F)| = nin, and
therefore {0102, i=1,...,n1, j=1,...,n} = Gal(N;N,/F). Finally
consider
Gal(Nl Nz/Ni) — Gal(Nj/F),

where i # j and i, j € {1, 2} and the mapping between the groups is realized
by restriction. This is an isomorphism by Lemma B.3.5. O

Lemma B.3.7. Let N\/F,..., N, /F be Galois field extensions. Assume

further that
Gi= [] W~
j=1,....m,j#i

is linearly disjoint from N; over F foralli = 1,...,n. Then

Gal(N - -- Ny /F) = Gal(N,/F) @ - - - @ Gal(N,, / F),

Gal (]‘[ N; /G,») =~ Gal(N;/F).

j=1

Proof. To prove the first assertion of the lemma, we proceed by induction on
m. For m = 2 the result follows from Lemma B.3.6. Assume that the statement
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holds for m = k. Then, also by Lemma B.3.6, since Ny and ]_[];:1 N; are
linearly disjoint over F' as subfields of linearly disjoint fields (see Corollary
B.3.2), we have that

k

Gal (Nk+1 l_[Nj/F) = Gal(Niy1/F) @ (Gal(N,/F) @ - - - @ Gal(N;/F))

j=1
= Gal(Ng41/F) ® Gal(N,/F) @ - - - @ Gal(Ny/F),

with Gal([T521 N; / TTiZ, Ni) = Gal(Nis1/ F).

j=1
By renumbering the fields N; if necessary and setting k = m — 1, we also
conclude that in general fori = 1, ..., m we have that
Gal (]_[ N,-/G,-) >~ Gal(N;/F).
j=1
O

Lemma B.3.8. Let G/F, H/F be Galois extensions of number fields, where
G, F are totally real and H is a totally complex number field such that [H :
F1=2.Then G and H are linearly disjoint from each other over F.

Proof. By Lemma B.3.3 it is enough to show that G N H = F. Since [H : F]
is a prime number, G N H = F or G N H = H. Since H is totally complex,
H ¢Z G. Thus the first alternative holds. t

Proposition B.3.9. Let K be any number field. Let q be a prime number. Let n
be a positive integer. Then in the algebraic closure of K there exist By, ..., B
such that for alli = 1, ..., n we have that K(B;)/K is a cyclic extension of
degree q, K(B;) is linearly disjoint from ]_[#i K(Bj), and By, ..., B, are totally
real, i.e. all their conjugates over Q are real.

Proof. Let p be a prime equivalent to 1 mod ¢ if ¢ is odd and let p = 1 mod 4
otherwise. (Such a prime exists by a theorem on primes in arithmetic pro-
gressions. See Theorem 9.4.1 of [90].) Let &, be a primitive pth root of
unity. Then by Theorem 9.1 and Exercise 7, Section 9, Chapter I of [37], we
have that Q(£,)/Q is a cyclic extension of degree p — 1, where p is rami-
fied completely. Further, Q(cos(2m/p)) C Q(&,) is a totally real subextension
of degree 2. Let H < Gal(Q(cos(2rr/ p))/(@) be a normal subgroup of order
(p — 1)/2q. Let Fy be the fixed field of H. We claim that F/Q is a cyclic
extension of degree ¢. Indeed, since Gal(@(cos(Zn /p))/ Q) is cyclic, every
quotient group of Gal(@(cos(Zn/p))/Q) iscyclicand [Fg : Q] = (p — 1/2)/
((p=1D/29) =q.
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Using the fact that there are infinitely many primes in arithmetic progression
we can find a sequence py, ..., p, of prime numbers such that for all i =
1,...,n it is the case that p; is not ramified in the extension K/Q and that
q|(pi —1)if g is odd and 4|(p; — 1) otherwise. Let F; be a totally real
subfield of Q(€,,) of degree g. Observe that in the extension (K [, F;)/Q
we know that p; is not ramified, and in the extension (K ]_[;le F ,-) /Q we have
that p; is ramified with ramification degree g. Thus

[K[[]FJK]—[FJ} =q.

J#
By Lemma B.3.1, K [[,; F; and F; are linearly disjoint over Q. O

Lemma B.3.10. Let p, q be distinct prime numbers. Let &, and &, be the pth
and qth primitive roots of unity respectively. Then Q(&,) and Q(§,) are linearly
disjoint over Q.

Proof. The proof follows immediately from Lemma B.3.3 if we take into
account the fact that p and only p is ramified completely in the first extension
and ¢ and only ¢ is ramified completely in the second. g

Corollary B.3.11. Let K be a number field. Then for all but finitely many p,
we have that K and Q(§,) are linearly disjoint over Q.

Proof. Let p be a prime not ramified in K and consider Q(£,,). Now, by Lemma
B.3.3 we have that Q(§,) N K is linearly disjoint if and only if K N Q(§,) = Q.
But since p is ramified completely in Q((£,,) and not at all in K, the intersection
of these fields must Q. Since only finitely many primes can ramify in a number
field (see Theorem 7.3 of [37]), the conclusion of the corollary follows. O

B.4 Divisors, prime and composite, under extensions

In this section we will examine how prime and composite divisors behave under
finite extensions of global fields. We start with basic results.

Lemma B.4.1. Let M/L be a Galois extension of global fields. Let p be a
prime of L and let 3 be a prime of M above it. Let R(P3), R(p) be the residue
fields of P and p respectively. Let

G(P) = {o € Gal(M/L) : o (P) = P}.
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Then G(B) is called the decomposition group of B3. Let
T(P) ={o € Gal(M/L): o(x) = x mod P for all x € M}.

(In other words T (]3) fixes all the classes modulo 3.) Then T () is called the
inertia group of ‘B. The following statements are true.

* IT(P)| = e(B/p).
¢ IGEP) = e(B/p) f(B/p).
* The number of factors of p in M is equal to [M : L]1/|G(B)|, so that p splits

completely if and only if |G(B)| is trivial.

* G(P) = Gal(My/Ly). (Here Mz and L, are the completions of M and L
under B3 and p respectively.)

* There exists a natural surjective homomorphism from G(B) to

Gal(R(B)/R(p)).
The kernel of this homomorphism is T (B3). T (B) is normal in G(P) and

GCP)/T(P) = Gal(R(P)/R(p))

is cyclic as a Galois group of a finite field extension.

o B is totally ramified in the extension M/ MT™®, where M™® is the fixed field
of T(P) and M™® /L is unramified with respect to p.
If p is unramified in the extension M /L then the generator of G(3) which is
the inverse image of the Frobenius automorphism of R(B)/R(p) is called the
Frobenius automorphism of °B.

See Section 6.2 of [33] for more details.

The next result relates the divisor of a norm under a finite extension to the
norm of the divisor.

Proposition B.4.2. Let M /K be a global field extension of degree n. Let y €
M. Then ® g (Np/xy) = Naryx (D m(y)). (Here D¢ () denotes the K -divisor of
an element of K, while ©,,() denotes the M-divisor of an element of M.)

Proof. This follows from Proposition 8.1 of [37]. ]

The lemma below addresses the issue of the order of a norm at a prime that
does not split in an extension. This plays an important role in the definition of
integrality at finitely many primes.

LemmaB.4.3. Let M /K be an extension of degree n of global fields. Let q g be
a prime of K. Suppose that qy does not split in the extension M /K. Let x € K
be such that x is a K-norm of some element y € M. Then ordg x = O mod n.
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Proof. Lety € M be such that Ny x(y) = x. Let ©y(y) be the divisor of y in
M. Then by Proposition B.4.2 and Corollary 8.5, Chapter I of [37], we deduce
the following:

Nu/x(®Ou(y)) = l_[ NM/K(p;;dpMy)
pMeMM

Sy /pi)ordp,, v
= [T v "™ =2k,
preMx

where py is the K-prime below p,, in K, and f(p,,/pg) is the relative degree
of p,, over K. If a prime pg does not split in the extension M /K, it means that
there is only one factor p,, above it in M. Therefore, by Theorem 1, Section 1,
Chapter IV of [3] for the function field case and by Corollary 6.7, Chapter I
of [37] for the number field case, f(p,,;/px) = n. Thus for this prime Py we
have that ord,, x = ord,, Dg(x) =nord,, y. O

The sequence of five lemmas below takes a close look at primes splitting
and not splitting in products of linearly disjoint fields.

Lemma B.4.4. Let F be a global field. Let N be a cyclic extension of F and
let Ny be a Galois extension of F, linearly disjoint from Ny over F. Then there
are infinitely many primes p of F that do not split in N1 but split completely in
N>.

Proof. Consider the extension NiN,/F. This extension is Galois. Further,
linear disjointness guarantees by Lemma B.3.6 that

Gal(N|N,/F) = Gal(N,/F) x Gal(N,/F)
and

Gal(N1N2/Ny) = Gal(N2/ F),
Gal(Ny N»/N») = Gal(N; /F),

where the last two isomorphisms are realized by restriction. Let o be a generator
of Gal(N,/F) and consider a N N»-prime 3 whose Frobenius automorphism is
(0, idy, ), where idy, is the identity element of Gal(N,/ F'). Then on the one hand
o is an element of the decomposition group of 3, = P N N, over F. Hence
this decomposition group is all of Gal(N;/F). Thus, p = 8 N F does not split
in the extension N;/F. On the other hand, the decomposition group of 3 over
N, is ((o, idy,)) N Gal(N, N2/ N,) = Gal(N, N2/ N,). Then, by looking at the
quotient of the decomposition group of I3 over F and over N,, we conclude that
the decomposition group of P, = P N N, over F is trivial and therefore that
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p =B N F splits completely in the extension N,/ F. Now the result follows by
the Chebotarev density theorem (see Theorem 10.4, Chapter V of [37]). U

Lemma B4.5. Let K CL CM be a finite extension of global fields,
M/K, L/K being Galois extensions. Let By be a prime of K. Let B, 1, B »
be any two factors of Py in L. Then in M it is the case that B |, ‘B, , have
the same number of factors.

Proof. By Proposition 11, Section 5, Chapter 1 of [46], there exists a & €
Gal(L/K) such that (B, ;) =P, ,. Let 0 € Gal(M/K) be an extension of
& to M. Then every factor of §3; ; has to be mapped to a factor of 3, , by o.
Thus B, ;, B, , must have the same number of factors in M. O

The next four lemmas consider when splitting “below” implies splitting
“above” and vice versa.

Lemma B.4.6. Let K/E be a separable extension of global fields. Let K  be
the Galois closure of K over E. Then an E-prime B, splits completely in K if
and only if it splits completely in K . (See Proposition 6.3.2 of [45].)

LemmaB.4.7. Let N|/F, N,/ F betwo separable global field extensions, with
Ny, N linearly disjoint over F and N1/ F Galois. Let p be a prime of F splitting
completely into distinct factors in the extension Ni/F. Let ‘B, be a prime
above p in N,. Then B3, splits completely into distinct factors in the extension
NN,/ Ns.

Proof. First of all we observe that as in Lemma B.3.5 we have that
Gal(NyN,/N,) = Gal(N,/F), the isomorphism being realized by restriction.
Let ‘B, , lie above P, in N1 N, and let o be any element of its decomposi-
tion group over F. Then oy, is an element of the decomposition group of
By = P, ., N Ni. However, since p splits completely in Ny into distinct factors,
the decomposition group of B, is trivial and therefore oy, = idy,. Leta € N;
generate Ny over [ and NN, over N,. Therefore, « = oy, (@) = o (). Thus
the decomposition group of 93, , over N, is trivial and therefore 3, splits
completely in the extension Ny N,/Nj. O

Lemma B4.8. Let N\/F, N;/F be two separable global field extensions,
with Ny, N» Galois over F and [N, : F] relatively prime to [N, : F]. Let p be
a prime of F not splitting in N,. Let 13, be above p in N,. Then B3, does not
split in the extension N1 N/ N,.
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Proof. First, consider the diagram below.
NN,

B2

F

Now note that the extension F C N; C NiN; is a Galois extension by
Lemma B.3.6. The number of factors of p in N;N, must be a divisor of
[N1N;y : Ni] =[N, : F]. Suppose that 3, does not remain prime in the exten-
sion N, C N,N;. Then the number of factors of B3, in N;N; is a non-trivial
divisor of [N] N, : Ni]. Since NN,/ F is Galois, every factor of p in N, has the
same number of factors in N; N, by Lemma B.4.5, and therefore the number of
factors of p in N; N, must have a non-trivial common factor with [N; : F]. But
this contradicts the fact that this number must be a divisor of [N, : F]. Thus
P, does not split in the extension Ny N,/ N,. O

Lemma B.4.9. Let F/E and H/E be Galois extensions of global fields with
F and H linearly disjoint over E. Let p be a prime of F not splitting in the
extension HF | F. Let py be the prime below it in E. Then there is only one
prime above pg in H.

Proof. Consider the following diagram.

F HF

E H

By Lemma B.3.5, Gal(F H/F) = Gal(H/E) and the isomorphism is real-
ized by restriction. Let p 5 be the single factor of p in F'H. Then its Frobenius
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automorphism o is a generator of Gal(F H/F) and restriction of ¢ to H will
generate Gal(H/E). Buto |y willfixpy = prpy N H, aprime of H lying above
pr. Thus, pp has only one prime above it in H. (I

The next lemma considers a slightly more complicated situation where one
of the extensions under consideration is not necessarily Galois.

Lemma B.4.10. Let K/E be a separable extension of global fields. Let K g
be the Galois closure of K over E. Let M/E be a cyclic extension of E such
that

(IM : E],[Kg : E])) =1

and [M : E] is a prime number. Let py, .. ., pig.g) be all the factors in K of an
E-prime B, splitting completely in the extension K /E. Then Parts 1 and 2
below are true.

1. The following statements are equivalent:
(a) for some i we have that p; splits completely in the extension MK /K ;
(b) Py splits completely in the extension M/ E;
(c) some factor of ‘B in K¢ splits completely in the extension MKg /K.
2. Either all py, ..., pix.p) split completely in MK /K or none does.

Proof. ByLemma B.4.6, 3 splits completely in K/ E if and only if P splits
completely in K /E. Thus, we can conclude that for all i we have that p; splits
completely in the extension K /K . Therefore, p; splits completely in M K /K
if and only if every factor pg . of p; in K¢ splits completely in the extension
MKg/Kg.ByLemmaB.3.3,([M : E], [Kg : E]) = | implies that M and K¢
are linearly disjoint over E and consequently that [M K : Kg] =[M : E]isa
prime number. Thus, either p . splits completely or it is inert in the extension
MK /K. Therefore ((M : E], [K¢ : E]) = 1 also implies by Lemmas B.4.8
and B.4.7 that py  splits completely in M Ks/K¢ if and only if P splits
completely in the extension M/E. Applying an analogous argument to the
Galois extension Kg M /K we conclude that p g splits completely in M K/ K¢
if and only if p; splits completely in MK /K.

Thus p; splits completely in the extension M K /K if and only if py splits
completely in the extension M/E. So the splitting behavior is uniform across
P -factors in K. ]

The next lemma deals with cyclic extensions of prime degree. They play an
important role in implementation of the norm method for defining integrality
at finitely many primes.



B.4 Divisors, prime and composite, under extensions 263

LemmaB.4.11. Let g be a rational prime. Let G be any field of characteristic
different from q. Let a € G and let a be a root of the polynomial TY — a. Then
the following statements are true.

1. If a € G is not a qth power then the polynomial X9 — a is irreducible over
G.

2. Assume that G has all the qth roots of unity. Then [G(a) : G] = q or [G(®) :
G] = 1. Further, in the first case the extension is cyclic.

3. If G is a global field and ‘B is a prime of G such that ordy q = 0 and
ordyp a = 0 then ‘B is not ramified in the extension G(«)/G, and B has a
relative-degree-1 factor in this extension if and only if a is equivalent to a
qth power modulo B. If G has a primitive qth root of unity, then we can
substitute “will split completely” for “will have a relative-degree-1 factor.”

4. If G is a global field, ordyp a # 0 mod g, and the extension G(a)/G is not
trivial then B is ramified completely in this extension.

Proof. Part of the lemma follows from Theorem 16 p. 221 of [47]. The rest is
left as an exercise for the reader. Il

The next proposition describes a generalization of sorts for the notion of an
integral basis. This result allows us to make sure that the norm equations widely
used in this book have the solutions we require.

Lemma B.4.12. Let K/F be a finite separable global field extension. Let K
be the Galois closure of K over F. Let 2 = {wy, ..., w,} C K be a basis of K
over F. Let D be the determinant of the matrix (w; ;), where w; | = w;, ..., @i m
are all the conjugates of w; over F. (Note that D? is the discriminant of S.)
Let p be a prime of F such that all the elements of Q2 are integral with respect
top. Let p = [[;_, B be the factorization of p in K. Let h € K be integral

at p and let h = Z;":l a;w;, where a; € F. Then fori =1,..., m we have
that ord, a; > e‘lordcp/ D, foralli =1,...,s. In particular, if for all j =
1,...,s we have that ordgpl_D = O0thenforalli =1, ..., m we also have that

the a; are integral at p and that Q2 is an integral basis with respect to p. Finally,
in all cases D*a; is integral at p.

Proof. Consider the following linear system:
m
Z aw;, = hrv
i=1

where r = 1,...,m and h; = h, ..., h,, are all the conjugates of i over F.
The determinant of this system is D. Solving this system by Cramer’s rule, we
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conclude that

D;
a; = D’
where D; € K is integral with respect to p. [

The following proposition explains how to determine whether a particular
prime splits in a finite extension.

Lemma B.4.13. Let K be a global field. Let p be a prime of K. Let E/K be
a finite separable extension of K generated by an element y € E, integral at p.
Let g(t) be the monic irreducible polynomial of y over K. Assume further that
the discriminant of y is a unit at p and g(t) = Hé:l gi(t) mod p, where g;(t)
is a monic polynomial irreducible in the residue field of p of degree f;. Then
in E we have that p = ]_[le p;, where p; is a prime of E of relative degree f;
over p.

Proof.  See Proposition 25, Section 8, Chapter I of [46] and Lemma B.4.12.
O

The lemma below tells us that for each prime we can find an extension where
it splits. This issue comes up when we consider the definability of the set of
non-zero elements of local subrings of number fields.

Lemma B.4.14. Let K be a global field. Let p be any prime of K. Then there
exists an extension M of K where p has two or more distinct factors.

Proof. Letq # pbe any other prime of K. By the strong approximation theorem
there exists @ € K such that ord;a = 1 and @ = 1 mod p. Let o be a root of
T? — a, where p is a rational prime distinct from the characteristic of the field
and relatively prime to p in the case of a number field. Then M = K(«) is an
extension of degree p, p does not divide the discriminant of ¢, and 77 — a are
factors modulo p. Thus, by Lemmas B.4.13 and B.4.12, p splits in the extension
M /K into distinct factors. (|

When dealing with function fields, it is often useful to assume that the primes
under consideration are of degree 1. The next lemma tells us what needs to be
done to achieve this.
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Lemma B.4.15. Let M be a function field over a finite field of constants. Let p
be a prime of M. Let Cy, be the residue field of p. Then in the extension Cy,M /M,
we have that p will split completely into factors of degree 1.

Proof. Lety e C, be a generator of C, over Cy, the constant field of M. Then
y will also generate the extension C,M /M. Let f(t) be the monic irreducible
polynomial of y over Cys and M (it must be the same by Theorem 11, Section 3,
Chapter XV of [1]). Then it splits completely mod p, since all finite extensions
of finite fields are Galois. Further, since « is a constant its discriminant over
M is not divisible by p. Thus, by Lemma B.4.13, p will split into [C,M : M]
factors of relative degree 1 over p. Hence the residue field of every factor of p
will be Cy. But by Theorem 13, Section 3, Chapter XV of [1], the constant field
of CyM is C,, and therefore every factor of p will be of degree 1. O

The result below describes a useful property of degree-1 primes.

Lemma B.4.16. Let M be a function field over a finite field of constants. Let
p be a prime of M of degree 1. Let E/M be a constant field extension. Then p
will not split in the extension E /M and will retain degree 1.

Proof. Let y € Cg, the constant field of E, generate the extension. Let f(¢)
be the monic irreducible polynomial of y over M. Then f(¢) must also be the
monic irreducible polynomial of y over Cy, by Theorem 11, Section 3, Chapter
XV of [1]. Thus f(¢) will remain prime modulo p. Therefore, by Lemma B.4.13
we have that p will remain prime in E. The single factor of p in £ will therefore
have a relative degree [E : M] over p and thus the residue field of the factor
must be of degree [E : M] over the residue field of p equal to Cy,. But by
Theorem 13, Section 3, Chapter XV of [1], the constant field of E is equal to
Cu(y) and therefore is also of degree [E : M] over Cy,. Since the residue field
of the factor must be an extension of the constant field of E, these fields must
be equal. O

The following proposition explains why constant field extensions are intrin-
sically simpler than non-constant ones.

Lemma B.4.17. Let M be a function field over a finite field of constants.
Let E/M be a constant field extension. Then no prime of M ramifies in this
extension.
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Proof. Since E /M is a constant field extension, it is generated by a constant
element of E. The discriminant of the power basis of this constant element is
not divisible by any prime. Therefore, by Proposition 8, Section 2, Chapter III
of [46], no prime ramifies in this extension. ([l

The next two lemmas tell us how to generate large sets of elements without
zeros at any prime belonging to a fixed infinite set of primes.

Lemma B.4.18. Let M /K be a separable global field extension generated by
an element o of M. Let G(T') be the monic irreducible polynomial of a over
K. Let Py be a prime of K such that ‘B does not have a relative degree-1
Jfactor in M, does not divide the discriminant of G(T'), and is not a pole of any
coefficient of G(T). Then for all x € K we have that ordy, G(x) < 0.

Proof. By Lemma B.4.12 the power basis of « is an integral basis with respect
to ‘B . Therefore, by Lemma B.4.13, G(T') has no roots modulo B if and
only if By has no relative-degree-1 factors in M. Thus if ordyp, x > 0 we
conclude that ordg, G(x) = 0. However, if ordg, x < 0 then ordg, G(x) < 0,
since G(T') is monic and all the coefficients are integral at L. (]

Lemma B.4.19. Let K be a global field. Let YV be a set of non-archimedean
primes of K such that in some finite extension M of K only finitely many primes
of W have a factor of relative degree 1. Then there exists a polynomial F(X) €
K[X] such that for all x € K and for all p € YW we have that ord, F'(x) < 0.

Proof. From Lemma B.4.18 we know that there exists a monic G(X) € K[X]
such that for all but finitely many p € VW and for all x € K we have that
ord, G(x) < 0.Letpy, ..., p, be all the “exceptions.” Let G(X) = Zf;o A XL
Let m = max(l, lord, Aj|:i=1,...,1, j=1,...,k). Let a € K be such
that for all i =1, ..., we have that ord,, @ = —2m (such an a exists by the
Strong Approximation Theorem) and consider F(X) = G(X>" + a). Observe
that, by our assumptions on G(X), forallp € W\ {p;, ..., p;}andforallx € K
it is the case that ord, F(x) < 0. Nextlet x € K and consider ord,, F(x). Sup-
pose that ord, x > 0. Then ord,, (x*" + a) = ordy, a = —2m. Thus

k
ord, F(x) = ordy, (Z A" + a)j)

=0
= min (ordpi A; +ord, (a + M i=0,..., k)
= min (ordp‘_ A; —2im, i =0, k) = —2km <0,
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since fori =0, ...,k — 1 we have that

ordy, A; —2im > =2im —m > =2(k — )m —m

= —2km +m > —2km = ordy, (a + x*™)".

Suppose now that ord, x < 0. In this case, ord, (x" + a) = 3m ordy, x <
—3m. Further, as above,

I
ord,. F(x) = ord,, <Z Aj(x3’" + a)j>

=0
= min (ordpl A; + ord, (a + x3’")i, i=0,..., k)
< —3km < 0,

since fori =0, ...,k — 1 we have that

ord,, A; + ordy, (a + M > 3im ordy, x —m > 3(k — Dmordy, x —m
= 3km ordp, x — (3m ordy, x + m)

> 3km ordy,x = ordy, (a + x>,

Thus for all p € W and for all x € K we have that ord, F(x) < 0. O

The next lemma explains how to determine the intersection of a ring of W-
integers with a subextension, knowing the pattern of prime splitting for primes
below primes in W.

Lemma B.4.20. Let K/L be a finite extension of global fields. Let Wy be a
set of K-primes. Let V|, be the set of all the primes p; of L such that every
K-factor of p; is in Wg. Then Og w, "L = Oy y,.

Proof.  Suppose that x € Ok y, N L. Then for all qx & Wx we have that
ordg, x > 0. Let t; be a prime of L not in V;. Then there exists at least one
K -factor Tk of t; such that Tx & Wg. Therefore, ordz, x > 0. Next consider
the divisor of x in L

AR (B.4.1)

where a, a; € Z, only finitely many a; are not zero, for all i, we have that
t,; # tr, and all t; ; are distinct. Hence the divisor of x in K has the form

m

[T TTT =45 (B.4.2)
J j=1 j
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where t; = []; T ;andt, ; =[], T’ ;. Thus in K we have that
ordg, , x = ae;.

But for some j this order must be non-negative. Since the ramification degree is
always positive we must conclude that a > 0. Thus, ord;, x > Oforall t;, ¢ V.
and consequently x € Oy y,.

Conversely, suppose that x € O y,. Let Tx & Wk. Let t; be the prime
below Tk in L. Then by the definition of V;, we have thatt; ¢ V; and ord;, x >
0. Next, as before let (B.4.1) be the L-divisor of x and let (B.4.2) be the K-
divisor of x. Then a > 0 and, for some j, we have that ords, x = ae; > 0 for
all Tx ¢ Wk.Hencex € Ok )y, . Since by assumption x € L, we can conclude
that x € OI(,WK NL. |

The following proposition tells us that only non-constant extensions change
the degree of divisors.

Lemma B.4.21. Let H/L be a finite separable extension of function fields
and let Cy be the constant field of H. Let u be an integral divisor of L. Then
degyu=1[H : CyL]deg,u. (See Theorems 9 and 14, Section 3, Chapter XV
of [1].)

The next lemma describes the behavior of some primes under constant field
extensions.

Lemma B.4.22. Let H be a function field over a finite field of constants C.
Let p be a prime of H. Let C be a finite extension of C such that [C : C] is
prime to the degree of p. Then p remains prime in C H.

Proof.  Since C/C is a separable extension, by Theorem 14, Section 3, Chap-
ter XV of [1] we have that C is the constant field of C H. Let 3 be a C H-prime
above p, let R, and Ry be the residue fields of p and * respectively, and consider
the following diagram:

o

Ry
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From the diagram we conclude that
[Rp : Cl=[Ry: Ry[R, : C1=[Ry : CI[C : C]
or, in other words,

f(B/p)degp = deg P[C : C].

Thus, since ([C : C], degp) = 1, we must conclude that deg p divides deg 3.
Hence, deg 9 is at least as big as the degree of the divisor p in C H because by
Lemma B.4.21 the degree of a divisor stays the same under a separable constant
field extension. However, since B3 | p, deg ‘P is less than or equal to the degree
of p as a divisor of € H. Thus we must conclude that deg p as a divisor of CH
is equal to deg ‘3 and so ‘P is the only prime of CH above p. O

The following two propositions are necessary ingredients of the proof of the
fact that if under a separable extension of function fields there is one prime
which does not split then there are infinitely many such primes. This assertion
plays an important role in the proof of the Diophantine undecidability of global
function fields.

Lemma B.4.23. Let M be a Galois extension of a function field L over a finite
field of constants, and assume that U is a function field such that L C U C M
and U is not necessarily Galois over L. Further, let p; be a prime of L which
does not split in U. Let py be the prime above p; in U, let p,, be a prime
of M above py, let G(py,) be the decomposition group of p), over L, and
let 0 € G(pyy) be such that its coset modulo the inertia group of v, induces
the Frobenius automorphism ¢,,, on the residue field of p,, over the residue
field of p; . (In other words, ¢y,,(c) = cNPL for all c in the residue field of p,;.)
The following diagram corresponds to the data in the lemma, T (p,;) being the
inertia group of p,, and M"%®w) the fixed field of T (p,):

pLel ppeU MI®W pyeM

Then o/ ®v/PL) ¢ Gal(M/U), and f(py/p.) = [U : L] is the smallest positive
exponent such that the corresponding power of o is in Gal(M/U).

Proof.  First of all observe that, since p; does not split in U, p; is not
ramified over L and therefore indeed U < MT®n) by Lemma B.4.1. Further,
T (py) C Gal(M/U). Next observe that since the equivalence class of o gen-
erates G(p,;)/ T(p,,), every element ¢ € G(p,,) can be written as o'y, ¥ €
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Ty, i=0,..., f(py/pr)— 1. Let H(p,,) be the decomposition group of
py with respect to U and note that 7'(p,,) € H(p,,). Next we observe that
SPu/pr) _ [G(pa)/ T (Pa)l _ |G (Pl

Fu/py)  HE/ Tyl THp)l

fy/p) =

Further, observe that
H(py) = G(py) NGal(M/U)
=o'y, ¥ € T(py), i =0..... f(py/p) — 1} N Gal(M/U).

However, for s € T(p,,) wehavethato'yy € H(p,,)ifandonlyifc’ € H(p,,),
since T(p,,) € H(p,,)- Let r be the smallest positive exponent such that o €
H(p,). Then every element of H(p,,) can be written as ¢’™, where ¢ €
T(py) and m € N. Thus

IGpa)l

=r. O
|H (pa)l

flou/pL) =

Corollary B4.24. Let M, L, U, o be as in Lemma B.4.23. Let q,; be a prime
of M whose Frobenius automorphism over L is o. Let q; = q;, N L. Then q;,
does not split in the extension U/ L.

Proof. By assumption, ¢, is not ramified in the extension U/L and G(qy,),
the decomposition group of q,, over L, is a cyclic group generated by o.
Similarly H(q,,), the decomposition group of q,, over U, is also a cyclic group
generated by o. Further, the size of the quotient group |G(q,,)/H(qy)| =71,
since r is the smallest positive integer such that 0" € Gal(M/U) N G(qy) =
H(q,,)- Therefore, by Lemma B.4.23,

F@y/qy) = San/ar) _ |G (qp)l _
YU fam/ay) T H )l
where q;; = q,; N U. Therefore the assertion of the corollary is true. [

r=[U:L]

The next nine lemmas play an important role in the proofs of results concern-
ing the Diophantine definability over holomorphy rings of function fields. Their
main role is to ensure the existence of “sufficiently” many degree-1 primes not
splitting in the given cyclic extensions. (See Section 10.2 for more details.)

Lemma B.4.25. Let L be a function field over a finite field of constants C. Let
q be a prime of L. Let F(T) € L[T] be monic and irreducible with coefficients
integral with respect to q. Assume that F(T) remains irreducible modulo q. Let
R(q) be the residue field of q. Let E = R(q)L and let t be a prime above q in
E. Then F(T) is irreducible modulo t.
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Proof. Tt is enough to show that the residue fields of q and t are the same. By
Lemma B.4.14 we know that g will split into factors of degree 1 in E. Thus,
the residue field of t is the constant field of E. Since constant field extensions
of global fields are separable, by Theorem 13, Section 3, Chapter XV of [1],
the constant field of E is actually R(q). U

Lemma B.4.26. Let U/L be a finite separable extension of function fields
over a finite field of constants. Assume that the constant fields of U and L are
the same and denote this finite field by C. Let q; be a prime of L not splitting in
U. Let C'/C be a finite extension where [C' : C] = degq;. Let q; lie above q;
in L' = C'L. Then q), does not split in the extension U' /L', where U' = C'U.

Proof. ByLemmaB.3.4,[U’: L') = [U : L].Leta € U be anelementintegral
at q; and such that its residue class modulo q;, generates the residue field of
qy over the residue field of q;. (Here q;; is the U-prime above q;.) Then o
also generates U over L, the discriminant of the monic irreducible polynomial
of o over L is a unit at q;, and by Lemma B.4.13 this polynomial does not
factor modulo q. Since a finite field has only one extension of every degree,
by Lemma B.4.15 we have that q will split completely into degree-1 factors in
the extension U’/ U. Thus ¢’ is of degree 1 and its residue field is C’, which
is also the residue field of q. Since [U’ : L'] = [U : L], the monic irreducible
polynomial of & over L is the same as over L’ and, by Lemma B.4.25, the monic
irreducible polynomial of « over L’ will be irreducible modulo q'. Therefore,
again by Lemma B.4.13, g’ will not split in the extension U’/L’. 0

Proposition B.4.27. Let M be a Galois extension of an algebraic function
field L over a finite field of constants, let Cy be the constant field of L, let
Cy be the constant field of M, and let t be a non-constant element of L. Let
o € Gal(M/L) and let

C={rot ™' |1t eGal(M/L))}.

Let P(L), as before, be the set of all primes of L. Then, for a positive integer
k, let

Pr(L) = {pL | p; € P(L) Adeg p; = k A ppis unramified over CL(t)} .

Further, let p" be the size of Cy, let ¢ = ¢¢, be the generator of Gal(Cyp/Cp)
sending each element c € Cy to P, and assume that for every ¥ € C we
have that yc,, = ¢ for some natural integer a different from zero. Then if
k is a positive integer such that k = a modulo [Cy; : Cr], m = [M : Cy L],
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d=1[L:Cp)], and

M/L
Ck(M/L»C):{pL [P € PL) A 3Py € P(M) : Py [0, A (—/) EC}

Pu
M cl
o (E-9)| -

C| r r
< o (n+281)p 2+ m@Bgr + DpY 4 2(gm + dm)),

m
(B.4.3)

then

where gy, g1 are the genus of M and L respectively.

The proof of this proposition can be found in Proposition 13.4 of [34].

Corollary B.4.28. Let M/L be a Galois extension of function fields over
the same finite field of constants C. Let t,d, m, r, g, gu be as in Proposition
B.4.27. Let 0 € Gal(M/L). Then, for any sufficiently large positive integer k,
there exists an L-prime p; of degree k such that o is the Frobenius automorphism
of a factor of p; in M.

Proof. Since we have assumed that M and L have the same field of constants,
inequality (B.4.3) holds for any k and implies that

M ICl & m+2gy mQ@Bgr+1) 2gy+dm)
Cr C) > p - k2 3krjd rk :
L km prk/ p3kr/ p

(B.4.4)

Thus, for all sufficiently large k we have that |Cy(M/L,C)| > 1. ([

Corollary B.4.29. Let M/L be a Galois extension of function fields over
the same finite field of constants C. Let t,d, m, r, g1, gu be as in Proposition
B.4.27. Let 0 € Gal(M/L), let C be the conjugacy class of o, and assume
that

1
ZlCl > (m + 4gy + 3mg, + 2dm)*.

M |C|
ot 8

Then
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Proof. As for Corollary B.4.28 we start with inequality (B.4.4). Substituting
1 for k and keeping in mind that |C| = p”, we obtain

M [ m+2gy  mQGBgL+1)  2(gu +dm)
C] Z,C > —p 1-— — — s
m

pr/2 p3r/4 pr
(B.4.5)
M c 3 4gy +2d c
o (Moo)| - 1€l () omt3em+dgy +2dm) _[C] - g6
L m Nirel 2m
0

Corollary B.4.30. Let G/F be a cyclic extension of function fields over the
same finite field of constants |C| = p". Let t € F be such that it is not a pth
powerin F andletd = [F : C(t)]. Letm =[G : F). Let g, gr be the genuses
of G and F respectively. Let | > 2log,2(m +4gG + 3mgr + 1+ 2dm), [ =
Omodr. Let C; be the splitting field of the polynomial X P — X over the field
of characteristic p. Then there are more than p'/2m primes of C;F of degree
1 not splitting in the extension C;G/C;F.

Proof. By Lemma B.3.5, C;G/CF is also a cyclic extension. Let o be a
generator of the Galois group and let C = {o'}. We want to estimate the lower
bound on |C(C;G/C;F, C)|. First of all, we note that the constant field of C; F
and C;G isindeed C;, and |C)| > (2(m + 4g¢ + 3mgr + 1 + 2dm))>. Thus we
can apply Corollary B.4.29 to conclude that

|C1(CiG/CIF, C)| > |Ci|/2m > p'[2m.

However, none of the primes in C{(C;G/C,F, C) split in the extension
C,G/C,F. O

Proposition B.4.31. Let G/F be a cyclic extension of function fields over
the same field of constants C of size p" for some positive r € N. Let
m,l,d,t, g, gr, Ci be as in Corollary B.4.30. Let C,,, Cy be finite exten-
sions of C, and C; respectively, of degree q where (I,q) = 1 and (m, q) = 1.
Then there are at least p'/2m primes of C;F of degree 1 not splitting in the
extension CyG/CF. Further, if pc,r is a degree-1 prime of C F not splitting
in the extension C;G/CF and pc,g is a prime above it in C;G then pg, the
prime below ¢, in G, does not split in the extension Cy.G/G.

Proof. Consider the following two-dimensional diagram.
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C,G
GG CoyrG
m
CF
q CqF
F=CF

First of all we observe that C; and C,, are linearly disjoint over C,, since
[Cr =G, [Cqr - Crl =1, (g.D=1,
and therefore
C;NCqr =C,.
Consequently C;C, = Cy; and [Cy, : C;] = g. Further,
[GCy : GCl=[Cy : Cyl =q.

Next, directly from Corollary B.4.30 we conclude that C; F has the requisite
number of degree-1 primes not splitting in the extension C;G/C;F. We show
that these degree-1 primes of C; F actually continue to be inert in the extension
CiyG/CiF. So, let pc,p be a degree-1 prime of C;F inert in the extension
CiG/CiF. Let pc,g lie above p,r in C;G. Then, since the constant fields of
C,F and C;G are the same,

deg pc,g =m =[G : F]=[C/G : C/F]

by Lemma B.4.21. Thus, by Lemma B.4.22, p, ; will not split in the extension
C,G/C;G because the degree of the extension g is relatively prime to the
degree of this prime m. This proves the first assertion of the proposition.

Next we note that C;G and C,, G are linearly disjoint Galois extensions of
G,by Lemma B.3.3, since C;G N Cy, G = (C; N Cy )G = C,.G = G. Now we
can conclude that p; does not split in the extension C,;.G/G by Lemma B.4.9,
since the prime p, above it does not split in the extension C,;G/C;G. [

Lemma B.4.32. Let C be a finite field of positive characteristic p of size p".
Let t be transcendental over C and let g # p be a rational prime. Let B be an
element of the algebraic closure of C of degree q over C. Let | € N be such
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that (I, gr) = 1. Let P(t) be a polynomial in t over C such that P(t) is a prime
factor of

P —t (B.4.7)
in C[t] and C(t)-prime P corresponds to the polynomial P(t). Then neither 3
nor P(t) split in the extension C(t, B)/C(t).

Proof. Let a be a root of P(t) in the algebraic closure of C. Then P(t) is the
monic irreducible polynomial of & over C and a? —a = 0. Therefore a € C,
a finite field of p’ elements with [C; : F,] = 1. Let n, = [F,(a) : IF,]. Then
ny | I and therefore (n, gr) = 1. Consequently IF,(«v) and C are linearly disjoint
over IF, and therefore the monic irreducible polynomial P(¢) of o over C is
also of degree n,. Further, P(¢) € IF,[¢] and will not factor under the extension
of degree q. Finally, the prime corresponding to P(¢) is also of degree n(«) and
thus it will not factor in the extension C(¢, )/ C by Lemma B.4.22. 0

The next proposition bounds the number of ramified primes in a series of
extensions of global function fields.

Proposition B.4.33. Let M/K be a finite separable extension of function
fields. Let Eyjx be the set of all the primes of M ramified in the extension
M/K. Let

GM/KZ 1_[ e.

RESM/[(

Let Ck be the constant field of K and let C/Ck be a finite separable extension.
Then the number of C M primes ramified in the extension CM /CK is bounded
by the degree of the divisor €y x in M.

Proof. Consider the following diagram.

M M
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Observe the following. By Lemma B.4.17 no prime ramifies in the extensions
CM/M and CK /K. Let B, be a prime of CM. Let PB,,, Bk, and Py be
the primes below P, in M, CK, and K respectively. Then

e(PBem/Px) = e(Beu/Bex)e(PBek /PBx) = e(Bew /PBa)e(Pa /P )-

Thus, since e(Pey/PBu) =e(PBek/PBxk) =1, we conclude that
eCBem/Bek) = e(Py/Bk). Therefore, a prime of CM is ramified in
the extension CM/CK if and only if the prime below it in M is ramified in
the extension M /K. Let £ be the set of all the primes of C M ramified in the
extension CM/CK. Let ¢ = ]_[zeg, e. Then if we consider €y, ¢ as a divisor
of CM, we conclude that €y g = ¢'. Further, by Lemma B.4.21,

deg,, €y x = degey Emyx = degey €.

Therefore, the number of primes in £’ cannot exceed deg,, €. (]

The lemma below bounds a number of “inconvenient” primes that can occur
in a series of finite extensions of global function fields.

Proposition B.4.34. Let M /K be afinite separable extension of function fields
of degree k over the same field of constants. Let « € M be a generator of M over
K.Let A={1,...,a" "} be the power basis of a. Let oy = o, ..., 0tj_1
be all the conjugates of o over K. Let
D(a) = H(Oli - Otj)za
i<j
let

n(a) = I q,
qeP(K), ordg D(a)>0

and let

() = l_[ q.
qeP(K),a isnotintegral at (
Let Ck be the constant field of K and let C/Ck be a finite separable extension.
Then the number of CK primes qcg such that A is not an integral basis with
respect to qcg is bounded by deg(n(x)o(a)) = n(x) in K.

Proof.  First of all, we point out that, by Lemma B.3.4, we have that A is also
a power basis of CM over CK. Next, by Lemma B.4.12, if q., is a prime of
CK such that A is not an integral basis with respect to g, then either « is not

integral at qcg or ord,., D(a) > 0. Let qx be a K-prime below q . Then « is
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not integral at qx or qx is a zero of D(«). Therefore, ord,, (n(a)0(ar)) > 0 and
consequently

ord,. (n()d(x)) > 0 (B.4.8)

ek

in CK. The number of primes in CK satisfying (B.4.8) is bounded by the
CK-degree of n(a)o(«). However, by Lemma B.4.21, deg.y(n(a)d(a)) =
deg (n(e)0(er)) and the assertion of the lemma holds. Il

Lemma B.4.35. Let H/K be a separable extension of global fields. Let p
be a prime of K remaining prime in H. Then there exists an element § €
H, generating H over K, such that the power basis of 8 is an integral basis
with respect to p and the monic irreducible polynomial of § over K remains
irreducible modulo p.

Proof. Let ‘B be the single factor of p in K. Let § € H be an element integral
at p and such that its residue class generates the residue field of 3 over the
residue field of p. Let f(7") be the monic irreducible polynomial of § over K.
Let f(T) be the polynomial obtained from f(T) by reducing its coefficients
modulo p. Then f is irreducible over the residue field of p and therefore cannot
have multiple roots. Thus p does not divide the discriminant of f(7") and so,
by Lemma B.4.12, the power basis of § is integral with respect to p. g

LemmaB.4.36. Let G/F be a finite extension of function fields over the same
field of constants C. Let p be a degree-1 prime of G. Then it lies above a degree-1
prime of F.

Proof. Let 3 be a prime below p in F. Then the residue field of 3 is a finite
extension of C which must be contained in the residue field of p, which is C.
Thus the residue field of B is C. 0

B.5 Density of prime sets

In this section we will discuss the density of prime sets in global fields. One
could think of the density of an infinite prime set as a way to describe its size.
There are two commonly used kinds of density: Dirichlet and natural. We start
by defining the Dirichlet density.

Definition B.5.1. Let K be a global field. Let P be the set of all the non-
archimedean primes of K. Let A € P. Then the Dirichlet density of .A (denoted
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by 8(.A)) is the following limit, assuming it exists:
. D pea /NP
Re(9)>1 Y p» 1/Np’

where Np is the norm of prime p, i.e. the number of elements in the residue
field of p.

In the case of number fields there is an alternative (but equivalent) definition
of the Dirichlet density, which can be found in Section 6.5 of [33]:

S(A) = Zpeu /NP .
Re(s)>1 —log(s — 1)
The advantage of this form is that the denominator does not depend on the field.
This simplifies comparisons of the densities of prime sets of different fields. In
the function field case there is a similar formula but it depends on the size of
the constant field and so should be used for interfield comparisons only when
the constant fields are the same:
ZpeA 1/Np*
Iim —————,

Re(s)>1 —log(1 — g'=*)
where ¢ is the size of the constant field of K. (See Lemma 6.4.10 of [33].)

One of the main tools for determining the density of a set is the Chebotarev
density theorem. It can be found for the number field case in Theorem 10.4,
Chapter V of [37] and for the function field case in Chapter 6 of [33]. An
immediate consequence of this theorem is the following lemma.

8(A) =

Lemma B.5.2. Let E/K be a Galois extension of global fields. Let Wy be
the set of all the primes of K unramified and splitting completely in E /K. Then
the Dirichlet density of Wk is equal to 1/[E : K].

Proof. A prime py splits completely into distinct factors if and only if one
of its factors has the identity as its Frobenius automorphism. The conjugacy
class of the identity contains just one element. Thus, the density of unramified
K -primes splitting completely in E is 1/[K : E] by the Chebotarev density
theorem. ]

The next two lemmas describes important properties of the Dirichlet density.

LemmaB.5.3. Let K beaglobalfield. Let P(K) denote the set of all the primes
of K. Forp € P(K) let Ny denote the norm of p, that is the size of the residue
field. Then for any s such that Rs > 1, we have that ZpeP(K) Np™ < o0, ie.
| D peP(K) Np~*| is bounded, and lim,_, + > pepx) Np~* = 0.
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Proof. For the function field case the lemma follows from the fact that as
s — 1% we have that }° _p ) Np~* = —log(l1 — ¢'~*) + O(1), where g is
the size of the constant field of K. (See Lemma 6.4.10 of [33].)

For the number field case the lemma follows from the fact that

> Np~ = —log(s — 1) + O(1).
peP(K)

(See Section 6.5 of [33].) Il

Lemma B.5.4. Let K/E be a finite separable extension of global fields (not
necessarily Galois). Let Uk be a set of primes of K containing all primes of K
of relative degree 1 over E. Then the Dirichlet density of Uy is 1.

Proof. 1t is sufficient to show that the density of the complement of Uk is 0.
Let Hk be the complement of U/k. Then, by Lemma B.5.3,

Np~—s N —2s
0 <|lim Zpr_é < hm[K:E]ZpeLM
T e NP o ‘ZpeP(K) NPJ)
N -2
< 1115[1( . E]M —0.
” ’ZpeP(K) Npﬂ‘
Thus S(H[() = 0. D

The next two lemmas contain the details of the density calculations for the
sets that we used for our definability results over number and function fields.
We treat the number field case first.

Lemma B.5.5. Let F C K C K¢ be a finite extension of number fields, K g
being the Galois closure of K over F. Let M be a cyclic extension of F of prime
degree q not dividing [K¢g : F]. Let Wy be a set of primes of K formed in the
following fashion from the set P(K) of all primes of K. From each set of primes
of K lying above the same prime of F, remove the prime of the highest relative
degree over F. Next remove all the primes splitting in the extension MK /K.
The remaining primes will form the set WWg. Then the Dirichlet density of Wy
exists and is greater than 1 — [K : F]™' — 1/q.

Proof. Let Vx = P(K)\ Wg. We would like to estimate the density of Vi.
Let V), be the set of all primes of Vg which were removed in the first step. Let
be all the primes of K which split in the extension MK /K. Let K, =V, N K.
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We want to estimate the Dirichlet density of ;. By Lemma B.5.4, we can
disregard all the primes of KC; of relative degree higher than 1 over F. Let

K1 = K, N {the primes of relative degree 1 over F}.

Let
Kr = {Br € P(F) : B splits completely in the extension M K¢/ F'}.

Let Kk be the set of all primes of K above Kp. We claim that K, contains
exactly one prime per set of F'-conjugates in K and no other primes. Indeed,
suppose that p € ;. Then it is a prime of relative degree 1 over F and also
is of the highest relative degree among its conjugates over F. Thus, all the
conjugates of p are of relative degree 1 over F and p lies above a prime p of F'
splitting completely in the extension K /F and therefore, by Proposition 6.3.2
of [45], splitting completely in the extension K¢/ F. Further, we have that p
splits completely in the extension K M/K. By Lemma B.4.10 this can hap-
pen if and only if all the F-conjugates of p split completely in the extension
MK /K and all the conjugates of pr in K¢ split completely in the extension
MKg/Kg. Thus pj splits completely in the extension M K/ F. Conversely,
let p be a prime lying above a prime of p splitting completely in the extension
MK/ F.Then all the F-conjugates of p are of relative degree 1 over F and, by
Lemma B.4.10 again, p and all its F-conjugates split completely in the extension
MK/K.

Now using the alternative formula for the Dirichlet density (Definition B.5.1)
and the fact that all the F-conjugates of elements in K, are of relative degree 1
we can conclude that
1

SK)=8Kp) = ——,
(K1) =6(KF) Ko Flg

where the last equality follows from Lemmas B.5.2 and B.3.6.

Next consider the density of V;. As above, we need to consider the primes
of relative degree 1 only. Thus it is enough to look at the set of primes of K
containing exactly one representative for every set of conjugates lying above a
prime of F splitting completely in the extension K /F, which is the same set
as the set of F-primes splitting completely in the extension Kg/F by Propo-
sition 6.3.2 of [45] again. Thus §(V,) = 1/[K¢ : F]. Further, by similar argu-
ments the Dirichlet density of K exists and is equal to 1/q.

Since V), K, and V| N K have a Dirichlet density, we conclude that V; U K
also has such a density and, by Proposition 4.6 of [37], this density is less than
or equal to the density of V; plus the density of K. Thus, the density of V is less
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then or equal to the density of V; plus the density of /C, and consequently the
density of V is less or equal to 1/[K : F] + 1/q. Thus, the Dirichlet density of
Wk is greater than 1 — 1/[K¢g : F] —1/q. O

We now prove the analogous result for the function field case.

Proposition B.5.6. Let K /E be a separable extension of function fields over
the same finite field of constants C. Let K¢ be the Galois closure of K over
E. Let M/E be a constant field extension of E of prime degree such that
([M : E],[Kg : E]) = 1. Then the following statements are true.

1.

Let Vi 1 be the set of primes of K splitting completely in the extension
MK¢/K. Then
1

SV = K¢ : KIIMK : K]’

where § denotes the Dirichlet density.

. Let Wk 1 be the set of all the K-primes lying above E-primes splitting

completely in the extension K /E. Let Zx 1 = Wk 1\ Vk.1. Then
[MK : K]—1

3Zk1) = [MKg : K]

. Let Zg | be the set of E-primes below the primes Zk 1. Then all the primes

in Zg 1 split completely in Kg/E. No prime above Zg | is in Vi ;.

. Let Gk 1 be a set of K -primes such that it contains exactly one prime above

each prime in Zg 1. Then Gx | C Zk.1 and

8(Zk1) MK :K]—1
[K:E] [MKg:E]

8(Gk,1) =

. Let Vi 5 be the set of all the primes of K of relative degrees greater than

orequal to 2 over E. Let Vg = Vg 1 UGk 1 U Vg o Let Wg = P(K) \ Vk.
Then
[MK : K]—1 1
[MKg : E] B [Kg : K|[MK : K]
1 1
" [K:E] [MK:K1

SWg)=1-—

> 1

no prime of Wk has a relative-degree-1 factor in the extension MKg/K
and no prime of E has all its K -conjugates in Wr.

The diagram below illustrates the extensions under discussion.



282 Appendix B: Number theory

K¢ MKg
K MK
E M

Proof.

1. First of all we note that given that ([M : E], [K¢ : E]) = 1, itis the case that
MNK=E, MKNKg =K, and thus [MK; : K] =[K¢ : K][MK : K],
by Lemma B.3.3. Further, the extension M Ks/K is Galois. Thus the first
assertion follows by Lemma B.5.2.

2.Letp € Zk; and assume that p lies above an E-prime without M K -factors
ramified in the extension M K/ E. Then p lies above a prime 3 of E splitting
completely in the extension K /E. Therefore, by Lemma B.4.6, p splits com-
pletely in the extension K5 /K and thus the number of factors of p in M K is
divisible by [K : K] by Proposition B.1.11.

However, since p does not split completely in M K, the number of factors
of pin MK¢ isnotequal to [MKs : K] =[MK : K][K¢s : K] but must be a
divisor of this number, by Proposition B.1.11 again. Since [M K : K]is a prime
number, we must conclude that p has exactly [Ks : K] factors in M K. Thus,
the Frobenius automorphism of any factor of p in the extension M K¢ /K must
be of order [M K : K]. Similarly, the Frobenius automorphism of any factor of
Py in Gal(M K/ E) must also be of order [MK : K] =[M : E].

Conversely, if a K -prime p with no factors ramified in the extension M K /K
lies above an E-prime P not ramified in the extension M K /E and whose
factors in M K ¢ have Frobenius automorphisms of order [M K : K], then p lies
above an E-prime splitting completely in K and p will have [K : K] factors in
M K ¢, thus not splitting completely. Therefore, a K -prime p with no ramified
factors in the extension MK /E is in Zg ; if and only if it lies above an E-
prime not ramified in the extension M K /E and whose factors in M K ; have
Frobenius automorphisms over E of order [MK : K] = [M : E].

Further, Gal(M K /E) = Gal(Kg/E) x Gal(M/E), by Lemmas B.3.3 and
B.3.6, and for o € Gal(M/E), t € Gal(Ks/E) we have that ot = to. Thus
the only elements of order [M : E] in Gal(M K /E) are non-trivial elements
of Gal(M/E). Since there are [M : E]— 1 =[MK : K] — 1 such elements,
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by the Chebotarev density theorem the density of the set of E-primes whose
factors have Frobenius automorphisms of order [M : E] = [MK : K] is

[MK : K]—1
[MKg : E]

However, for each such E-prime there are [K : E] primes in Zk | and the
norms of primes in Zg ; are the same as the norms of the corresponding E-
primes below. Therefore using the alternative definition of the Dirichlet density
for function fields (see Definition B.5.1) and the fact that E and K have the
same field of constants, we can conclude that the density of primes in Zg |
is

[MK:K]—1 [MK:K]—1
[MKs : E] ~ [MKg: K]

[K : E]

3. For each prime of Zg j, there exists at least one factor p in K not splitting
completely in the extension M K¢ /K. Thus by Lemma B.4.10 no conjugate of
p over E splits completely in the extension M K /K, and thus no conjugate of
p is in VK,I-

4. From the discussion above it follows that Z ; is closed under conjugation
over E and that each set of conjugates contains exactly [K : E] primes. Hence
G k.1 will contain one prime for each Zx ;-set of conjugates over E. Thus

8(Zx1) MK :K]—1
[K:E] [MKg:E]

8(Gk,1) =

5. First of all we observe that by Lemma B.5.3, used in the same manner as in the
proof of Lemma B.5.4, it is the case that (Vk ») = 0. Note also that the density
of the set ]7,(,2 = Vk.2 \ (Vk.1 U Gg.1)is zero by the same lemma. Now, the sets
171(,2, Gk.1, Vi1 are all disjoint and have Dirichlet densities; thus the density of
their union is just the sum of the densities of the three sets. Therefore the density
calculation for Wk follows from the density calculations for ]71(,2, Vk 1, and
Gk 1.

Next we consider a prime p in Wy . By construction p ¢ Vg | and thus does
not split completely in the extension M K /K. Therefore, p has no factors of
relative degree 1 in the extension M K /K . Finally, let 3 be a prime of E. If
B & splits completely in the extension M K/ E then none of its factors is in Wk .
If B does not split completely in the extension M K/ E but splits completely
in the extension K / E (and therefore by Lemma B.4.6 in the extension K/ E),
thenP € Zg 1 and by construction 3 will be missing a factor in Wy . Finally,
if P does not split completely in K then it has a factor of relative degree at
least 2 in K, and all such primes were removed from Wk . O
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Lemma B.5.7. Let K be a global field. Let Fy /K, ..., F,/K be cyclic exten-
sions of prime degree q linearly disjoint over K. Then the Dirichlet density of
the set of K primes splitting in every extension F; /K is 1/q".

Proof. Let F =[[/_, F; and let B be a prime in the product field. Then
Gal(F/K) = Gal(F,/K) @ - - - ® Gal(F, /K)

by Lemma B.3.7. Let I3; be the prime below 3 in F;. Let (01, ...,0,),0; €
Gal(F;/K) be the Frobenius automorphism of ‘3 over K. Then o; is an element
of the decomposition group of 3; over K. Since the [F; : K] = ¢, a prime
number, unless o; is equal to the identity element it will generate Gal(F;/K).
Let P be the prime below P in K. Then Py splits in every F; if and only
if o; = id; for all i. (Here id; is the identity element of Gal(F;/K).) Thus by
the Chebotarev density theorem the Dirichlet density of the set of K-primes
splitting in every F; is equal to 1/q". (]

Lemma B.5.8. Let K be a function field over a finite field of constants. Let
Ko=K C K| C--- C K, be atower of constant field extensions with [K;; :
K;]1 = q, where q is a prime number. Let VW be the set of all the primes p of
K such that, for some i, none of the factors of p in K; splits in the extension
Ki+1/K;. Then the Dirichlet density of W is (q" — 1)/q".

Proof.  First of all we note the following. Let p be a K-prime. Let p; ; and
p; . be two factors of p in K;. Then either both these factors split in K;; or
neither does. (This follows from the fact that K;, /K is a Galois extension and
by Lemma B.4.5.) Suppose now that p & W. Let p,, be a factor of p in K, and
letp;, = p, N K;. Then since all the extensions in the tower are of prime degree
and p € W we have that f(p,,;/p;) = 1. (Otherwise some factor of p in K;
does not splitin K; 1, implying that none of the factors of p in K; splitsin K,
and p € W.) Thus, f(p,/p) = 1 and p splits completely in this extension. By
the Chebotarev density theorem the Dirichlet density of this setis 1/¢g” and the
assertion of the lemma follows. [

We now proceed to a brief discussion of natural density.

Definition B.5.9. Let K be a number field. Let P(K) be the set of all primes
of K.Let 7(K) C P(K). Then the natural density of 7 (K) is defined to be the
following limit if it exists:
m {#B e T(K): NB < X}
X—o0o {# € P(K): NP < X}
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If the limit above does not exist, we can consider lim sup or lim inf in place of
lim. If lim sup replaces the limit then the resulting number is called the upper
natural density. Similarly, if we use lim inf then we will obtain the lower natural
density.

Proposition B.5.10. Let K, 7(K), P(K) be as in Definition B.5.9. Assume
that the natural density of 7 (K) exists and denote it by d. Then §(7 (K)), the
Dirichlet density of 7(K), also exists and is equal to the natural density of
T(K).

Proof. Unfortunately, a detailed proof of this proposition would be rather
lengthy and somewhat tedious. Since the proposition has no direct bearing on
any other proposition in the book and is included here for the sake of com-
pleteness only, we will restrict ourselves to outlining the main ideas of a proof
suggested by Bjorn Poonen.

The starting point for the proof is the following estimates. The first is a
version of the prime number theorem:

#lp € P(K), Np < x} = —— +&1(x) ——,
log x log x

where €1(x) — 0as x — oo. (See Theorem 4, Section 5, Chapter XV of [46].)
The second is really the alternative definition of the Dirichlet density introduced
at the beginning of this section,

lim log(s — 1) > NpT =1L (B.5.1)
peP(K)

The third and fourth inequalities, below, are of an elementary nature. Let s =
o + it, where o, t € R. Then there exists a positive real constant C such that
for all s sufficiently close to 1 while o > 1 we have that

s—1

<C. (B.5.2)

o—1

(See Section 2, Chapter IV of [37].) Further, there exists a positive real constant
¢ such that for any real i with |h — 1| < € and any complex s with ®s > 1 and
|s — 1| < e, we have that

Rh* > 0. (B.5.3)

Finally we need the following familiar expansion for 0 < x < 1:

%0 i
—log(l —x) = Z i
i=1
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Now we are ready to proceed. Throughout our discussion below we will assume
that r and s = o +it, 0, ¢ € R, are close enough to 1 that (B.5.2) and (B.5.3)
with & = r hold. From the definition of the natural density we can conclude
that

x
#p e T(K), Np < x} =d—— + &2(x)
log x log

where £,(x) — 0 as x — oo.
Next let » > 1 be a real transcendental number and note that

) =#{p € PK), r" < Np <"1y =5 + 830"~
ogr er’
where €3 — 0 as r" — oo. Similarly,
n n+1 r—1r" n "
prm) =#p € T(K), r" < Np <"} =d——— +&4(r") )
logr n nlogr

where £4(r") — 0 as r" — 00. Nextlet s € C with 9is > 1 and write

Z Np—x — i Z r—(n+1)x

peT(K) n=1 peT (K),r"<Np<rntl
00
+Z Z r=tss(s v, n, p),
n=1peT(K),r"<Np<rrt!

where 8(s, r, n, p) = ("t Np~ — 1) while r* < Np < r**!. Thus

D, M=

peT(K)

—(n+1)s

+i Z rm 0S8 (s, n, p)‘

n=0 peT (K),r"<Np<rntl

i r—1 }" 7(n+1)s n) r' r*(nJrl)s
— logr n nlogr
o0
Z p— (1t Ds 8(s,r, n)
— logr n
o o
Z ea(r” )— ~EDsl 55, 7, ),
=0

where ¢4(r") — 0 as r" — 00 and §(s, r, n) = max, . yp<p+1 [6(s, r, 1, ).
Similarly, we obtain a lower bound for )ZPET( 0N ‘S‘ by subtracting “error”

terms. The analogous inequalities hold for P(K) too, of course, but withd = 1.
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Now noting that [Np~*| = Np~?, we will proceed to get an upper bound for
(s, r, n). In order to do this we observe that if 7* < Np < r"*! then

rn+1

Np

1< <r,

and therefore (B.5.3) will hold with 2 = r"*! /Np. Thus, for s sufficiently close
to 1 (given a fixed value of r),

8(s,r,n) = max |(r"T*Np~™ — 1)| <r° — 14 r°|sin(z Inr)| = 8(r, 5).
(B.5.4)

Observe that we have a bound on §(s, r, n) that is independent of n. Observe
also that for any ¢ > 0 we can find an > 1 and arbitrarily close to 1 such that
for all s sufficiently close to 1 we have that (s, ) < €. Now, to finish the proof,
it is enough to show that for any § > 0 for some r and all s sufficiently close
to 1 we have that

[ —1 " (s
Z 8(s,r,n) < dlog|s — 1] (B.5.5)
= logr n
and
00 r—(n+l)s+n

< dlogls — 1|, where e(#") - Oasr" — co (B.5.6)

Z &) nlogr

n=1

Indeed if we can show that (B.5.5) and (B.5.6) hold then, in view of (B.5.1), we
will be able to conclude that the Dirichlet densities of 7(K) and P(K) “reside”
for the most part in the sums

o
Zd’ (s
logr n

n=1

and

Z r—1 r =t
= logr n

respectively. From that point on it will not be hard to obtain the desired ratio.

Further, if we let s = o + i, 0 > 1, as above then using (B.5.2) we can also

replace |[s — 1| by |0 — 1] in our estimates and simplify our calculations.
Now we will show that (B.5.5) holds. First we observe that

r—1

im =Cy,
r—1 logr
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where C| does not depend on r. Further, we observe that

—r 1—-o
lim —— = C(r),
o—>1 o —1
where C(r) depends on r only.
Next consider the following inequalities for some fixed r, s sufficiently close
to 1 that (B.5.4) holds:

(o]

2 |r

n=1

"t — —1 & pll=o)

1 _ r
— | 8(s,r,n) <r—268(@s,r)

n logr logr = n

—(n+Ds”

log (1 — rl_")

g (7))
loglo — 1) —log| ————
r o—1

1 — r—1 1—rl-°
logloc — 1) +r"°68(s,r) log
r logr

_ r—1
< —r7%68(s,r)
logr

rF—
=—r%5(s,r)
log

7 5(s, r)—
= —r T
s lo o—1

< =865, )L log(o — 1)+ C(r),
logr
where C(r) depends on r only. By moving r closer to 1 if necessary and then
letting s — 1 we can make sure that (B.5.5) holds.
We now show that (B.5.6) holds. Fix 1 < r < 2 and let M be a positive
integer such that for all » > M we have that |e(r")| < (logr)e, where ¢ is an
arbitrary positive real number. Finally, consider the following inequalities:

00 p—(tDs+n p—(r+Do+n

— <Z|e(r")|—+ Z ™) ——— ~Toar

n=M+1

<€) —8210g (1=r'"7)

~ l_rl—a
< C(r) —elog(oc — 1) — ¢log (?)
< C(r) —elog(o — 1)

where C(r), C(r) are constants depending on r only. We leave the rest of the
proof to the reader. g

We leave the following easy proposition as another exercise for the reader.

Proposition B.5.11. Let A, B be sets of primes of a number field K such that
both sets have a natural density. Assume further that the natural density of A is
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1. Then the natural density of B N A exists and is equal to the natural density
of B.

B.6 Elliptic curves

In this section we discuss some general properties of elliptic curves which
played a role in the proof of Poonen’s results. We will use the following
notation.

Notation B.6.1.

* Let K denote a global field.

* Let K denote the algebraic closure of K.

* Let M denote a finite extension of K.

¢ Let E/K denote an elliptic curve defined over K for which we will fix an
(affine) Weierstrass equation,

y2 =x+ a2x2 + asx + ag, (B.6.1)

where fori = 2, 4, 6 we have thataq; € K.

e Let E(M) be the set of all points of E/K in M, or the set of all solutions to
(B.6.1) in M together with the point at infinity, O, the unit element of the
group.

e Let E[m](M) C E(M) be the set of all points of E(M) of order dividing m.

e Let P(K) denote the set of all non-archimedean primes of K.

* Let p denote a non-archimedean prime of K such that
(a) fori = 2,4, 6 we have that ord, a; > 0;

(b) p does not divide the discriminant of the chosen Weierstrass equation and
therefore E has a good reduction mod p (see Section 2, Chapter VII of
[113] for a definition of the reduction of an elliptic curve);

(c) p is not ramified over Q.

* Let Sp(K) denote the set of all primes ¢ of K such that q does not satisfy the
requirements for p, listed above (note that Sy(K) is finite);

e Let Mg denote the set of all normalized absolute values of K. (See the
definition of normalized valuations in Section 5, Chapter VIII of [113].)

* Let Mg oo C Mg denote the set of all archimedean absolute values of K.

* Let Mg o C Mk denote the set of all normalized non-archimedean absolute
values of K.

* Let Mg s,k) C Mk o denote the set of all non-archimedean absolute values
of K corresponding to primes of S.

e Let k denote the residue field of p.
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* Let K, denote the completion of K under the corresponding p-adic absolute
value.

* Let E(K,) be the set of all points of E in K, i.e. the set of all solutions to
(B.6.1) in K, together with the point at infinity, O, the unit element of the
group.

* Let R, denote the ring of integers of Ky, i.e. the elements of K, with non-
negative order at p.

* Let M denote the maximum ideal of R,.

e Let £ denote the formal group over R, associated with E. (See the definition
of a formal group in Section 2, Chapter IV of [113] and a description of £ in
Example 2.2.3, Chapter IV of [113].)

e Let £(M) denote the group associated with £.

* Let Eo(Ky) = E(K).

* Forn > 1 let E,(K}) be the set of K,-points of E whose affine coordinates
x and y derived from the fixed Weierstrass equation for E have poles at p of
order at least 2n and 3n respectively.

e Letw : E(K) — E(k) be the reduction modulo p.

e LetIT: E(K,) — E(k) be the reduction modulo p.

¢ Given a point P € E(K) \ {O} of infinite order and an integer n # 0, define
X,(P), y,(P) to be the affine coordinates of [rn]P derived from the fixed
Weierstrass equation of E.

¢ For an integer n # 0 write the divisor of x,(P) in the form (a, /9, )s,, where

(a) For n > 1 let a,(P) =[] q“®, where the product is taken over all the
primes q € P(K) \ So(K) such that a(q) = ordg x, > 0,
(b) 2,(P)=T] q°®@, where the product is taken over all the primes q €
P(K) \ So(K) such that a(q) = ordq x,, < O,
(©) $,(P) =[] q*, where the product is taken over all the primes q € Sy(K)
such that a(q) = ord, x,,.
* For an integer n # 0 let d, € Ok be an element whose divisor is DZK , where
hg is the class number of K.
* For an integer n # 0 let S,(P) = {q € P(K)|ord, 0,(P) > 0}.
* Foru € Ok \ {0}, define

1y ord, u
how)=— ) Tlogluly = ) * o log Np.
vEMk 0\ Mk sy(k) (K : Q] peP(K)\So(K) (K : Q]

where n, = [K, : Q,] and K, Q, are completions of K and Q respectively
under v. It is not hard to see by using the product formula that, since u € Ok,

ny

(K :Q]

n
log uly + Y “— log ul,,

ol = Rt Z veMk 55k [K:Ql

VEMK soAluly<l1
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where h(u) is the usual logarithmic height of u. If u € Z then

n
ho) = h(u)+ Y *— log |ul,
UEMK,SO(K) [K . Q]

and if d,, € Z then ho(d,) = h(d,). (See the definitions and notation in Sec-
tions 5 and 6, Chapter VIII of [113].)
One way to look at Ay is to say that ko captures the height at the “relevant”
primes only.

e Forany P € K, let h(P) be the canonical height of P. (See the definition in
Section 9, Chapter VIII of [113].)

The first proposition asserts the existence of an elliptic curve necessary for
carrying out the proof of Poonen’s results.

Proposition B.6.2. Consider the curve E defined by the equation y* = x> —
6x2 4 17x. Then the following statements are true.

1. This equation defines an elliptic curve.
2. EQ=Z120 7.

3. E(R) = R/Z as topological groups.

4. E does not have complex multiplication.

Proof.

1. This statement follows by Proposition 3.1, Chapter III of [113]. (The dis-
criminant of this equation A = —2°172. See Section 1, Chapter III of [113]
for the definition of the discriminant.)

2. The proof of this statement is in Example 4.10, Chapter X of [113].

3. First of all, observe that the discriminant of this curve is negative. Second,
by Corollary 2.3.1, Chapter V of [114], an elliptic curve defined over R
and having a negative discriminant is isomorphic as a topological group
to R/Z.

4. By Theorem 6.1, Chapter II of [114], if E has complex multiplication then
its j-invariant is an integer. The j-invariant of this curve is

(36 —24(17/2))
—29172
(See Section 1, Chapter III of [113] for a definition of the j-invariant). [

¢ 7.

The following sequence of propositions B.6.3 — B.6.8 describes the behavior
of primes in the denominators of multiples of a point of infinite order.
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Proposition B.6.3. The map ¢ : E(M) — E (K o) defined by

H(L _;)_(x )
wi) we)

where w(z) € Ry[[z]] is defined in Proposition 1.1, Chapter 1V of [113], is a
group isomorphism.

See Proposition 2.2, Chapter VII of [113] for a proof.

Proposition B.6.4. Let P # O be a point of infinite order on E. Let n € Z-.
Then

{t € Z\ {0} - p"0,} U {0}

is a subgroup of 7, under addition.

Proof. Let ¢ : E(M) — E(K}) be the map defined in Proposition B.6.3.
Then from the definition of w(z) it follows that for all n € Z. we have that

ordy z =n & ord, x = —2n Aordy, y = —3n.

In other words, ¢ : E(M") — E,(K,) is also an isomorphism. Therefore
E,(K,) is a group for all n € Z..¢. Finally, we observe that E,(K) = E(K) N
E,(K ) and the assertion of the lemma holds. O

From this lemma we derive the following corollary.

Corollary B.6.5. Ler b be any integral divisor of K. Then {l € Z \ {0} :
b|0;} U {0} is a subgroup of Z under addition.

Proposition B.6.6. Let P € E((K}) (so that ord, x(P) < 0). Then

1. ifn € Ry \ M, ord, x,(P) = ord, x;(P) and ord, y,(P) = ord, y;(P);
2.if p is a rational prime below p, ord, x,(P) = ord, x{(P)+2 and
ord, y,(P) = ord,, y;(P) + 3.

Proof. By the assumption and Proposition 2.2, Chapter VII of [113], for some
ZeEM,

1
(@1 (P), y1(P)) = (ﬁ —%)

Further, [plz = pf(z) + g(z?), by Proposition 2.3, Chapter IV and Corol-
lary 4.4, Chapter IV of [113], where [p] denotes multiplication by p in the
formal group, f(T), g(T) are power series in 7 with g(0) =0, and f(z) =
z + higher-order terms. Thus, since p | p, x;([p]P) will have a pole of order
exactly 2 greater than that of x;(P) and similarly y;([p]P) will have a pole of
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order exactly 3 greater than that of y;(P). If we replace p with a rational prime
q # p with p 1 g, however, then x;([¢]P) and y;([¢]P) will have poles of the
same order at p as do x;(P) and y;(P) respectively. |

From this lemma and the definition of 9;(P) for a point P € E(K) of infinite
order, we derive the following corollary.

Corollary B.6.7. Letm,k € Z-o, m | k. Then 0,,(P) | 0x(P).

LemmaB.6.8. Thereexistsc € Rsuchthat ho(d,(P)) = (c — o(1))n®>asn —
0.

Proof. By Theorem 9.3, Chapter VIII of [113], we have that
h(x,(P)) + O(1) = h(nP) = n*h(P).

Thus, for some positive constant ¢ it is the case that h(x,(P)) = n’c + 0(1)
and A g h(x,(P)) = hgn*c + O(1). Next, for i € N we can write

hx a;(P)

" (P) = ——si(P),

x; " (P) di(P)S( )

where a;(P) has the divisor af”((P), d;(P) has the divisor D?K(P), and only
primes of Sy(K) occur in the divisor of s;(P) . By the definition of h(x,(P))
(see the definitions of regular and logarithmic height and the height notation
in Section 5, Chapter VIII of [113]) and the product formula,

h(x,(P)) = [K : Q] < > nylogmax(lx,(P)l., 1))

UEM[(

=[K: @]1< Y mylogmax(lx, (Pl 1)

veMk o

+ Z nvlogmax(lxn(P)lu,1)>

VEMK

=[K: Q]_l - Z hj_(lnv log |d,(P)l,
v[0,(P)

+ Z nvlogmaX(Ixn(P)Iu,l))

vEMk 0 USy

=hK1ho<dn<P»+U<:@]—l( 3 nulogmaxuxn(m,l)).

veEMKk xUSy
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Thus, by the Theorem on p. 101 of [89],

ho(da(P)) = hgh(x,(P)) + o(h(x,(P)))
= hgn*c + O(1) + o(h(x,(P))) = (c — o(1))n*. O

From the definition of A it is clear that the following lemma is true.

Lemma B.6.9. Letu,v € Ok \ {0}. Then

1. ho(uv) = ho(u) + ho(v).
2. ulv = ho(u) < ho(v).

The next sequence of results, B.6.10-B.6.14, deals with automorphisms of
torsion elements of elliptic curves.

Proposition B.6.10. Let F be any algebraically closed field. Let m € N. If
char F = 0 or if m is prime to char F, then E(F)[m] = (Z/m) x (Z/m). (See
Corollary 6.4, Chapter III of [113].)

Proposition B.6.11. Letm > 1 be prime to p. Then 1 restricted to E(K)[m]
is injective.

Proof. By Proposition 3.1(b), Chapter VII of [113], IT is injective when
restricted to E(Kp)[m]. Since 7 is the restriction of IT to K, the assertion
follows. U

Corollary B.6.12. Letm € N, m > 1 be prime to p. Suppose that E(K)[m] =
(Z/m) x (Z/m). Then E(K)[m] = E(k)[m] as groups and reduction modulo
v induces an isomorphism. (Here k is the algebraic closure of k.)

Proof. w(E(K)[m]) € E(k)[m] = (Z/m) x (Z/m), since m is prime to p. But
7 is injective on E(K)[m]. Thus |7 (E(K)[m])| = |E(k)[m]| and the assertion
follows. U

Proposition B.6.13. Let | be a rational prime number. Then the group
Aut(E(K)[1]) of automorphisms of E(K)|[I] is isomorphic to GLy(Z/1). Fur-
ther, let

_#o e Aut(E(K)[I]) : 3P € E(K)[I1\ {0}, 0(P) = P}
B #{o € Aut(E(K)[I])}

n . (B.62)

Then as | — 0o we have thatn; = 1/1 4+ 1/1*> + o(1/1?).
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Proof. Since E(K)[l]1 = (Z/1) x (Z/1), a two-dimensional vector space over
Z/1, Aut(E(K)[I]) is isomorphic to the space of 2 x 2 invertible matrices,
otherwise known as GL,(Z/ ). Thus we need to determine the size of GL,(Z/ 1)
as well as the number of matrices with a fixed non-zero vector. Let

a b
(C d)eGLg(Z/l). (B.6.3)

We need to determine the number of distinct 4-tuples (a, b, ¢, d) € (Z/1)* such
thatac — bd = 0inZ/1.If a # Othen c is uniquely determined for any value of
b and d. Thus we get (I — 1)I? singular matrices for this case. If a = 0 then for
any values of ¢ we can have any of the 2/ — 1 values of the pair (b, d) where one
entry is 0. Thus, for this case we have /(2] — 1) singular matrices. So altogether
thereare (I — > +1Q2l — 1) =13 — >+ 21> — = I°> + 1> — [ singular2 x 2
matrices over Z/[. Hence there are [* — 3 — 2 + ] = (1> — )(I*> — 1) matrices
in GL,(Z/1).

Next we calculate the number of non-singular matrices with a fixed non-
zero vector. To this effect we first determine the number of matrices of the form
(B.6.3) satisfying

(B.6.4)

(a—1D(d—-1)—bc=0
ad — bc = 0.

This system of equations implies that (a — 1)(d — 1) = ad or | —a = d. Thus
we have thata(1 — a) = bc. Using the same strategy as above, we conclude that
if b # Oitis the case that ¢ is determined by the value of a, and therefore we have
[(I — 1) solutions in this case. If > = 0 then a = 1, 0 and ¢ can take any value.
Therefore for this case we have 2/ solutions. So the total number of matrices
satisfying (B.6.4) is [(I — 1) 4+ 2] = I?> + 1. Consequently the number of non-
singular matrices satisfying (@ — 1)(d — 1) —bc =0is P+ 1> -1 — 1> — | =
13 — 21. Hence,
P -2 1 1 1
MEECEoRl 7*1‘2*0(;—2)

as ! — oo. O

Proposition B.6.14. Let [ be a rational prime number. Then the following
statements are true.

1. Gal(K/K) acts on E(K)[I] for all 1, or;, in other words, there is a homomor-
phism

A; 1 Gal(K/K) — Aut(E(K)[I]) = GL1(Z/1).
(See Section 7, Chapter 3 of [113].)
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2. There exists a finite set of rational primes S(K) such that for all rational
primes | & S(K) we have that A, is onto. (See (7) on page 260 of [87].)

B.7 Coordinate polynomials

In this section we introduce coordinate polynomials, a computational device
designed to simplify translation from polynomials with variables ranging in
a finite extension of a field to polynomials with variables ranging in the field
defined below. This definition of coordinate polynomials was suggested to the
author by Laurent Moret-Bailly. We start with a definition of a map.

Definition B.7.1. Let F be a field and let M be a finite extension of F. Let
Q = {w, ..., w;) beabasisof M over K. Thenlet : F¥ — M be defined by

k
by, ..., b)) — Zbiwi.
i=1
Let

5=(O’1,...,O’k)IM—>Fk

be a linear F-section of 7 defined by o j(Zle biw;) = b;. Next we extend &
to polynomials over M. Let Q(z1, ..., zm) € Mlz1, - .., 2] and suppose that

01,y 2m) = Z Ai, i 2]
iy

where A;, ;. € M. Then define

so that
(01 zm) = (010G - Zm))s - - Ok(QE1s - -1 Zm))-

We are now ready to define the coordinate polynomials.

Definition B.7.2. Let M, F, Q be as above. Let
P(Xl,...,Xm,wl,...,wu) S M[Xls~--aXmawl’--~»wu]-

Then define the k-tuple of polynomials
k k
G (P (le,iwi, ey me,iwi> s Wy e wu)
i=1 i=1

Q Q
= (PP s Xk WEa ooy W), ooy RO ooy Xy W, ey W)
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to be the coordinate polynomials of P(X1y, ..., X,,, wy, ..., w,) with respect
toQand X = (X1, ..., Xn).

The most important properties of coordinate polynomials are described in
the following lemma, whose proof we leave to the reader.

Lemma B.7.3. In the above notation, the following statements are true.

1. For j = 1,..., k, we have that
Q
2 PJ' (x],ls"'7-xk,maw]7'~~9wu)eF[xl,la"'7xm,k7wla"'7wu]'
k k
P E xl,ja)j,...,g X, j@j, Wi,y oy Wy
Jj=1 Jj=1
m
= P& (x X w W, )w;
- J L1s o evs Amks Iy oo u ]
3. j=l
EIXI,...,X,,,EM,wl,...,wueF:P(Xl,...,Xm,wl,...,wu)=O
k
. Q
Hxl,l’"’7x]n,k’wl7"‘9wuEF'APi (‘xl,17"‘7x]n,k’wl7"‘7wu)=O'

i=1

4. Let A;j, = or(w;jwj). Then the coefficients of coordinate polynomials are

themselves polynomials in {A; j i, j,r € {1, ..., k}}. Furthermore, these
polynomials depend on P(Xy, ..., Xy, Wy, ..., w,) only and can be com-
puted effectively and uniformly in P(Xy, ..., Xy, W1, ..., wy,) from coeffi-
cientsof P(X1, ..., X, W1, ..., w,). (Here by a procedure “uniformin P”

we mean an effective procedure which takes the coefficients of P as inputs
and produces the coefficients of PJQ. )

Remark B.74. If P[X,,....Xn, wi,...,w,]Je€F[X(,..., X, wy,...,
w, ] then the procedure described in Part 4 of Lemma B.7.3 can be carried out
even if the given set {wy, . . ., wi} is not a basis of some finite extension M over
F but is simply a set of elements in the algebraic closure of F' subject to the con-
dition w;w; = Zle A; jro, for all pairs (i, j) € {1, ..., k}? and for some set

A:{A,-,j,,,i,j,re{l,...,k}}CF.

Note that once we have a set A as above then inductively we can rewrite any
finite product of elements of 2 as a linear combination of elements of 2 with
coefficients in F.

If Q is not a basis of some finite extension M of F (or we are not sure whether
2 is a basis, as is the case below), we will call the polynomials generated by
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this procedure “pseudo-coordinate” polynomials and use the notation P4 for
these polynomials. Note that Parts 1 and 2 of Lemma B.7.3 remain true for
pseudo-coordinate polynomials also, while Part 3 fails if €2 is not a basis.

A situation which occurs frequently can be described as follows. Let F be
a field as above, let ay, . . ., a,, represent variables ranging over F, and let 7 be
a variable ranging over the algebraic closure of F. Assume that the variables
satisfy the following equation:

" 4yt ag = 0. (B.7.1)

Let Q={l,¢,...,t"'}; so, for this  we have that w; =¢~'. Then
from (B.7.1) we conclude that for i + j <m we have that A; ;; ; =
ai+j and A; ;. =0 for r #i + j. Next we consider the case i + j = m.
Here we have A; ;, = a,. For the case i + j > m we proceed inductively.
Assume that form < i + j < k we have that A; ;, = Qi1 (ao, ..., an-1) €
Flay, ..., a,_1]. Then observe that

k

= _tlirt—ll‘}r€71

— .. _aol‘kim

m—1

m—1
= —Qp-1 Zo Or—1,@1t" —---—---ag Z(; OQk—m(@)01"

m—1
=Y O @1,
r=0

where a = (ag, ..., au—1). Thus we conclude that, assuming that a =
(@m—1, - .., ap) takes values in F™, we have that A; ;, = Q,1;,(a) € Fla] for
alli, j,r € {0, ..., m — 1} and we can construct pseudo-coordinate polynomi-
als P24 whose coefficients will be polynomials in ay, . . ., a,,—. Note further
that these polynomial coefficients depend on m only and can be constructed
effectively given an m.

For those values of @ for which the polynomial 7" + a,,_,T"™ ' 4+ .- + ay
is irreducible over F, the pseudo-coordinate polynomials will actually be the
real thing. But it is important to note that pseudo-coordinate polynomials are
defined unconditionally.

With the discussion above in mind we prove the following lemma.

Lemma B.7.5. Let L be afield. Let G(T, Zy,...,Z)) € FIT,Zy, ..., Z;] be
a monic polynomial in T of degree d in T. Let

PXy,....Xu,wi,...,wy) € F[Xq,..., X, wi, ..., wyl.
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Fork=1,...,d —1let, ={1,t,..., tk’l}, where t is a root of the equation
G(T,z1,...,z) =0 for some z1, ...,z € F. Further, let A® = {Ag(},r} be

generated formally as above from the equation th 4+ ak,k_ltk’l 4+ Faro =
0. Let I’iQ"’A(k>, k < d, as above be the ith pseudo-coordinate polynomial corre-
sponding to Q. and A®. The set AD should be generated using the coefficients
of G(T, zy,...,z). Thenforany zy, ...,z € F and for any t in the algebraic
closure of F satisfying G(t,z1,...,21) =0,

X, ..., Xu e F@t), wy,...,w, € F: P(Xy,..., X, wy,...,w,) =0
(B.7.2)
¢
daio, ..., 0-1,a-2, 01,0, - - ba—1,a—2, X1,0 - - -, Xpd—1, Wi, ..., W, € F :

* a1t +ay =0,

d—1
(T* + ap =1 T + a o) (T + brasx1 T+ -+ bry)
k=1 = G(Tv Zlv"'szr)’
(k)
/\];=1 PJ‘Q’(’A (X]’(), ceey xm,k—la Wi,y ..y wu) = 0
il
A P (o0 Xmaer wi, L wy) =0, (B.7.3)
j=0
Here the equality

(Ti—i-a,",'_]Ti_l -|-a,"0) (Td_i-l-bi,d_,'_le_i_l +.. .+bi'0) =G(T,z1,...,2r)

should be read as an equality of polynomials in T which can be rewritten as
a system of polynomial equations in the variables a; j, by, and z. Also, for
1<k <dandl < j <k we have that

Qk,A<k)
Pj (xl,O»--'axm,kfl’ Wi,y .nny wu)
= R i(Qr,05 -+ s Qk k=1, X1,05 -+ - s X k=1, Wi,y + -0y Wy),
where R k(Qr,0, - -+ Qk k=1, X1,05 -« - » X i=1, W1, - - . , W) i a polynomial over

F whose coefficients depend on P, j, and k only and can be constructed effec-
tively from these data, while

Qd,A(d)
P; (X105 s Xmod—15 Wiy« ooy Wy) = Rja(X1,05 « ooy Xpmya—1, Wi, ooy W),
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where R 4(x1,0, ..., Xm,d—1, W1, - .., Wy), is a polynomial over F whose coef-
ficients depend on G, P, and j only and can be constructed effectively from
these data.

Proof. Lett,zy,...,z; begiven. Let 1 <k < d be the degree of ¢ over F. Let
T* 4+ ¢ T*=' + ... + ¢, be the monic irreducible polynomial of ¢ over F.
Theneitherk = dand G(T, zi, . . ., z;) isirreducible, or k < d andfora;; = ¢;
and some F-values of the by ; the polynomial-in-7 equation in (B.7.3) holds.

. ®) .
Further, for this value of k we also have that the PiQk’A = Pl-Qk, i=1,...,k,
are coordinate polynomials. Now the conclusion of the lemma follows from

Lemma B.7.3 and Remark B.7 4. O

B.8 Basic facts about local fields

In this section we define local fields and list those of their properties that are
important for our purposes. We start by defining notation.

Notation B.8.1. Let K be a global field and let p be a non-archimedean prime
of K. Let K, denote the completion of K under the non-archimedean absolute
value corresponding to p.

B.8.2. Hensel’slemma Let f(X) € K,[X] be such that all the coefficients of
f are integral at p. Suppose that there exists an integral K,-element oy such
that ord,, f(ctg) > 2 ordy f'(cto). Then f(x) has a root a in K. (See Proposition
2, Section 2, Chapter II of [46].)

Lemma B.8.3. Let g be a rational prime relatively prime to the characteristic
p > 0ofthe residue field of K,. Let a € K, be a unit such that a is a gth power
modulo p. Then a is a gth power in K,,.

Proof.  First of all observe the following. If K is a function field then ¢ is
automatically prime to p. If K is a number field then p is a factor of p. Thus if
p is prime to g, p is prime to g. Next consider the polynomial f(X) = X7 —a
with f/(X) = ¢X?~!. Let b7 = a mod p. Note that

2ord, f'(b) =20rd,q +2(p — 1)ord, b = 0 < ord, f(b),

by assumption. Therefore, by Hensel’s Lemma B.8.2, f(X) has aroot « in K,
or, in other words, for some « € K, we have thata” —a = 0. O
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Lemma B.8.4. Let K be a number field. Let p > O be the characteristic of
the residue field of p. Let a be a unit of K, such that for some ¢ € K we have
that e? = a mod p>*%®/P*1 Then a is a pth power in K,.

Proof. We apply Hensel’s lemma again. Let f(X) = X? — a as before and
note that

2ord, f'(¢) =2o0rd, p +2(p — 1) ord, & = 2e(p/p) < 2e(p/p) + 1
= ord, f(¢).

Thus f has arootin K, and a is a pth power. O

Lemma B.8.5. Let M be a finite separable extension of K. Let *B3 be a factor
of p in M. Finally, let My be the completion of M under *B. Then if ‘B/p is
unramified, every K,-unit is a norm of some element of My. (See Theorem 2,
Section 2, Chapter 7 of [1] or the corollary to Proposition 6, Section 2, Chap-
ter XII of [119].)

B.9 Derivations

In this section we discuss derivations over function fields. They are used to
ensure that zeros and poles of certain functions are simple. To introduce the
notion of derivation we will need the proposition stated below.

Proposition B.9.1. Let K be a function field over a finite field of constants C.
Let

Ko ={w”, w e K}

and let t € K be such that K /C(t) is a separable extension. Then K = Ko(t)
and [K : Ko] = p.

See Section 2, Chapter III of [21], for a proof.

Definition B.9.2. Let ¢, K, Ky be as in Proposition B.9.1. Let x € K, x =
{:01 u;t', u; € Ko. Then define the global derivation dx /dt = l’:oz juti=l.

Proposition B.9.1 assures us that we have defined dx /dt for all x. We leave
the proof of the next proposition to the reader.

Proposition B.9.3. The derivation in Definition B.9.2 satisfies the usual dif-
ferentiation rules concerning the derivatives of the sum and product of functions
as well as the chain rule.
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Next we state the main proposition of this section.

Proposition B.9.4. Let K be a function field over a finite field of constants
Ck. Let p be a prime of K and let t € K be such that C/K(t) is separa-
ble and ord,t = 1. Then, for any x € K, if ordyx > 0 then ord, dx/dt >
ord, x — 1.

Proof. We present a proof of this proposition that was suggested to the author

by Laurent Moret-Bailly. First of all we observe that by Proposition B.9.1 the

derivation with respect to 7 is well defined. Next write x = Y/~ u;r, where

u; € KoasinDefinition B.9.2. Observe that ord, u;t' =i mod p and, therefore,
for i # j we have that ord, u;¢' # ord, u /. Thus

0<ordyx = min ord, u,-ti
i=0

and ord, u; > 0 for all i. Now using the definition of derivation we consider
two cases. In the first case ord, x = 0 mod p and therefore

ord, x = ordyug < ( min ordpt-’uj) -1
<j=<p-1
Thus

d
ordpd—): = min (ordp uy,ord, 2ust, ..., ord, (p — 1)u,,,1tp_2)

= ( min ord, tjuj) — 1> ord, x.

1<j<p-1
In the second case we have that ord, x % 0 mod p. Then
' Omin lordpuiti = ordpujtj,
where 1 < j < p — 1. Butin this case
ord, ju;t/~" = min (ord, u, ord, 2ust, ..., ordy (p — Du,_1t77?),

so that ord, dx/dt = ord, x — 1. O
We can strengthen the result of the lemma in the following fashion.

Corollary B.9.5. Letqbe a prime of a global function field K of characteristic
p and let w € K be such that ordqw = 1. Let t € K be, as before, such that
K/ C(t)is separable. Assume further that ord; dw/dt > 0. Then forany x € K
integral at q, we have that ordq dx /dt > ordgx — 1.
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Proof. Since w has order 1 at a prime, it is not a pth power and therefore the
derivation with respect to w is defined. Now we use the chain rule:

d d d d
ord d—); = ord, ﬁ + ord, d—:} > ord, ﬁ >ordgx — 1,

where the last inequality holds by Proposition B.9.4. O

Remark B.9.6. Using the product rule, it is not hard to show that the corollary
above holds even if x is not integral at p. We leave the details to the reader.

Corollary B.9.7. Let K be a function field over a finite field of constants C.
Lett € K be such that t is not a pth power in K. Let p be a prime of K such
that it is not ramified in the extension K /C(t) and is not a pole of t. Then, for
any x € K, ifordpx > 1 then ord, dx/dt > O.

Proof. Let P(t) be amonic irreducible polynomial corresponding to the prime
of C(¢) lying below p. (We know that such a polynomial exists because p is not
apole of z.) Now, since p is not ramified over C(¢) we must have ord, P(t) = 1.
Further, d P(¢)/dt is a polynomial and therefore ord, d P(¢)/dt > 0. Thus, by
Corollary B.9.5, forany x € K integral at p we have that ord, dx/dt > ordyx —
1. Hence the conclusion of the corollary follows. O

B.10 Some calculations

In this section we carry out some calculations necessary for various proofs in
the book but not of any independent interest.

Lemma B.10.1. Let X; be a sequence of positive real numbers such that

lims <ceR".
1_>£p 12 IOgXI =¢

Then for some constant ¢ € Rt we have that

. X _
lim sup 5 <c
00 [*logl

Proof. Firstof all, we observe that our assumptions imply that for some C € R
andforalll € N\ {0} itis the case that X; /log X; < CI?. Thus for some constant
C € R, we have that X; < CI?log X; < CI*>\/X,. Therefore, forall/ € N \ {0}
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and some constant C € R, we have that X; < CI*. Now observe that as — 00
we have that

X - Cl? log X; - ClOg(Clz log X;) D4 élOg]OgXl
Plogl = [?logl — log! log!

for some positive constants D and C. Since X ; < CI*, we also have as | — 00
that

CloglogX;, CloglogCl*
< —
log! - log!

Thus the assertion of the lemma is true. O

Proposition B.10.2. Let {«;,i € N} C R be such that

1. Z?il o; = 00,

2. Y% a? < o0,

3.0<a; <1,

4. foralli € N we have that o; > ;41 and lim; oo o; = 0.

Let S(n) =Y _!_, a;. Let A(n) = {1, ..., o). Then the following statements
are true.

1. G(n) = ]_[:'zl(l —a;) = 0()e 5™,
2. For all k we have that
ail e al](

I—aj)--- (I —a)

Si(n) = G(n) 50

all k-element subsets of A(n)

asn — oQ.

Proof.

1. Observe  that logG(n) =Y " log(l —a;)=—> " o + O(1) =
—S(n) + O(1). Therefore G(n) = O(1)e=5™.
2. We show that Sy(n) < O(1)S*(n)G(n). Indeed, using the fact that all the
terms in the sum are positive, we see the following:
-,
I —ej) - (1 — )

Si(n) = G(n)

all k-element subsets of A(n) (

<1 =aD) ™ Sm)Gn) -0

asn — oQ.
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Lemma B.10.3. Let F/G be a finite field extension. Let 2 = {wy, ..., w,} be

a basis of F over G. Then forl =1, ..., n there exist
PI(Xla'-'axl‘laY]?'-"Yn) e G[Xla"'7X113Y19'~'aYn]’
depending only on Q, such that forall ay, ..., a,, by, ..., b, € G we have that

n n n
E a; w; E bjw; = E P(ay,...,a,, by, ..., b)w;.
i=1 =1 =1

Proof. Let A; j; € G be such that w;w; = Y |_; A; j ;. Then

n

n n
Z aiwiz bjwj =Z a,-b_ja)ia)j =Z aib_,-Ai,j,;a)l = Z (Z Ai, j,laibj)a)l.
i=1 j=1 ij ij

ij.l =1

Thus we can set P/(Xy, ..., X, Y1,...,Y,) = Zi,j A 1 XiY. O

Lemma B.10.4. Let R be an integral domain with a quotient field F. Let
Ay, ...,Ax € F, a,a,...,a; € Rand assume that fori = 1, ...,k we have
that aA; = a;. Let

P(Xi.....X0= Y ay.i XX}

itic<d

be a polynomial over F of degree d. Let b be a common denominator of all the
coefficients of P with respect to R. Let

Pr(Yi.... Y Z)= 3 bay, ;Y| - Yzt
i1+-+ig<d

be a polynomial over R. Then
a’bP(Ay, ..., AY) = Prlay, ..., ax, a) € R,

and P(X1, ..., Xy) = O has solutions in F ifand only if Pr(Y1, ..., Y3, Z) =0
has solutions in R with Z # 0.

Proof. Since the second assertion of the lemma is obvious, we will verify the
first one only, as follows:

= Y (bay i) a"AY) - (@ Af)a T TR e R,
i1 etix<d

since every term in the product is now in R. O
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Lemma B.10.5. Let F C G C L be finite extensions of fields. Let Q =
{wi, ..., o} beabasisof L over F. Let A = {A1, ..., Ay} be abasis of G over
F. (Given our assumptions, m < k.) Assume that Q2 is ordered in such a way
that the matrix (c; j),i,j =1,...,m, wherec; j € F and X; = le(-:l
is non-singular. Then there exist Py, ..., Py, T, ..., Ti—m € Fx1, ..., Xl

Ci, j@j>

dependingon G, L, 2, and A only, suchthat foranyay, ...,ax, by, ..., b, € F
the following two statements are equivalent:

k m
Zajwj = sz’li, (B.10.1)
i=j i=1

and

{ bi = P,-(al, ,..,Clm), i=1....m, (BIOZ)

aerj:Tj(alv“-sam)s ]zlvsk_

Proof. The matrix (c;, ;) has rank m < k. By assumption, the first m columns
are linearly independent. We can rewrite (B.10.1) as

k m k k m
E aja)j = E b,‘ E Ci,jwj = E E b,‘C[,j (,()j.
i=j i=1 j=1 j=1 \i=l

This equality leads to the system

m
Zi:l biciy = ay,
m
Z,‘:] bicim = am, (B.10.3)
m
Yo bicix = ay,
where we consider by, ..., b, as variables. Given our assumptions, we have

the following information about the system (B.10.3):

1. this system has a solution;
2. the first m equations of the system have a unique solution.

Thus, if we solve the first m equations then the rest of the system will be satisfied
automatically. Using Cramer’s rule to solve the m x m system we deduce that
b; = Pi(ay, ..., ay), where for each i we have that P; is a fixed polynomial
over F depending on G, L, €2, and A only. Further, considering the remaining
k — m equations we conclude that

m

m
Am+j = E bici,erj: E P,-(al,...,am)ci,mﬂ, jzl,...,k—m.
i=1 i=1
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This proves that (B.10.1) implies (B.10.2). All the steps in the proof above are
reversible, however. Thus (B.10.2) implies (B.10.1) also. O

Lemma B.10.6. Let G/F be a finite field extension and let

Q:{wl,...,a)k}
be a basis of G over F. Let ay, ..., a, € F. Then there exist
Pl,...,Pk, Q € F[xl,...,xk]

depending on F, G, and Q2 only such that Zf:] a;w; # 0 if and only if

Oay,...,ar) #0
and
k P(al,...,
D ) (S e =
i=1 Oay, ..., a
Proof. Let Ay,...,Ac € F be such that Y*_ A;w; = 1. For all i, j =
1,...,klet B; j1,..., B jx € F be such that
k
w;w; ZZBijrwr-
r=1
Note that

A, ..., A Biag, oo, Bekk

depend on €2 only. Next note that Zle a;w; # 0 if and only if there exist
ci,...,c € F such that

Xk:aia)i (Xk: C,‘(,z),‘) =1.
i=l1 i=1

The last equation holds if and only if

Xk:Aia)i =1= Zaiwi Zciwi
i=1 i i

Thus, Zl  aiw; # 0if and only if there exist ¢y, .. ., ¢ such that the following
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system is satisfied:

k
Za,‘CjB,"j’rZAr, V=1,...,k,
i, j=1
k
Z <ZaiBi,j,,) Cj = Ar.
j=1 \i=l
By Cramer’s rule, we can conclude that Zf:l a;jw; # 0ifandonlyifcy, ..., cx

have the required form. (The polynomial in the denominator is the determinant
of the system, which is non-zero if and only if the system has a unique solution.
The last condition is true if and only if Zle aiw; #0.) (I

Letd = {61, ..., 8p), T = {11, ..., 74} be two sets of complex numbers such
that§ N T = 0. Let

Cie= _, min (5 -8

i=l,...q,j=1,..., P

Bl

Let 7 € C and let Cz, = min;—
Then max(Cs ., Cs ) > 3Cs ;.

Ui —z0), Cs, = minj—; _ ,(|z — ;).

.....

Proof. The proof of this lemma is a simple consequence of the triangular in-
equality. Indeed, suppose that Cz ; < %C 5.z Note that for all 7, j we have that

Ity — 8l < lz—36;l+ |z — =l

Thus for all i, j it is the case that |z — §;| > |t; — ;| — |z — 7| = C5.: — |z —
7;|. Let ip be such that %Cg,f > Cz; = |z — 73,|. Then for all j we have that

|z —8;] = 3C5 ;. Hence, C5, > 3C5 ;. O
Lemma B.10.8. Let ne€Z.y and let T, = {‘171,1, ey Tl,ql}a ey Tl =
{Tas1,15 - -+ Tutl,q., ) De acollection of n + 1 pairwise-disjoint sets of complex

numbers. Let

C= min Tut, — Tja, |-
Uy =1 ool =1 o q](| wl, — Tid;l)
Let {zy, ..., za} be a set of complex numbers. Let
C,=  min (21 = ).
J=1 qust=1,..., n

Then for some u we have that C,, > %C .

Proof. Forl=1,...,nandu=1,...,n+ 1, call z; close to T, if

. 1
Cui= rlnm (lz1 — 7 j) < EC'
J=1.qu
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By Lemma B.10.6, each z; can be close to at most one 7,.. Thus, there is at least
one T, such that there is no z; close to it. Il

Lemma B.10.9. Let K be a field. Let x be an element of the algebraic clo-
sure of K. Let {F;(T) =a;p+ai T +---+a,T", i =0,...,n} be a finite
collection of polynomials with a; ; € K and such that the matrix (a;, ;) is non-
singular. Suppose thatforalli = 0, ..., nwe havethat F;(x) € K. Thenx € K.

Proof. By assumption, for i =0, ...,n it is the case that F;(x) =¢; € K.
Therefore we have the following linear system:
1 Co
X C1
@)l . |=1.1 ci € K.
x" Cn

Let C; be the matrix obtained by replacing the jth column of A = (a; ;) by
Co
€1

the column vector | . |. Since the system is non-singular, we can solve for x

Cn
using Cramer’s rule to obtain
det Cy
x = ,
det A
where the numerator and the denominator of the fraction are clearly in K.
Therefore x € K. 0

Corollary B.10.10. Let K be a field of characteristic 0. Let x be an element of
the algebraic closure of K. Let {F;(T) = (T +i + 1)",i =0, ..., n}. Assume
that F;(x) € K. Then x € K.

Proof. By assumption, F;(T) =Y, <’;) (i +1)/T"J. Therefore, in the
notation of Lemma B.10.9, a; ; = (’;) (i +1)7. Thus

deta; ;=[] <’;> det(i + 1)/,

Jj=0

where det (i + 1)/ is a Vandermonde determinant not equal to 0. Consequently,
the corollary holds by Lemma B.10.9. 0
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